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On Boundary Conditions in the Non-Symmetric Unified Field Theory 


Mineo IKEDA 


Research Institute for Theoretical Physics, Hiroshima University 


Takehara-machi, Hiroshima-ken 


(Received July 14, 1955) 


We study boundary conditions in the non-symmetric unified field theory from the covariant point 
of view. The covariant expression of spatial infinity is obtained by generalizing the one ordinarily 
used in physics. We propose a new boundary condition, which is covariant for arbitrary coordinate 
transformations and reduces in a special case to the ordinary condition in general relativity. We 
compare the newly-proposed condition with the non-covariant one which has been employed by many 
authors. For the static solutions of the field equations in the electric or magnetic case, the new condi- 
tion is shown to be equivalent to those which we proposed previously by using the scalar potentials. 


§ 1. Introduction 


There are many extended theories of general relativity, in which the equations are 


covariant for arbitrary transformations of coordinates. This covariant feature is based on 


| 


the so-called principle of general covariance and is essential to the formulation of the theories. 
Among these extended theories, the non-symmetric unified field theory proposed by Einstein” 
-is the most interesting. There, the space-time is not Riemannian, and the non-symmetric 
connection "x, is generally expressible in terms of the non-symmetric tensor gj, and its 
first derivatives. The symmetric part of this J,,, i-e., %,,, refers to the gravitational, while 


the skew-symmetric part J, does to the electromagnetic field. On eliminating /"X,, the field 
Vv 


equations take the forms which involve gy, and its derivatives alone. Since they have 
the covariant character, the boundary conditions for their solutions must be chosen so as 
to be covariant for arbitrary transformations of coordinates. Unfortunately, it is not the 
case with the conditions hitherto used by many authors, as will be discussed in the following. 

Since the field vanishes at a large distance from matter and charge, it is generally 


assumed that : 

Jrxu—trap at spatial infinity. (1-1) 
‘Here, 74, usually called the Galilean tensor, is the metric tensor of a Minkowski (flat 
Riemannian) space-time 5S, to which the space-time under consideration should reduce in 


the absence of the field. As stated above, this condition must satisfy the requirement of 


are re ; 
general covariance; in more detail, if we denote the transforms of gj, and yy by ‘fj, and 


yy» tespectively, Fru )ry, Must follow from (1-1). It was, however, pointed out by 


Wyman that (1-1) has no such covariant character and has different meanings according 


. 2 . pion 
to the coordinate systems chosen.2 For this reason Bonnor chose a certain advantageous 
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coordinate system in putting boundary conditions.” This difficulty was partially overcome 
x : 
i‘ by the present author for the static /,, in the electric or magnetic case.’ He introduced 


ar “scalar potentials’ for the static electromagnetic field, and proposed certain boundary con- 


aK ; 
= : ditions by using these potentials. These conditions are covariant at least for the coordinate | 
iY transformations which leave the expression of spatial infinity, r—> co for t=const., invariant. 
‘) . . . . . . ¢ ’ 
in In this case, the discussion on covariance for arbitrary coordinate transformations is meaning-  — 
less, because the expression of spatial infinity is covariant only for a restricted class of ; 
f f 


bi transformations. . 


Thus it comes into question to express the spatial infinity in a covariant manner, and 


: to seek for the boundary conditions satisfying the requirement of general covariance. The 


map ig 28° 


chief aim of the present paper is to solve these problems. 


=] 

4 } For this purpose we shall first take up the boundary condition in general relativity : { 
y 4 
ts " Jury at spatial infinity, (1-2) 
oat where One is the metric tensor of the space-time. Throughout this paper the metric tensor 
» of a (Riemannian) space-time is denoted by this notation, in order to distinguish it from ; 
- the non-metric 7, in the unified field theory. In § 2, the spatial infinity will be ex- 
af pressed in a covariant manner. Then, in § 3, we shall write (1-2) in a new form by — 
mx using only scalar quantities. The resultant ‘‘ scalar conditions” will be shown to be co- | 
a variant for arbitrary transformations of coordinates. Thus the condition (1-2) is satisfactory _ 

‘y from the standpoint of covariance. 
ey. The remaining sections are concerned with the non-symmetric unified field theory. 
fet! In § 4, we shall generalize the above scalar conditions to this case. The conditions thus 
= obtained also satisfy the requirement of general covariance. They are clearly different from | 
‘ _° the non-covariant condition (1-1), and the difference is explained in detail in the case of 
i, the spherically symmetric 7,. In the last section, we shall clarify the relation of the new- 
7 


found conditions to those which were proposed in our previous work. 


— 


a?) £) eR 


§ 2. Covariant expression of spatial infinity 


* The boundary conditions to be discussed in the following involve the concept of spa- 
Peel tial infinity. This concept has usually been considered as self-evident, and has been treated 
i without ambiguity. Its ordinary expression is, however, obviously dependent on the choice 
oe of space-time coordinates. So we shall show a method of expressing it in a covariant 
ea manner. 


; Since we first intend to deal with the condition in general relativity, the space-time 
V, is assumed to be Riemannian throughout this section. The metric tensor Yay of the V,, 
representing the gravitational potentials, is of signature — 2. 

It should be remembered that the boundary conditions are generally used to sirgle out 
from a great variety of Jr's (e.g., solutions of the field equations) a particular one which 
takes the prescribed values on the boundary. Hence, in solving the boundary value prob- 
a lems, one must treat a great variety of spacetimes with the metric tensors g,,’s at the 


Me same time. This feature is characteristic of the case of general relativity (and of its ex- 
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tended theories), and needs a particular treatment in the formulation of boundary conditions. 
So somewhat detailed explanations will be presented on this point in Appendix. As will 
be seen there, all the /,,’s usually have some common form in concrete problems. 


For the covariant expression of spatial infinity, it is necessary to consider a family of 


space-like hypersurfaces defined by 
F (x',--+,x*) =const. (=), ft A SSI (2-1) 


where g** is given by ¥,,g*¥=0% and the comma followed by a Greek index denotes 
ordinary differentiation with respect to the x’s. (2-1) can also be written as 


where the u’s are parameters on the hypersurfaces. Here, the rank of the matrix ||x*,,|| 
is 3, the comma followed by a Latin index denoting differentiation with respect to the u’s.* 


Let Jij= —Jay x" X"sj then each of the hypersurfaces can be considered as a 3-dimen- 


sional Riemannian space V’, with the positive definite metric tensor 7;;. It should be noticed 


that on account of the diversity of %,,’s a great variety of @,;s are obtained for a single 
hypersurface. All these g,,’s cannot be regarded as the metric tensors of the same V;. 
So, to a single hypersurface there correspond a great variety of V,’s. Thus the spatial 


infinity in the hypersurface must be specified independently of all these Vs, and its ex- 


pression must be formulated without the metric tensor (/;;. 


Now suppose a mapping of V, on a 3-dimensional Euclidean space S,, where the 


same values are assigned to the coordinates of the corresponding points. This means the 


introduction of a Euclidean metric tensor 7;; at points of V,. Of course there are obtained 
also a great number of 7:38, but this time they can be considered as the metric tensors of 
the same S, referred to different parameter systems. The spatial infinity in the S, can be 
specified in a unique way in spite of the variety of 7,;’s. This may be carried out as 
follows. 


Let P, and P be arbitrary points in the S., such that the parameter system u’ is valid 


on the half-line extending from P, in the direction of P. Then the distance between P, 
and P is given by 
p=p(P,, P)= \’ V7 ;5 du’ du’. (2-2) 


Po 


As 0—>©, P approaches to some point which belongs to the (3-dimensional) “domain of 
h ? 


spatial infinity ”  9—»00 is independent of all the V.’s corresponding to the hypersurface 
under consideration. It has also an invariant meaning for arbitrary transformations of coor- 
dinates x* and parameters u’, as can easily be seen from (2:2). However, its concrete 


: S 4 
i i : nstance, if we choose x = 
expression depends on the choice of parameter system For i : 


* Latin indices take the values 1, 2, 3, while Greek ones 1, 2, 3, 4. 
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const. as (2-1) and identify u' with x‘, the expression is given by r-co for (A-2), 
whereas r—->0 for (A-3). (See Appendix.) The latter seems to be strange at a glance, 
but is, in fact, quite reasonable, because (A-3) is obtained from (A+2) by the transfor- 
mation r—>r'. 

The above expression of spatial infinity is a generalization of the ordinary one hitherto 
used in physics. In the following we shall adopt it as the mathematical expression of 
“spatial infinity” in the boundary conditions. It is to be noted that this definition is 


given with respect to the S,. Strictly speaking, for the determination of spatial infinity 
in V,, we must consider the metric property of V,. For, the expression (—>©O is not 


always equivalent to \?,~ 9;; du’ dui—>co. This equivalence is to be examined for each 
Jr, satisfying boundary conditions. At the present stage, however, such an examination 


is impossible, because we are studying the way of choosing boundary conditions. This is 


the reason why we consider the spatial infinity in V,, as corresponding to that in the S,. 

In the above formulation we have used a particular family of hypersurfaces given by 
(2-1). If we take another family, the domain of spatial infinity may not change as a 
whole, excluding a few exceptional points. Hence the results obtained do not depend on 
the choice of the family. This is also true for the following sections, because the hyper- 


surfaces will not be used except for the expression of spatial infinity. 


§ 3. Covariance of the boundary condition in general relativity 


Now by making use of the covariant expression of spatial infinity, the condition (1-2) 
in general relativity is written as 


Drury as poo. (3-1) 

For the /,,’s under consideration there exist a great variety of Hap 8, and they have the 
same common form as the /,,’s. For instance, when dealing with the spherically sym- 
metric /,,’s of the form indicated by (A-1), the corresponding 7,,'s are given by (A-2) 
(A-3), (A-+4), and so on. (Those such as (4-9) are excluded.) This diversity of Hays 
may cause some ambiguities in using the condition (3-1), and so we shall write it in a 
form which does not involve 7,, explicitly. By using this result we shall verify the 
covariance of (3-1) under arbitrary transformations of coordinates. 


Let us now introduce an orthogonal ennuple ¢,° in the S, with the metric tensor Ae 


such that €,* is normal to a hypersurface defined by (2-1).** The vectors §,> satisfy the 
conditions 


Drp me Sef meee os. (=a=6= —1, 4= 1). (3-2) 


Although ¢,,* is determined uniquely, ¢, can be chosen arbitrarily to some extent. If 


* ’ ‘ 
All the yay’s can be regarded as the metric tensors of the same S, referred to different ccordinate 
systems. 


** The index o of &4)4, 
ponents cf a tensor. 
symbol € if necessary. 


indicating the vector, must not be confused with those indicating com- 
For such an index the summation convention is not used, and will be replaced by the 


ee 


ee ee 
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Behe ) key J ; ‘ : 
we take fy ennuple 7,,* such as 7,,*=€,)*, the vectors 7) ave expressible linearly in 
tertas-of ¢,,*,/i.¢., 


sare 2 
7}o\ =i tor Gres (3-3) 
Tt 
where ¢,, satisfy the conditions 
BN) 
2 ifac bye [qb) by =ba=0, ty=1, (324) 


by means of (3-2) and a similar equation for 7,*. (3:3) with (3-4) is the general 
relation between orthogonal ennuples under consideration. 


If we put €5),,=7ap Sols Yaw can be written 
r= Dio Faia Soins (3:5) 
Similarly, g,, can be expressed as 
I= > Ca er dan oan ues (3-6) 
where d,, are scalars given by 
ER  & (3-7) 
On account of (3:2) and (3-7), the condition (3:1) becomes 
dot—€o Sor as po, - (3-8) 


and conversely (3:1) is obtained from (3-8) using (3-5) and’ (3:6). This is ‘the re- 
quired expression of (3-1) which does not involve 7, explicitly. As easily seen from 
its scalar character, (3-8) is independent of the coordinate system. However, we must 


show that it is also independent of the particular choice of ennuple ¢,. For this purpose 


° 
we introduce scalars 6,. for any other ennuple 7, in like manner as in (3:7 )¢) Then 
under the condition (3-8), we have from (3-3) and (3-4) 
bos San low fxs oan gi" 3 itn toa brs ees Oa log frp =o Cae (3 9) 
a, a, a,f 


This shows the required invariance of (3-8) under changes of the ennuple. 

Thus the boundary condition (1-2) hitherto used in general relativity is consistent 
with the principle of general covariance, in the sense that it is covariant for arbitrary transfor- 
mations of coordinates. This is the reason why the problem under discussion has not come 
into question in general relativity. | Whereas, in the non-symmetric unified field theory, we 


do not know any covariant way of choosing boundary conditions as yet, hence we shall make 


some investigations on this subject. 


§4. Boundary conditions in the non-symmetric unified field theory 


In the non-symmetric unified field theory of Einstein”, many authors have used the 


boundary condition (1-1), which is a formal generalization of (1:2). At first sight this 
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condition seems to be reasonable. However, it is not covariant for coordinate transform- 
- 9 

ations, and is significant only when the coordinate system is fixed.” For example, 

when the condition is imposed: on Wyman’s static spherically symmetric solution in the 


electric case using ‘ polar coordinates Jy, vanishes identically and the solution reduces 
Vv 


ry 
a 
re 


to that for the pure gravitational field. Whereas, in “cartesian coordinates”, the same 


condition implies that 7, does not always vanish and Wyman’s solution contains both the 
Vv 


“b eS, er. 


gravitational and electromagnetic fields. 
A method of avoiding this difficulty was put forward by the present author by intro- 
ducing a scalar potential for the electrostatic or magnetostatic field.?) But this method is 


eT SNe eee 


applicable only to the static 7, in the electric or magnetic case. Moreover the boundary 


_ ae,” 


conditions adopted there are covariant only for the restricted class of transformations, i.e., 


linear transformations of time coordinate and transformations of spatial coordinates leaving 


ie r—> co invariant. Hence it comes into question to propose new boundary conditions which 
7 are available for the general 7,, and are covariant for arbitrary transformations of coordinates. 
ae This problem is solved completely in the following manner. 

Gy In what follows, ‘—>co’, ‘S/, ‘S,%’, and so on, have the same meanings as those 
Fe in §§ 2, 3, with a proviso that in their definitions 7, is replaced by gy. 

7 It is obvious that the scalar character of (3-8) contributed much to the success of 
‘f the last section. Without these scalar conditions we cannot even presume the covariance 
4 of (1:2). On the other hand, the unsatisfactory feature of (1:1) seems to be caused 
a fs by the fact that it was obtained as a formal generalization of (1-2). These suggest that 
S satisfactory conditions may be obtained by generalizing the scalar conditions (3-8). This 
Wy may really bring about good results, as will be shown in the following. 

ae _ We now introduce the scalars 

er eos, ch EAEu 

. For Dry Fo; Sti > (4-1) 

; By which correspond to dg; in the last section. Then it seems reasonable to choose 

g . dor—lg Sor as po, (4-2) 


as scalar conditions corresponding to (3-8), It is also written 


R 
dgz—€o Yor, Agr —>0 as Po, 


“a 

ey é 

be ae f : 

ry where 4,, and doz are the symmetric and skew-symmetric parts of dg; respectively. The 

i symmetric part of (4-2) is independent of the choice of orthogonal ennuple as (3-8) is. 

a For the skew-symmetric part the same result holds also as follows: If bg: are scalars formed 

: 
Vv 

| from J, with respect to 7%, we have . 

4 : | 

‘e 

7 b4,5=>) loa trae dupe , 


Vv “,% Vv : 
Since t,- are finite by means of (3-4), it holds that bor>0 as Won =o0. Thus the co- ‘a 
variance of (4-2) has been proved. | 


4 From the standpoint of covariance, it is thus desirable to choose not (1:1) but (4-2) 


eon Wap a a RA RAE KTS ees 
ay fe i 


an 


bien nb a { 


On Boundary Conditions in the Non-Symmetric Unified Field Theory 7 


as boundary conditions. The symmetric part of (4:2) is equivalent to that of (1-1 )e-as 
can be shown in the same way as in § 3. The difference of (4:2) from (1:1) really 
lies in the skew-symmetric part. We show this by taking the spherically symmetric 9,, 
which is given by 


eA\y, t)5 0, , 0, pr t) 
0 —B(r, t), A(x, £) sin 8, fy) 
Tau = 0; —h(r, t)sind, —B(r, t)sin? @, 0 ? (4-3) 


—f(r, t) 0, 0, Glysat) 


in polar coordinates, where A, B and C are positive. We choose (A-2) as the corres- 
ponding line element of the S,, and 


= 


9 = N = k % 
Cee eh OST ea Os fr sin Ou ca oF (4-4) 


as an orthogonal ennuple in the S,. If we calculate a,, corresponding to (4:3) and (4-4) 
and substitute them into (4-2), we have 


A->1, Bor, C1 as r— 00 (4-5) 


for the symmetric part, and 


f-0, 4/r’>0 as 1 00 (4-6) 
a the skew-symmetric part. The symmetric part of (1:1) has the same expression (4:5) 
as that of (4-2). On the other hand, its skew-symmetric part reduces to 
f-0, 4-0 as r— 00, Gs 
which is more stringent than (4-6). Thus the desired result is obtained. 
Next, we pass to cartesian coordinate system by the transformation 
x=r sin @ cos ¢, y=r sin @ sin ¢, z=r cos @, t=£, 
Then g, and the line element of the 5, reduce to 
: 0, uz/T, —vy/r, Litas 
—vz/r, 0, vx/T, fy/* 
Ie =| yy/r, —vx/r, 0, jf edcaens 
—fx/1, Shy hty fe) % 0 


Peay ye. (4-8) 


and 
ake = —dx*—dy?—dz +de° (4-9) 


respectively. We can choose the orthogonal ennuple 
Ep =03, (4 F 10) 


then the scalars a,, take the same form as the components of J), given in (4-8). This 
Vv. 


time the skew-symmetric part of (1-1) has the expression (4-6), which is different from 
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that in polar coordinates. This is the non-covariant feature of (1-1) pointed out by 
Wyman. =e 
In general, the conditions (1-1) and (4-2) have the common expvession in cartesian 
coordinates, because there exists the orthogonal ennuple (4° 10) in this case. For example, 
for the spherically symmetric 7, the common expression is given by (4:5) and (4-6). 
Thus, as far as cartesian coordinates are chosen, (1-1) can be used as a covariant condi- 
tion, in the sense that it has the same expression as (4:2). In his work on static spheri- 
cally symmetric solutions, Bonnor used (1-1) in such coordinates.” This is now con- 


firmed as satisfactory by virtue of the above result. 


§5. Comparison with the conditions used in our previous work 


In the previous work on static solutions of the non-symmetric unified field theory, we 
used the boundary conditions : 


Jrw—ays  O—>const. as r—> 00 (5-1), 
for the electric case, and 

Jrr—ry —const. as ro, 6-D¢ 
for the magnetic case. Here ¢ and ¢) are “scalar potentials ”’*, which we introduced for 
the electrostatic and magnetostatic fields, and whose derivatives are expressible in terms of 
Jay: These conditions are covariant at least for the coordinate transformations leaving the 


expression of spatial infinity, roo for t=const., invariant. In the following, we shall 


study the relation between (5-1) and (4-2), and shall show that they put the same 
restriction on the static solutions of the field equations in the electric or magnetic case. 
Previously we treated the static field, for which Jay is restricted by 


Ju=9, 9x, =0, (3-2) 


in the coordinate system where (2:1) takes the form 


x'= const. (5-3) 
In this case x’ can be identified with u‘, as will be done throughout this section. By means 
of (5:3) we can choose 7,, and €,;* such as 
Hra=O x49 (5 ; 4) 
cy =o, Fa) = 0. (5:5) 
The derivatives of scalar potentials are 
0. Cr jna he ge om g/2 Vv—% (5 ‘. 6) 


for the electrostatic field, and 


* : { v7. 
These are scalars for coordinate transformations in V3, but not for those in Vy 


<-e- 


ee 
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?.= —h" Tis 9/9 (5-7) 


for the magnetostatic field. In these equations, y—=det. Gius G=det. G5, b°* “is defined 
by Jay bYY= 0%, and €,,,, is the Levi-Civita tensor density. 


It follows from (5-6) and (5-7) that* 


ee = ae =] = = 
ba\=6y Sa} Se es Ana Die Ave 
b,c.d ,e Vv 


dox| /2% —|4or|; 
Hay=fou l= — aldol /ul orl (5-8) 
mbere: 24) Sassy jp2 In consequence of (4:2), we have as p—>co, 
(Pai) = — (4) o» (a; by e=cych: Gy 2,°3)) 
(Pai) a= — (4s) oo (5:9) 
Hence the skew-symmetric part of (4:2) reduces to 
Gaj>0, Pai as p00. (5-10) 


— 
Next choose the vector £,* for some suffix a in the direction of P,P given in § 2. 
Along this half-line, ¢ is a function of ~, and we have EN =dx*/do, hence 


Ga = 95: (dx'/do) =d8/do. 
By means of (5-10), ¢,, must have the asymptotic form 
Pay~P "(abe ++), 12n>0, (5:11) 


where a and 6 are some constants. When a does not vanish, d—co as p—>0o. There- 
fore, in order for ¢ to approach to some constant, da, hence 4, must approach to zero 
Vv 


faster than p~!. From this and a similar result for ¢, the conditions (5-1) are more 


stringent than (4:2) for the static J, in the electric or magnetic case. The difference 
between the two conditions can be interpreted physically as follows. 

In Maxwell’s electromagnetic theory, the Coulomb potential is given by r-'+ const., 
and the corresponding electric field is of the order r~®. In the present case, d or # re- 


presents the potential, and J, is usually interpreted as representing the field strength. ** 
Vv 


* (5-8) can be obtained, if one expresses the various tensors in (5-6) and (5-7) in terms of &4)4 and 


then uses the following formulae : 
g=leo Egial?-laorl, g=leo Eglal?:laocl, lée Egi*|- les Exiyl=—1, 


. iL 
leg o1*| =e1ereses Eapve E1l* S21 Sai” 41° 
** In the previous papers, we assumed that the strength of the electromagnetic field is represented not by 
2x4 OF its conjugate, but by a certain tensor F,,. This tensor is expressible in terms of g,,, and reduces 


for the weak field to 
Fry De Avag €a Bab. 


Therefore, one can consider that F, has the same meaning as the conjugate of Bay for p> 1. 
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Therefore, on the analogy of Maxwell’s theory, it seems to be reasonable that doxs scalars 


formed from 4, approach to zero in the higher order by one than ¢ or ¢ does to some 
Me wa 
limiting constant as in (5-1). The above difference between the two conditions actually 


has such a character. 

For the static solutions of the field equations in the electric or magnetic case, this 
difference does not appear at all and the conditions (4:2) are equivalent to (5-1). In 
fact, there are no solutions for which the constant a does not vanish, as can be shown as 
follows: Since the field is weak for p> 1, Dry corresponding to the leading term of (5-11) 


. . . . . 5). 
must satisfy the field equations in the first approximation”: 


Ds eu PJrp,p— 9, C](Gau,yt+Guv.atGva, pw) =0. (5 : 12) 
"7 V; Vv Vv Vv 


These equations are linear homogeneous with respect to J,,. Accordingly, if the source 
Vv 


of the field is regarded as consisting of many point sources, the field is obtained by super- 
posing the fields caused by respective point sources. The latter fields are spherically sym- 
metric with different centres, and a simple calculation shows that we have no correspond- 


ing solutions for which a does not vanish. 


Conclusion 


Both general relativity and the non-symmetric unified field theory are based on the 


so-called principle of general covariance. So the boundary conditions in these theories are 


to be chosen so as to be covariant for arbitrary transformations of coordinates. This prob- 
lem was taken up in this paper, and the following results were obtained. 

(1) The boundary condition (1-2) ordinarily used in general relativity is covariant, 
with a proviso that the spatial infinity is expressed covariantly as in § 2. 

(2) In the non-symmetric unified field theory, one should use the new conditions 
(4:2), which are independent of the coordinate system employed. 


? 


(3) In “cartesian coordinates”, the non-covariant condition (1:1) has the same 


expression as (4:2). Hence (1-1) can be used as a covariant condition, provided that 
this coordinate system is chosen. 

(4) For the static solutions of the field equations in the electric or magnetic case, 
the conditions (4-2) are equivalent to those propounded in our previous papers by using 
scalar potentials. 


The author wishes to express his sincere thanks to Professor Y. Mimura and Professor 


H. Takeno for their helpful discussions. 


Appendix 


The boundary conditions are generally used to single out from a great variety of 7,,’s 
(or, Y,y’s) a particular one which takes the prescribed values on the boundary. This 


fact is important in formulating the boundary conditions. 


) So we shall give here some 
detailed explanations on this point. 
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In concrete problems, the /,,’s are often restricted by some conditions, such as spatial 
symmetry, or staticness, or orthogonality for coordinate system. As a result the Pins under 
consideration have a common form. But there still remains some arbitrariness in the form 
of arbitrary constants or functions of the x’s, and we have as many y's as the diversity 
of these functions or constants. 

As an example, let us consider the spherically symmetric space-times whose line elements 


are of the common form 
d= —A(r, t)dr’— B(x, t) (dé? + sin*Odg*) + C(r,t ) de’, 
. A, BGS 0; (A-1) 


in polar coordinates. Each individual Jy, is obtained by giving particular functional forms 
to A,B and C. The diversity of (,,’s corresponds to that of the forms taken by A, B 
and C. 

Among the line elements of the form (A-1) there are 


ds?= —dr’—r? (d0?+ sin’ 6 d ¢”) +e’, (A: 2) 
d°= ae Grete (d0? + sin” Od ¢’) + de*, (A: 3) 
d= —dr—r (d+ sin? 0d y*) + Cae’, a) 


and so on. The last two are obtained from the first by carrying out the transformations 


r—r' and Pete C(t): dt respectively. This illustrates that some of the tensors (y's 
are reducible to each other. Such tensors can be regarded as giving the metric of the 
same space-time. On the other hand, there are some tensors which are by no means trans- 
formable to each other. These are the metric tensors of the different space-times. For 
instance, if the functions A, B and C assume the form (1-2m/r)~', r°, 1—2m/r (m0) 
respectively, we obtain the famous Schwarzschild line element, which is not reducible to 
any of (A-2), (A-3) and (A-4). 
These considerations will be helpful for understanding of S82, 3. 
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With the charge independence hypothesis, the meson-nucleon interaction in two-nucleon system 
is studied by analyzing the data of meson production in nucleon-nucleon collision and of meson-deuteron 


reaction. 


§ 1. Introduction 


Among the various meson reactions in two-nucleon system the meson production in 
nucleon-nucleon collision is one of the most important. Although several approaches to 
this problem have been made from the experimental as well as theoretical points of view, 
there are still many things to be solved in the problems of the qualitative character. In 
this paper, we intend to examine this meson reaction, concentrating our attention to the 
charge space. 

Since the interaction between a meson and two nucleons is taken into consideration, 
it may be allowed to adopt the charge independence hypothesis. In order to specify the 
states of isotopic spin in our process, let us reexamine the various methods’? by which 
the composition has been done. It is common to compose the isotopic spins of the two 
nucleons first and then bring the isotopic spin of the meson to the composition. (Such 
composition as this will be cited as L—S scheme hereafter, as mentioned in the previous 
paper.) This method, however, is not suitable for examining the meson-nucleon interaction. 
Therefore, we try another method of composition of isotopic spins, that is, to compose 
the isotopic spin of meson and that of one nucleon first, and then bring the isotopic spin 
of the other nucleon to the composition. (Such composition as this will be cited as j-j 
scheme.) 

There is of course one-to-one correspondence between L-S scheme and j-j scheme. 
As for meson-nucleon interaction, detailed analyses have been done of meson-nucleon 
scattering. Tracing the knowledge deduced from these analyses, we set the following 
assumption which may be considered as a natural one, that is, the state of j= 3/2 composed 
by the isotopic spin of a meson and of a nucleon contributes predominantly in the energy 
region where the resonance will take place in our process corresponding to the resonance 
phenomena in meson-nucleon scattering. Then we will obtain the branching ratio for our 
process, such as the cross section for z° meson production in proton-proton collision is 
one-sixth of the total cross section for meson production in this collision. This result is 


examined by comparison both with the lower energy data in proton-proton collision and 


| 


ee 
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with those in neutron-proton collision, that is, how strongly each of the charge states 


contributes and how each contribution depends on the energy are examined. 
Moreover, paying our atiention to the fact that our process has a certain relation with 


meson-deuteron reaction, our results are examined by the analysis of the data for this 


reaction. 


§2. Composition of isotopic spins 
i) L-S scheme 


Since the isotopic spin of a nucleon is 1/2, the resultant isotopic spin L of two 
nucleons is one or zero. The values of the total isotopic spin T composed by L=1 and 
the isotopic spin of meson are 2, 1 or 0. The reaction amplitudes for these final states are 
denoted by the notations of T,(s), 7; (s) and T,(s) respectively. And the reaction 
amplitude for the final state of T=1 which is composed by L=0 and the isotopic spin 
of meson is denoted by the notation of T, (4). Where s and a in the bracket stand for 
the symmetric and antisymmetric parts for the two nucleons respectively. Moreover T, (a) 
is separated into two parts, that is, T,;(a) and T,»(a) which represent respectively the 
amplitudes for free state in the two-nucleon system and for deuteron state. 

In the process of meson production in nucleon-nucleon collision, however, the state 
of T=2 does not exist. Because of the orthogonality of the symmetric and antisymmetric 
parts, and for want of interference between T,(s) and T,(s) *) the cross sections for our 


process can be writen down as follows : 
7 x (pepo +p tp) = (1/2)IT. OF, 
o(p+pom tpt) = (1/2) |T1() ? + (Ti, I's 
o(ptpot +D) =|T 
T,,(a) + Ty (a) =T1 (4); (1) 
and 
o (n+ pont +n+n) = (1/4) |Ti(s) P+. C/6) |Tol) °, 
o(n-tpom +ptp) = 0/4) ITO P+ C/6) ITO 
o(ntpon'+n+p) = (1/6) |T)(9) P+ G/2)|T1 (9 I 
o (n+ pom +D) = (1/2) |Tio(@) I’ (2) 


ii) The relation between L-S scheme and j-j scheme 
There are of course two isotopic spin states j= 37 2: andip=d /2 in the one-meson 


and one-nucleon system. The reaction amplitudes for our process can easily be expressed 


* This fact is obvious from the consideration of the initial states of isotopic spins, 


14 S. Minami | 


in terms of those of j-j scheme. For simplicity we omit these expressions and write down 


the relation of the reaction amplitudes in L-S scheme and j-j scheme. 


T,6) = v1/3 T, (3/2) .+ Vv2/3 T; (1/2). 
T, (a= V¥2/3 T;, (3/2)4> V1/3 T, GA 2) (3) 
T,(s) =.T 5 (1/2) i5 


where the suffices 2, 1 and 0 show the states of the total isotopic spin T=2,1 and 0 
respectively, and 3/2, 1/2 in the bracket on the right hand side mean j=3/2, j=1/2 
in the j-j scheme respectively. 


§ 3. Branching ratio in the neighbourhood of 600 Mev 


Recalling the data for meson-nucleon scattering which have shown the resonance of 
j=3/2 state in the energy of about 190 Mev (71.6), we set the following assumption 
which may be considered as a natural one, that is, in our process the state of j=3/2 
reacts also predominantly in the energy region of about 600 Mev (7 = 1.6*) corresponding 
to the energy for the resonance of meson-nucleon scattering, and put the following relation 
for simplicity. 

|T, (3/2) | =|T; (3/2) al. (QS 
If we neglect the contribution from the state of j=1/2, then from eq. (3) 


|T, (a) [?>=2|T, (s) 


9 


(5) 

Let us consider the following ratio concerning the cross sections. 

o(ptp>m +n+p) +o(ptpo7z*+D) _ |T, (a) |?+ (1/2) |T, Olin 
o(p+p—>7'+p+p) (1/2) |T,( FP 


On the assumption mentioned above (c.f.(5)), 


(6) 


o(p+por+p+p) A 


Then the cross section for =<’ meson production turns out to be one-sixth of the total cross 


section for meson production in proton-proton collision. 
§4. Comparison with the experimental data 
i) Meson production in proton-proton collision 


When we plot the data which have been cited in the papers of Rosenfeld” or Gell- 
Mann and Watson”, the results will be shown in Bigi et. 


In this case, 7 is the maximum center-of-mass momentum available to the pion, measured in units 
of yu. 


te eae z ; ; 
With regard to this assumption, there is enough ground for controversy. 
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Since the cross sections for p+'p—>7"+p+p are available at only two energies, namely 
341 Mev and 430 Mev, we are obliged to adopt the formula deduced by Rosenfeld” or 
Gell-Mann and Watson’ from phenomenological point of view. 


o(p+p—n+p+p) =0.27%. (8) 


But the usefulness of this formula has to be restricted to the region between the energy 
of 341 Mev and 430 Mev. 
On the other hand, the formula for the cross section of 7*-meson production, 


o(p+p—7* +n+p) +o(pt+p-7* +D) =1.87', has also been given by these authors, 


but we do not adopt it. The reason is that their formula gives too small value for 


o(ptpon+n+p) +o(p+p-7*+D) to explain the experimental data in high energy 
region as shown in Fig. 1. This fact is also obvious from their result that the predicted 
ratio o(ptpoxt+n+p)/o(p+po7 +D) appears to be about a factor 1/2 smaller 
than the observed one in spite of the fine estimation of o(p+ poz +D). Therefore 


we make use of the experimental data for the cross section of 7*-meson production. 


? : a(ptpont+ptn) to(ptpon* +D) 
} : o(ptpont+D) 
bs o(ptoon’+ptp) 


Fig. 1. The cross sections for meson production in p-p collision and the values 


of |T1(a) [°/|Ti () |? 
@: The Calue <of WIi4(a) (Ti) 1? calculated from the data of 


m~—-D reaction. 


@: The value of {Ti (4) |2/|Ti() I? calculated from the data of n-p 


collision. 
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Thus, from eq. (6), the value |T, (a) |*/|Ty(s) | is calculated and its energy 
dependence is shown by the solid line in Fig. 1. 

A complete analysis should of course be accompanied by the study of angular momentum. 
By combining, however, the eqs. (1), (3) and the curve of Fig. 1, we may probably 
infer that firstly, in the lower energy region, T;(s) is affected not only by the selection 
rule which is derived from the conservation of total angular momentum and parity, but 
also by the interference between T,(3/2), and T,(1/2)., causing the value of the cross 
section for 2° production to be much smaller than that of 7* production, and secondly, 
in the higher energy region, the state of j= 3/2 affects more strongly than that of j=.1/2, 


causing the values of the two cross sections to approach the same order. 
ii) Meson production in neutron-proton collision at 410 Mev 


The data of meson production in proton-proton collision contain some large errors, 
particularly in high energy region, as shown in Fig. 1. In order to examine our result 
further and to get more minute knowledge of the reaction amplitudes indicated in eqs. (1) 
and (2), let us analyze the data for meson production in neutron-proton collision. In 
this case, not only the state of T=1 but also the state of T=0 takes part in the process, 
so it is necessary to know more data than those in the case of i). Fortunately we have 
enough data to analyze the results in 410 Mev. 

By Yodh’s result”, the cross section for 7* or =~ meson production in neutron-proton 
collision is of about 0.16+0.04 mb. From eq. (2) 


o(n-+ poz +n+n) =o(n+ponm +p+p) 
= (1/4) |T,(s) |? + (1/6) |Ty(s) |?=0.16 mb. (9) 


The cross section for ptp-z'+p+p in 410 Mev is estimated by eq. (8), and the 


result is as follows: 


o(p+p—o7+ p+ p) = (1/2) |T, (s) |? 0.133 mb. (10) 
From (9) and (10) 


(1/6) |T,(s) |? 0.0936 mb. (11) 


Now we make use of the value of the cross section for the process n+ p—>7°+D 


which has been measured by Hildebrand™ to verify the charge independence hypothesis 


o (n+ p->7°+D) = (1/2) 0 (p+p—o7* +D) 0.47 mb (12) 
and of the following experimental ratio observed by him" 
petals SAR Ap oP nT Ee) = 
7 kp stk h Say cne Ce (13) 
From these and eq. (2) 
o (n+ px" +n-+p) = (1/6) |T,(s) [2+ (1/2) |T,,(a) |? 0.705 mb. (14) 
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Using the result of (11), 


| (1/2) |T, ,(a) |? =< 0.611 mb. «153 
As we have |T,p(a) |? 0.94 mb from (12), 
[T, (4) ?=|T,(@ [?+|Tiv (a)? = 2.16 mb. (16) 


Thus we obtain the following result from eqs. (10) and (16) : 
IT, (4) |?/|T,() P= 8.1. (17) 
Comparing this with the ratio |T, (4) \?/|T,(s) |? in the case of proton-proton collision 


at 410 Mev, it is found that the agreement is fairly well. 


§5. On meson-deuteron reaction 


For meson-deuteron reaction (for example, 7-—D reaction) there are the following five 


processes : 


m-+D—>27-+D (a’) 
m-+D—>7~+n+p (b’) 
m-+D—>7°+n-+n (c’) 
m+D—>n-+n (d’) 
m4+D—>n+nt+7 (e’) 


Since the magnitude of the cross section for (e’) is obviously small and the process 
of (d’) is the inverse one of n+n—-7~+D, we do not take into consideration of these 


processes. 
Noting that only the state of T=1 takes part in this reaction as in proton-proton 


collision, the cross sections for these processes can easily be written down with the same 
way as in § 2. 
o (n° + D> m4+n4n) = (1/2) (TOs 
o (a7 +D—> 1 ++) = (1/2) ITY () [+ |T, (4) |*, 
o (zm + D—-z- + D) ea [Tip (a) i< (18) 
T,,(4) ata Tib (a) =o iy (a) ’ 
winereel (5), 211, €4) 5 T,,;(a) and T,p(a) are the reaction amplitudes in L-S scheme. 
(c6(1)) 


In this case also, we have the similar 
with those in (3). If the branching ratio for these processes in the energy of about 150 
the following relation can easily 


relatiors between L—S scheme and j-j scheme 


Mev* are discussed with the assumption mentioned in § 3, 


be found. 


* The energy of 150 Mev in this process corresponds nearly to the resonance energy. 
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|Ty’ (a) |?’ =2|Ty’ (9) |? (19) 
and . 
o(n7-+-D—>a-+p-+n) to (a--+Do2- 4D) _ |T/@PLO/DITIOF_ 5 , 
o (z- +D—7"-+n-+n) (1/2) |Ty’ (s) |’ 1 
(20) 
Although there are no data to be compared directly with this, we have some interest- 


ing results reported by Nagle”. As his data are at the energy of 120 Mev, the reactions 
can be expected to be the phenomena in the neighbourhood of resonance. 


According to his result, 
o (am-+D—>2-+p+n) +o(a-+D—>72- +D) =96+5 mb, 
o (27+ D—7°+n+n) =14+42 mb. 
Therefore 
[Ty’ (a) |?/| Ty’ (s) ? = 2.8. (21) 
Comparing this with eq. (19), we see our assumption is fairly well. Then it may — 
be expected that the relation of (7) for meson production in proton-proton collision will 
be satisfied in the energy of about 600 Mev and that the curve of |T, (a) |*/|T,(s)|* 


will almost follow the dotted line in Fig. 1. In order to say the above conclusion with 


confidence, however, it is necessary to have much experimental data in detail. 


In conclusion the author expresses his sincere thanks to Dr. D. Ito for his valuable 


discussions about the problem of the relation between L—S scheme and j-j scheme. 
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It is generally granted that in theories of non-local couplings, the field equations (in mechanics, 
the equations of motion) are the integro-differential equations containing in their interaction terms an 
arbitrary function, the so-called form factor, and in a previous paper of this series, discussions have been 
done on these (cnumber) equatiors, assuming the validity of the perturbation theory. In this paper, 
the convergency of the perturbation method is investigated and then it is shown that among the 
general solutions of these integro-diferential equatiors, we can ccrstruct some special solutions which 
tend to the solutions of free equations as the coupling constant epproaches zero. It is, moreover, found 
that the motion’ specified by these special solutiors ccrforms to tle equations which are localized in the 
time-like direction and have as marifold solutiors as free equations. The similar arguments are also 
done on the theories of the higher derivative couplings whose formal solutions have been constructed 


extensively in the previous paper. 


§ 1. Introduction 


The first article of this series’) was concerned with a formal construction of special 
solutions which can be given by the perturbation method and have the seme degrees of 
freedom as the free equation. There we have, in general, assumed without proof that the 
solutions obtained by the method involving a sort of infinite process, e.g., the iteration 
method or the perturbation method, converge to the desired solutions. The contribution 
of this paper is intended to be twofold: first to show how a rigorous mathematical justi- 
fication can be given for them, and second to investigate whether those special solutions 
are equivalent to the general solution of some differential equation which has the same 
degrees of freedom as the free equation. The next section deals with the non-local coupl- 
ings in mechanical theories and a proof for the existence of solution is given by the iteration 
method under some restrictions. Moreover it is shown that the integro-differential equations 
representing the non-local couplings are entirely equivalent to the corresponding differential 
equations, whenever a development in the neighborhood of linearized vibrations is discussed. 

In § 3, the similar discussions will be extended to the systems with the higher deriva- 


tive couplings. However we shall face, in this case, the grave difficulty in order to prove 


the existence of iterative solutions. 


In § 4, we shall deal with the field theories with non-localized interactions. The 
existence proof of the iterative solutions may be given in the similar manner as was done 
for the mechanical theories. However, the equivalence to the partial differential equation 
can not be proved contrary to mechanical theories, because of the space-like non-localizability, 
and then we see that in this theory the finite domain of dependence does not exist and 
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the causal relations in the classical meaning are lost entirely. 


§ 2. Non-local couplings in mechanical theories 
(a) The existence proof of iterative solutions 


We consider the integro-differential equation 
g+uq= e| ft, bs t,) G(q(t) ’ q (t) > q(t) ’ q (¢,) 375g (t,) 7 (t,) )dt,-+-dt, (2 , 1) 

for q(t), in which € is a smell parameter. G and f are the regular functions of q(t), 
q(t), q(t) 9 (t,)5°°:5 9 (t)4 (t) and of t, ¢,---, 4, respectively. We assume that these func- 
tions satisfy the following conditions : 

(i) Gis bounded in the domain D in the {g(t) g(t) q(t) 9(t)--9() 9 (4)} 
space, specified by |q(t,)|<C, |q (4) |<C (s=1, 2,---7,), where C is a positive number, 
and there exists a positive number M satisfying the relation |G| <M, in D. 


(ti) G satisfies a Lipschitz condition for the values of its arguments, 
(ys y's: Yas N/a Ire Ie) SO Zo Be Ryo sker SD | 
SK[|y—2I Hy z igs {l¥s— %| + fog Seaehac ie 13» 


where K is a positive number. 
(ui) f(t, t,°°:,4,) satisfies the condition : 
+00 
—o 


PQ PCs toes) ide dey-de, <ay, 


where @ is a positive number. 


We are interested in establishing the existence of the iterative solutions : 
qa (t) =o (t) + (e/a) ff sin w(t’) fF, tas 5t) @ (Gan (Os Fai (57°) ana) * 
Ga-1(t) de’ dt,---dt, : (2-2) 
We shall first prove the following theorem: 
Theorem : 
The iteration method (2:2) converges uniformly for all ¢(—co< t<-+ 00), and a 
unique solution q(t) =lim qa(t) exists satisfying the initial conditions : 
q(t) =A, 4 (%) =oB at t=h, 
if the following conditions (A), (B) for A, B and €, are fulfilled. 


(A) Max (|4 a|, |A|) <C/3. 
Max (|B |, |B|) <C/3. 
(B) |E] <Min(|w|/ {Ka (+1) (1+ |@|)}, |o|C/ (3am) ,C/(3aM)). 
Proof :. 


We get immediately from (A) that lqo(t) | <2C/3, |9,(¢)|<2C/3, in the 


domain 


a 


a  ——— ee 
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S t: (—coo<t<-+00) and then using (2-2) and~ (B), we obtain also |q,(t)| <C, 
Iqi()|<C, in the domain of #: (—w<t< +0). 


Accordingly, we can easily obtain, by the mathematical induction, 
Im@I<CG, laaw|<c 
for all values of A and t: (—~co <#t<+co). We can also show from (2-2) that 
In) —H() | <4, 
lq: (t) —9.(4) | <|ola, 
where a is defined by a=|€|aM/|a}. 
Using the mathematical induction, we obtain 


lqr+1(t) eae Ps (t) | <a’, 


_ where is given by 


p= (r+1) (14+1/lo|) Kl€la@. 

It can easily be seen from (B) that ¢ is smaller than unity, and therefore the sequence 
qx(t) converges uniformly for all ¢(—co<¢<-+co). The uniqueness of the solution 
can be seen as follows: 

Let J be another solution satisfying the same initial conditions : 

fa, g=o Breatel—lae 
q then satisfies the following integral equation : 
q (t) =A cos w(t—t,) + B sin w (t— ty) 
+ (€/w) [‘sinw(t—e') fC, ty GG), q(t’), ves Go(t,) 9 (t,)) dt’ dt,---dt,.(2+2)! 


A similar calculation as was used in the proof of the uniform convergency gives for all A 


<ap*, ie. |q,—J,| 70 U>+ 0). 


lqa—-4 rN 
The same relation holds also for q.* 
(6) The conditions of periodicity 
In this subsection, we consider the equation 
gto q 


+ 


=F (gs FO) [| fb toot) CG) 4 (ED 9 GF OD) dt edly (21)! 


for q(#), which is obtained by rewriting (221): 
The function f(t, ¢,,":+,t-) satisfying the condition (iii) in (4) can not be invariant 


" “®) The above discussion may easily be extended to the system of integro-differential equations such as 


resulting from the non-local interactions between mass points. 


hae Ot aS 


“Oo aE 


it 
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under the time displacement transformation, and (2-1)’ (or (2-1)) does not represent a 


conservative closed system. 
However we may assume, without loss of generality, the following form of f: 


fb thers be) =D FE ty Pty Pte) 
in which f depends only on differences of time values t—t,, etc., and p(t) is restricted 


in such a way that the condition (iii) is satisfied. In the subsequent discussions we can 


construct the periodic solutions of (2:1)’ and show that their characteristic features are — 


independent of the explicit behavior of y(t) at the remote past and future, if u(t) is 
constant over the time interval —T <¢< T sufficiently large compared with the period 


of the free equation, 27/w, and f is even with respect to its arguments. 
This result shows that under these assumptions, (2:1)’ might represent the physical 
periodic motion. In fact, if we adiabatically switch in and off the interaction at the in- 


finite past and future respectively and use f instead of f for all t, (2:1)’ may represent the 
conservative system corresponding to the autonomous system in the local theory. 

We shall really prove the existence of periodic solutions q(t), under the above con- 
ditions for s(t). 

We may assume the initial conditions at t=0: 4 (0) =0, q(0) =A, without loss of 
generality. 

Our purpose is to establish the existence of periodic solutions in a neighborhood of 
€=0. The period < (the frequency, ¥) will then be a function of €, 7=7(€) =27/y, 
which must approach 27/w as € approaches zero. 

The conditions of periodicity are 


q(t, 6) = 5. (0,4, €); 
(3) 
@ (i, Aste) =O: 


To solve the equations (2-3) in a neighborhood of €=0, we apply the same method as 
was used in the study of non-linear vibrations.” 
We introduce the quantities 


P=e"[A—q(c, A, €)], 
Q=—e"[G(, 4, ©], 

so that the periodicity conditions are now given by 
P=Q=0. 


Putting «= (27/w) + €7,(€), we obtain from C20 hy" 


(2a /w) + EH 


P=€7'A(1—cos wen) ~(1/e) | sin w(€ 47—¢’)- 


0 


FO)" Fe, byt?) 6) Gbps, t,)dt,---dt, dt’ =0, (2: 4a) 


tae 


; 
; 
; 
5 
{ 


| 
| 
| 
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Q=€"' Aw sin w € 7 


Cx /w) +En Co 
—| cos w(en—t) FW) | f(t, ty, t.) G(t,:+, t,) dt,---de, dt’ =0, (2: 4b) 


in which 
F(t’) =F(q(e’), q(#)), 
G(t,--:; t,) =G(q(t,), G(t)5°*5 q(t.) 9; (t,)), 


_and it should be noted that the integrals with respect to ¢/ are to be extended over the 


finite interval (0, 27/w+€7), not (—co, +00), and in this region p(t) may be put 
equal to unity. If it could be shown that (2:4a) and (2-4b) for €=0 possessa solution 
for (A, 7), it would follow from the implicit function theorem that the periodicity equa- 
tions could be solved in the neighborhood of €=0 to yield (A(€), 7(€)). 

The simplest case to be considered would be the case in which F and G are indepen- 


dent of g. In this case we have, however 


Piles l (A) 


2a /w ow 
“i sin wt’ F(A cos w r)| f(t'—t,--, t’—t,) G(A cos wt,,-++, A cos w t,) dt,-+-dt, dt’, 


0 


and one sees that P,(A) is identically zero. Consequently our procedure fails. In the 
following investigation we shall see that it can be modified in such a way as to yield the 
desired development in this case, too. 

We now assume that F and G are even functions of g. This includes the case men- 
tioned above (i.e., F and G are independent of g) in which our procedure failed so far 
to give the desired development. A modified procedure is, however, easy to devise. Apply- 
ing quite the same procedure as was done in the local non-linear theory,” we can reduce 


the periodicity conditions to the following one condition 
j(c/2) =4(—7/2) =0. (2-3)" 
The periodicity condition can, therefore, be written in the form 


R(A, 4; €) =4e™ sin (w € 7/2) 


5 [dt cos w(€n/2—") F (q(t), 4 (#)) [Fe tot 8) 0G (t.) 5:74 (t,) dey dt, =0 
(2:5) 


and, in the case of €=0, the above equation reduces to 


a /w 
R, (A) =0%/2—-| cos wt! F(A cos wt, —w Asin at’) - 
fae 


Cota t'—t,) G(A cos w t,—WA sin wt, +++5 A cos wt,,— Aw sin wt,)* 


-dt,---dt, dt’ =0. (2:6) 


a. as 
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Now we are permitted to prescribe A*0 arbitrarily, after which R,=0 can be solved to 


yield 
Mo = (2A */w’) Fa cos wt’, —wA sin wt!) | Fl ty 8) : 


-G(A cos w ty, —WwA sin wt,,--A cos wt, —WA sin w t,)dt,---dt, dt’ =0. 


Since 0R/7|,_y»= Aw’ /23<0, it follows that (2-5) can be solved for 7=7(€) with 7(0) 
=o: 

We can then conclude that (2:1)’ has the periodic solutions for arbitrary values of 
A in the neighbo-hood of «=0, if F and G are even functions of q. 


(c) The equivalence to a differential equation 


The solution of (2-1) obtained in (a) is equivalent to the general solution of a second 
order differential equation, because it contains two arbitrary constants, and we can write down 
explicitly the equivalent differential equation. 

For the sake of simplicity, we consider the following special case: F==1, r=1, then 
the equation becomes”? 


f+ o'g=e| fle—1) Gq) ae. (2-7) 


(The extension to general equations can easily be done.) 


The above equation is equivalent to the integral equation 


q(t’) =q(t’, ¢) | 

+ (€/w) [sin o@—0")| f (=) Gg) de” de”, (2-8) | 

in which | 
q(t, ) =q(t)cos w(t!—t) + (q (t)/w) sin w(t’ —2). (2-9) | 


Substituting the solutions of (2:8) given by the iteration method into (2-7), we 


obtain : 

hae} 

G(t) +o°g(t) =€| fFt—-t) F(t’, 0, #, dt’ 
=€K (q(t), 9(¢); €). (2-10) 

(2-10) is the differential equation equivalent to (2:7), so far as a development in the 
neighborhood of the linearized vibration problem is discussed. | 
Example 1 . 
. *) In what follows, we consider that f=f for all ¢ and the interaction is switched in and off adiaba- 
tically at the infinite past and future, instead of using p(t). ; 


w 
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Let us consider the following linear equation : 


jto gael flee) qed, (2:11) 


—2 


which can be given by taking G equal to q(t’) in (2:7). 
Corresponding to (2:8), we have, in this case, 


fa 


q(t’) =q(t’, t) + (€/a) \sin w(t'—t") pce 077) git dey Gt: 
If we introduce the Fourier amplitude F(w) of f(t), which is given by 
F(o) =|FO cos ws ds, 


(2-10) reduces to the differential equation : 
Gtw q=€ F(w) q(t) +: (2-12) 


in which the higher order terms in € do not contain q. On the other hand, (2:11) 
can be solved exactly by applying the Fourier transformation. We can then reexamine that 
among the general solutions of (2:11), (2:12) represents the special solutions which 


approach those of the harmonic oscillator as € tends to zero. 


Example 2 


We consider the equation 
Gees a= «al pe—ey gre) dé (2-15) 
for q(t), which may be derived from the following Lagrangian L ; 


ra 1 gt) og Oh ae (6/4) |[POFO Hg ODA te 


Corresponding to (2:9), we can obtain, in this case, the differential equation 


Gta? q=eq(ug+v9’) +: (2-16) 


in which u and v are defined as follows : 
u=| FO cos’ ws ds, 


v= [FO sin’ ws ds. 


(2-16) is equivalent to (2:15) whenever the perturbation theory is considered. 
. If v3<0, the differential equation (2-16) can not be derived easily from a Lagrangian 


with two independent variables 4 and q. 
If we employ the condition that the ccefficients of g should te zero, the higher har- 


monics with respect to @ in the Fourier <mplitudes of f(t) may be determined successively 
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as we proceed to the higher order approximation in €. As is obvious in this example, it 
can be seen that the integro-differential equations considered in this section are generally 
equivalent to the second-order differential equations so far as a development in the neighbor- _ 
hood of the linearized vibration problems is concerned. It follows that in the mechanical 
theories the motion of systems with non-localized interactions can be described with the 
development of time and we can determine the behavior of a mass point in the past and 


future by prescribing its velocity and coordinate at an instant. 


§3. Higher derivative couplings in mechanical theories 


In this section, perturbation problems are investigated concerning such differential equations 
that that they have the highest derivative term multiplied by a coupling constant. Following 


’ such perturbation problems will be 


the terminology introduced by Friedlichs and Wasow,® 
called singular. 


We start with the following type of differential equation as was already considered in I, 


gt+u Ot ef(q™, iy ee Seale q) ’ (3 R 1) 


in which f is regular analytic with respect to all its arguments. 


We are interested in the solutions of (3-1) which approach that of the harmonic 
oscillator as € tends to zero. The existence of these solutions can not be proved by the 
iteration method which was successfully applied in § 2. The reason why the usual iterative 
method fails in this case is as follows : 


The iteration method gives formally 


D=Ot («/«) | sin w (t—t') f (qe, (t’) OLR py (t’)) dt’. G3 < 2) 


In the equation corresponding to 2=1, we can easily see that g,(t) is bounded for 
the suitable initial values of q and q, if f is bounded in the certain domain of 9 Fy 
space. 

If we went to prove that q, is boun“ed in the equation corresponding to 2=2, we 
have to prove that g,, g,,°°:, 9)"; accordingly 9), gos:**5 Quo" are bounded. In this manner, 
it has to be shown that all higher derivatives (up to the infinite order) of Jor iy etCss 


are bounded in order to prove that lim g,(t) is bounded. 
A»>»o 


This condition, however, can not be satisfied except in the case in which f is the 


. . (h . : . 
linear functional of g“ (k=0, 1, 2,-:n). In non-linear equations, even if g, can be in 


the prescrited domain for the certain values of /, it may increase indefinitely as A increases. 


In the present stage of our study, we can not, therefore, say anything about the validity 
of the perturbation problem of (3-1). However, it has been shown by several authors 
that the singular pe:turbstion problem may te so!ved and we can obtain the periodic solutions 
tending to those of the harmonic oscillator cs € tends to zero, if the highest oder derivative 


q"” can uniquely be expressed in terms of 9 4,and g~” in (3-1) and depends analy- 
ticaly on them.* 


* ‘ oe , 
) This condition is rather severe and may be replaced by the existence of two continuous derivatives”. 


a ie yale nN Geey 


~~ 
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In the equation (3-1), we can consider the limiting case: n— co. It is easily seen, 
in this case, that the convergency of the iteration method is not guaranteed because of the 
same reason as was explained in the case of the finite n. 

If we assume that the infinite oder derivative coupling is equivalent to some non-local 
coupling, this type of non-local coupling does not, in general, lead to the results obtained 
in § 2 (a) in which the non-localizability was expressed by the function f(t—t’). 

This difference between two types of the non-local couplings results from the fact that 
the function f(¢—t’) can not be replaced by some infinite order differential operator com- 
patible with the condition (iii). In any case, the convergency of the perturbation method 
for the higher derivative coupling is worse than in the ordinary coupling and the infinite 
order derivative coupling may be inadequate to get rid of the so-called divergence difficulties. 
As was noted in the above discussion, the exceptional equations are the linear equations 
with constant coefficients. We can, find some similar examples of these linear non-local 
couplings represented in terms of the infinite order derivatives, in the theories of servo- 
mechanisms and automatic control systems” and also in certain mathematical investigations 
in economics” and probability problems.” 

Aside from the convergency of the perturbation problem, the special solutions of (3-1) 
which were formally constructed in I and also may be obtained by the iteration method 
are equivalent to the general solutions of a second order differential equation, because they 
contain only two arbitrary constants. This can explicitly be shown as follows : 

} We can assume the initial conditions q(0) =A, q(0) =B at t=0, without loss of 
generality, because (3-1) is invariant under the time displacement transformation. Then, 


we can obtain the formal solution 
q(t) =9 (ts €, A, B). (7) 
By the differentiation with respect to #, we obtain also 
q=9.(t; € A, B), (3:4) 
¢=9.(t; €, Ay B). (3-5) 
If € is put equal to zero, (3:3), (3-4) reduce to the following relations : 


q=A cos wt+ (B/w)sin wt, 
G:3)h 
g= —Aw sin wt tB cos w ft. 
Then it follows from the implicit function theorem that A and B can be expressed in 
terms of q and q in the neighborhood of «=0. Inserting this expression into (3-5), we 


obtain the equivalent second order differential equation : 


: G=IJo(t €, A(q, 7, ate Bq, 9, t)) @*6) 


=h(€, 9; q)- 


As was noted in I, the equation (3-1) corresponding to n=2 should be distinguished from 
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the equations corresponding to the values of n larger than 2. We can, in this case, prove 
the convergency of the iteration method, and the discussions on the characteristic features 
are similar to those of the ordinary couplings in which only q and q are contained in the 


coupling terms, so far as the nearly linear solutions are concerned. 


§4. The non-local couplings in field theories 


In this section, we employ the following notations : Greek subscripts assume values 
ranging from 1 to 4, and repeated index is to be summed. The coordinate vector of a 
four dimensional point x, is denoted by x,,, (x; it,)*’. The real time coordinate x)= (1/1) x, 
=t is also used. In particular, the four dimensional element of volume is defined as 
(dx) =dx, dx, dx, dx,, and we define also a four-vector differential surface area: do, = (dx 
dx, dx,, dx, dx, dx,, dx, dx, dx,, dx, dx, dx,/i). 

(a) The existence proof of iterative solutions 


We consider the equation 


—m*) 9 (x) 


— = 9) f Xiy° "5 a5) G(d (x) ’ 6 (x) eer 6 (x,.) ’ 0,0 (x) ; 0.0 (x,) > 
0.0 (x,) ) (dx,) (dx,) “ee (dx,.) > (4 . 1) 


where g is a small parameter. 


(4-1) can be written in the following integral form : 


Po (x) so 
$60) =8 0) +0 Flex) [Pes 8) GO) 5 ByS (6) (dr) ~ de) (de) 
(4-1)’ 
in which 4" (x) satisfies the free equation: ({_]—m*)¢°=0, and 4(x) is the Schwinger’s 


4-function.* 


Theorem : 


For the appropriate gy and all t, (4-1) (or (4-1)’) has the unique solution satisfy- 
ing the initial conditions: $(¢, ¢) |;,.=R(=), &(§, 6) |p = 5 (6), on the three dimensional 
surface t=t,; if the following conditions are satisfied. 


(i) If |$(x)|<A, |0,6(x)|<A, for all x, 
G is bounded, or |G| <M. 


(it) f(', x,°°,%,) satisfies the following conditions, 


ial aCe Dats X4y°°*5%,) /1| (dx,) ay (dx,.) (dx’) 


+)"[\Po—x) fe’, Apo x,.) | (dx,) ne (dx,.) (dx’) <47a, 


*) The unit 4=c=1, is used. 
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Poff, tor ayes) [1 Gi) ds) x’) 


LLL Gx £04 wire) | Cbs) ds) ) < 40, 


ie 6 Xq9° "9 x o0 (x’ > +00), (=> ven |, 
m J(m((t—t')?—7)) 'P/{(t-t')?—r} "for (t—t’)?—r>0 
0 for (t—t/)?—r <0 


F (x—x’) -| 


in which @ is a positive Cefinite number. 


(iii) The Lipschitz ccndition for G: 
IG. Nioseees Rats Rigs vse) —G(y,, OES. Zi Xa» -)| 
<K(\F.—y:|+1¥o—-yel Fo Fl al t--)- 
(iv) R(€) and S(¢) are continuous and differentiable and satisfy the following con- 


dition, 


—o 


E= |". | { (grad R)?4+S? + m’°R} do <A=A/2. 


Proof : 
Solving (4-1)’ by the iteration method, we have, in general, 
d™ (x) =6 (x) 
) 
af? Sex) | Fs xue9 5) IPP) GOP D5 BABE? Ds BRM) 9 
'0) 


ot 
+ (dx') (de,) ds). (4-2) 
In the above equation, ¢\ satisfies the free equation, and consequently the following rela- 


tion holds for all ¢, 
[ref tend 692+ 8") H+m G4 a) ont 


Moreover, 6 (x, £) and 06°/0t are equal to R(x) and S(x) respectively at t=. 
We have, then, the relations 


lgrad 6° | <A, 18,8 <4, [1 <4 (4-3) 


: for all ¢. 
: From (4:2) and (4:3), we obtain the inequality 


16 (x) |< 4+ |glaM 


or, if 9 <A/aM, we have the relation: |¢" (x)| <A, 
In quite a same way, we can prove also 


(0,0 (x) | <A, 
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Applying the mathematical induction we have, in general, the inequality : 
|B | <A, 10,01 <A, 
for all x and 4. 


The uniform convergency of the above iteration method can be seen as follows : 


At the first, we can obtain from (ii) and (iii) the relations : 
3-81 <a 
[0,8 —3,0| <a, 
in which a is given by a=|y|aM. 


Applying the mathematical induction we can, in general, prove that the following relations 


hold for all x and /, 
lo (x) —6°- 9) | <p? 


“ where is given by p=2K(r+1) |g\a@. 


Then, finally we obtain the result that 6 (x) converges uniformly for 2 co and 
lim 4” (x) gives the solution ¢(x) satisfying the prescribed initial conditions, if g satisfies 
A> 
the condition : 


|g| <Min(A/aM, 1/2K(r+1)a). (4-4) 


The above proof has referred to the flat surface t=const. However, the generalized discus- 
sions referring to the arbitrary space-like surface may easily be done in a similar way. 
The condition (ti) for the form factor is not compatible with the condition of the 
translation-invariancy in the same meaning as was explained in the mechanical non-local 
theories. Instead of using this type of the form factor, we shall employ the adiabatic 
processes for space as well as for time. In the following discussions, the form factor then 


depends only on one or more coordinate differences of pairs of points. 


(6) The equivalence to a differential equation and the propagation character 


The solutions obtained in (a) depend on the two arbitrary functions R(€) and S (6) 
in a way analogous to that in the second order hyperbolic diffeential equations. 

Contrary to the circumstance in the mechanical theories, however, it can not be proved 
in general that those solutions are equivalent to the general solutions of a second order 
differential equation. This will be shown in the following discussions. 

Using the result obtained in (a), we can represent the field variable at an arbitrary 
space-time point x,, in terms of the field variables on the arbitrary space-like surface, not 
containing the point x’. 


9(x,) in the right hand side of (4:1), then, can be expressed in terms of 6(¢) and 
4, (F) by the equation 


$x) =lim 4 (x4), 
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G(x, ) 
8 (2) Bly 0) +9)” A= *) | FOE, HH): 


GG al), gh GH”) y2-25 BOP CH)» By? 2s) (ee) (de) «(de)» 
b (xp 2) =| (A (x, —6) 4, (6) —4, (4-6) 48 @)} do, xe, 8) (4-5) 


in which both ¢ and x are on the same space-like surface a(x, *), and the subscript ¥ 
denotes the differentiation with respect to the normal component of that surface.” 

Inserting these expressions of b(x,), A,0(x,), ete. into (4-1), we can transform it 
into the following form, 


(=m) 6 (x) =i F(6(6), y (2) do (x, 8) (4-6) 


in which F is the functional of d(¢) end 9,4(¢) and is given as the result of the inte- 
grations with respect to %,, X%°"") %» and the integral with respect to € should, in general, 
be extended multiply over all the space-like surface o. 

(4-6) is equivalent to (4:1) when a development in the neighborhood of y=O is 
discussed, however, it can not be equivalent to any differential equation. 

In (4-6), it may easily be seen that the non-localizability in the time-like direction 
disappears, but the space-like non-localizzbility remains because of the integral over the 
surface o and this involves the infinite domain of dependence. 

It should also be noted that in (4-6) there does not exist any connection between 


the discontinuity surface of higher derivatives and the domain of dependence, contrary to 


the case of the partial differential equations. In fact, the discontinuity surface of the second 
order derivatives in (4:6) may be given by the Minkowski’s light cone and it may be 
due to the existence of this discontinuity surface that both é and 0,6 may arbitrarily be 


prescribed on the initial space-like surface. 


Example 1 


We consider the linear equation 
(—m) 6) =a] Fo) 8) LY. (4-7) 


Applying the iteration method, we obtain” 
6 (x1) =8 i» 7) +0 Se) J pe —x") dD) HY, 
oi (4-7)! 
(am 0) =| {40'—2)46.) —4, 0-26) } dew 2). 
Inserting (4:7)' into (4:7), we get the following equation, 


(C1—n!) $@) =9| a—*) | IG —8,O) —4@—D IO Ido EH) 
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+0(f’). G38) 


If the form factor f(x) is the function of x,x, only, it results immediately that 
| Fo—*) d(x —€, So) (dx’) =0, 
[ fe —2)8, 402-8, x! =x) (de) = 22)F(—m) (8), 


Spey Aichi fC) ciskdeaned by 7) = hats belek Gea (Gb) 


The equation (4-8) then reduces to 
(]—m’) 6 (x) =9 (27)*F (—m') d(x) +O(F). (4-8) 


Following the similar procedure, we can prove that (4-8) is equivalent to a differential 
equation up to the infinite order in g. On the other hand, we can solve (4-7) exactly 
and from among these general solutions we can always choose the special solution which 
can be expressed in terms of the power series in gy. It can easily be seen then that the 


special solution thus obtained is just the same as the general solution of (4-8)’. 


Example 2 


Let us consider the equation derived from the Lagrangian L, 


E= (1/2) | {(2,6(@))*-+m'6? ()} (dx) 


+ (1/4)9 \@ (x) f(x—x’) @° (x’) (dx’) (dx), (4:9) 


in which the form factor f(x) satisfies the same condition as was assumed in example 1. 
Euler’s equation then becomes 


(Cm!) $) = 95) | FO—x) 6) (de). (4:10) 


If we refer to the special Lorentz system: ¢==const. instead of the arbitrary space-like 


surface o (x), the expression for $(x’, o) corresponding to (4-7) reduces to 
d(x’, Xo," Xo) =| ve 4 (x’ 4 x" xq. gt Xo) CP) (x”, Xy) al 0,4 (x’ Rts x, Xq nia Xo) ; ) (x”, X) } . 


-dx! . (4 72 
Inserting (4-7)” into (4-10) and employing the abbreviations : 


| fe—x) d(x! — x", ul —m) d(x! — x", x —m) (dee) 
= (1/82*) | {F(R +R) (by —hy")") — FW +R) (hy + ))}. 


‘exp i{k! (x—x") +h" (x—x!)} -dh'dk!!/ky! hy! 


SS 
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—G (x— x", x—x!"'), 


\ Rea) 4, (x! SO Kh Ng) ly (R's XG) (dx’) (4-11) 


= (1/8 =”) \ {F ((k! + k!’)?— (ky! + hy!’)*) —F ((k’ +’)? — (ho! —hy'")”) } + 
-exp i{k! (x—x!’) +k" (x—x")} dk’ dk’ 
=—G® (x—x", x—x/!’) : 


we get, instead of (4-10), the following equation in the special reference system: t= 


constant, 
(DO —m*) d(x) =99 (x) | {GY (x—x"7, x— x) 0,0 (0", x) 9,0 (x'", x) 


+G? (x—x!', x—x'") h(x", x) B(x'", x) } dx” dx!” (4-12) 


+0(%). 
Example 3 
We consider the charged scalar fields ¢, ¢/* and a neutral scalar field u with non- 


local interactions of Kristensen-Modller’s"” type : 
L= {— (0, £* (x) Oud (x) + MPgh* (x) f(x) — (1/2) uu) Aue) +-m°u’ (x) )} (dx) 
+a|\ye (x) f(x, x’, x) u(x’) h(x) (dx) (dx) x"), (4:13) 


in which the form factor satisfies the Hermitian condition f (x’, x", x) =f* (x, x’, x”) besides 


the translation invariancy. 
Field equations then become 


(Q— M$ @) =— alu) OFC % 2) x) HE, (14a) 
(=m!) u(a) =P" ODHO FE x), (4-140) 


(O—M?) $* (x) = —a\9" (x!) u (x) FR, x’, x) (dx’) (dx’’). (4: 14c) 


The iterative solutions of the above equations are given by 


4) =P 0) $9 tu —D) Ju? 2 DF #2) (DED 


u(x’) ay u™ (x’), 
1 (Cy =u, 0) +9) dn! —y) [O° OHO DFG 1 2°) ED) HD > 


f(x’) =lin £® @), (4: 15a) 


(4. 15b) 
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in which, corresponding to (4:7), u(x’, 7) and ¢ (x', 7) are given by 
ual, 0) =| In? 8) 08) — An (8) 4(6)} do. 6), A162) 


f(x’, o) =| {dy (x’—§) py (¢) —Ay,(x—§) ¢ (¢)} do, (x, €). (4: 16b) 


The expression for ¢/*(x) can be obtained by making the complex conjugation, (Hermite 
conjugation, if the quantized quantities are concerned) of ¢/ (x). 

Inserting (4:16) into the right hand side of (4-14) and referring to the special 
coordinate system t=const., we get, instead of (4-14), the equation: 


(O—M?’) p(x) = —s\ {GOu (4, £7 €5) (Sy Xo) Pr (Ea, Xo) 

ae Cou (x, se Sy) u (E,; Xo) ry (., Xo) 

— Go (x, $1, 2) ue (Es, %0) 2 (Es, %) 

—GOy (x, &1, Fs) u(E 1s %0) $1 (Eo %) } 48, dE, +O(9'), (4-17a) 
(=m) u(x) =—g| {G24 Es #8.) $44 Eu) $1 Eos) 

AGS y (Es, x, €) 0* (Ei, x) ) (Es, Xo) 

= Go (§;, %, $5) P* (Es, %) Pe (Ea X) 

a Cou (ot x, §,) p,* (S, Xo) ) (§., Xo) } d&, d§, 

+0(¥/) (4:17b) 


; 
4 
: 
. 
| 
j 


in which we introduced, for convenience sake, the quantities G‘, (x, €,, &,) etc., defined by 


G8) (a, 8, ,) =| dale’ 5) dy” Ef ¥, x") (de) (de 
GS) (x, &,, §.) ==) (x/—§,) Sy (x — Se) f(x, ag me) (dx’) (dx’’) 


G® (x, 8, €,) =\4, (x —§,) dye x” —§,) f(x x! x") (de’) (d’) 


4 
eer rrrrmhc err Oe 


GE? (x, &,, &) =| 40, (x’—§,) 4, (e"—8,) f(x, x/, x") (de’) (dx) 


Gav (Ei, ®, &s) =| da (x/—§,) d(x!” —€,) f(x, x, x”) (dx!) (de!) 
etc., and ((j—a’)4,=0 4,,=04,/0t, 


(in the above definitions, both points €,, €, are on the same surface £==const;,.i.€., S45) See 


The equation for ¢/*(x) can be obtained from (4:17a) by complex conjugation 
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These equations (4-17) are equivalent to the original equations (4-14) whenever a deve- 
lopment in the neighborhood of gy=0 is concerned. However, they are not equivalent to 
a system of differential equations. 


§ 5. Concluding remarks 


From the foregoing investigations in this series, we have seen that in the c-number 
theory it is possible to construct the solutions of integro-differential equation by the pertur- 


*) Moreover, it was 


bation method, provided that the form factor satisfies some conditions. 
shown that in the mechanical theories the integro-differential equation of this type was en- 
tirely equivalent to the differential equation of the same order as that of the free equation 
so far as the perturbation theory is concerned. If we could find the Lagranian from which 
the equivalent equation can be derived directly, it would be possible to construct the 
Hamiltonian in the usual way, and the quantization of the system might be performed. 
In fact, according to the above procedure, we easily quantize the linear equation considered 
in the example 1 in §2. In the mechanical theories, it seems to be probable that even 
in the systems with non-linear interaction, there exists a wide class of equivalent equations 
derivable from the corresponding Lagrangians. 

However, in the field theories with non-local interactions, the equivalent equations are, 
in general, far more complicated and essentially normal dependent. Because of this character 
it seems to be doubtful whether there exist, in general, Lagrangians from which the equi- 
valent field equations may be derived directly. 

Hitherto the quantization of the system with non-local interactions has been attempted 
by several authors on the basis of the perturbation theory.” However, in their theories 
it has never been explicitly written down in the mathematical formulae what motion should 
be quantized among the various motions contained in the original equation. This has made 
the physical meaning of their results obscure. Now, in this paper, the motions to be 
quantized are clearly expressed by our equivalent equations. In other words, these equivalent 
equations may be considered as the fundamental equations so far as the perturbation theory 
is concerned. Therefore, if the quantization is possible by some procedure, the quantized 
equations in the Heisenberg-picture are to be connected with these equivalent equations. **’ 
In this paper, on the other hand, the discussions on these equivalent equations in the field 
theories were always referred to the space-like surfaces, and the initial value problems on 
various surfaces other than the space-like ones were not discussed. 

Especially, the initial value problem on the Minkowski’s light cone may correspond 
to the characteristic initial value problem in the hyperbolic differential equation. 

Detailed investigations of Cauchy problems on those surfaces which are not necessarily 


spacelike may present some suggestion on the description of non-localized action. 


- ” 2 
*) These conditions are severer than that of the “ normal class”. 


**) The relation between the solutions obtained in this paper and the canonical theory will be dis- 


cussed elsewhere in more detail. 


<P 
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As for the higher derivative couplings, we could not conclude anything about the 
existence of the solution expressible in terms of the power series in the coupling constant, 
and we have seen that the non-local coupling expressed in terms of the derivative of the 
infinite order is rather worse than the ordinary coupling on the point of the convergency 
of the perturbation. In any case, the singular perturbation problems of the equations consi- 
dered in this paper could not be solved and there remains a problem for mathematicians. 

In the derivative couplings of the same order in field theories as discussed in I, there 
existed the remarkable problem connected with the propagation character of the wave field. 
We are, however, not so interested in the general theory of convergency for these systems 
and it should be solved case by case. The only note which we want to cite here is that 
the perturbational calculation on those systems should carefully be treated, if the characteris- 
tics of the original equation is different from that of the free equation and the disturbance 
concentrating near the wave front is in question. We can find some examples of the in- 
teraction of this type in the hydrodynamical approximation™ of the ordinary wave equation. 

The author wishes to express his cordial thanks to Prof. Y. Tanikawa for his kind 
interest and encouragement. He is also deeply indebted to Prof. K. Husimi for suggesting 
the considerations on the characteristic theory of non-linear equations, and to Prof. R. 
Utiyama and Prof. Z. Koba for their valuable discussions. He wishes also to express his 
gratitude to Prof. M. Nagumo for his mathematical advices. 
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The repulsive potential between two normal He atoms has been calculated theoretically. In order 
to include the effect of deformation of the atomic orbitals, a wave function similar to those used by 
Inui and Nordsieck (Ref. 1 and 2) in their calculations of the H, molecule is composed, from which 


the repulsive potential is obtained. The result is: 
V(R) =4.08755 X 102 e-4-46899% ey, (0.53 ACR<1.06 A). 


Comparison with potential curves obtained by various theories and by experiment is made. Discussions 


and illustrations concerning the nature of AO’s here obtained are given. 


§ 1. Introduction 


Generally speaking, it is not a easy task to determine theoretically or experimentally 
the repulsive potential between two neutral atoms or molecules. But as to the repulsive 
potential between two normal He atoms, a rather accurate potential is obtained from the 
experiment of Amdur and Harkness.” On the other hand, purely theoretical investigations 
for two normal He system were performed hitherto by many authors. Slater,” N. Rosen”? 
and P. Rosen® treated this problem by the valence bond (VB) method. Griffing and 
Wehner” calculated by the antisymmetrized molecular orbital (ASMO) theory, which is 


in this case to the simple Heitler-London (HL) theory. Margenau and P. 
These authors adopted 


equivalent 
Rosen® has also given an interesting discussion on this problem. 


various kinds of functions for normal He atom (the VB theory) or molecular orbital 


(the ASMO theory). The wave functions used and the energies of two He atoms at 


infinite internuclear distance calculated by these functions are shown in Table I, columns 


In the reduction of the energy integrals, Slater and N. Rosen 


2 and 3, respectively. 
whereas Margenau and P. Rosen, and P. Rosen took 


neglected higher order permutations, 


into account all permutations. 
But these authors have not taken into account explicitly the effect of the deformation 


of AO’s due to the approach of another atom. On the other hand, Inui’ and Nordsieck”’, 
in their treatment of H, molecule, considered this effect by means of their modified AO’s 


a + 
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Table I. 


as 7 Ky ey ne i ; ips m : < f 
. d jE Potential Functions V(R Method o 
Authors eo eia th o in a.u. in ev. (R in A) Calculation 
"Slater Or oasis Cee ope a) 4.81e4-58:5R x 102 Interaction 
‘ operator. 
+ @0:0107 (24792) for ry, rx 3 (Table I.1) aha) 
Es 294-1 -3447°95,,— 04255 f 
re en ae, é; higher order } 
n<ry 
-(1+0.0707/r2+-+-) for 2 >3 permutation. , 
| | ‘ 
N. Rosen?) Simple exponential form!) c) d) | As akove. 
3\ 4 3\} : 
P. Rosen®) CHe= (Jez i(* Z jeter — 5.7508 5.77e4-40R X 10? V.B. 
a yi (Table 1.2) 
Yea Male ea) 
$ 4 Zo% 3 9 
Margenau | Yite= (2 +) ‘ (ey); (2+2t2)-4 — 5.7508 e) }* VB. 
& P. Rosen®) F (e-2141-22424 e- 7142-2941) 
Griffing MO. 92=Ni2(lat%)» —5.69531 f) | ASM.O. 
z 3\h (SH) 
& Wehner”) tu0=(~ Jerre Z=27/16 | 
T 
Present ?He=YXa(1)%a (2) —5.69531 |  4.08755e—4-#65932 x 102 V.B. 
paper Xa (1) = Nae (@#8/ ray (Table 1.3) 
+Npen(@-8/ 2) roy 
Experiment 2.884/R!°9 
Observed*) —5.80672")| for 0.52 R<1.02 ; 
4.713/R° 
for 1.27 R<1.59 
(Table I.4) 
a), c) : The corresponding values were not given in Ref. 4), 5). 
b) : The explicit expression was not given in Ref. 5). 
d), e) : V(R) was given only as the numerical table in Ref. 5), 8). 
& y 
f) 


(vide infra) 


and obtained good results. 


neighbouring atom. 


We shall calculate the energy of the system composed of two helium atoms by making 


: V(R) was given only as the numerical table and graphical form. 


Hence we have applied their methods to the He- 
He system and investigated the aspect of deformation of AO’s due to the existence of the 


§2. Calculation of energy integral 


use of the following wave function : 
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a(1)a(1) a(1)8(1) 6(1)a(1) 6(1)8Q) 
“ia a(2)a(2) a(2)8(2) 6(2)a(2) 6(2)8(2) , 
a(3)a(3) 4(3)8(3) 6(3)a(3) 6(3)8(3) | ) 


a(4)a(4) a(4)8(4) 6(4)a(4) 6(4)8(4) 


Here a and P are the usual spin functions, and, and a(i) and bay are the modified 
AO’s introduced by Inui’? and Nordsieck”, namely 


a(i) =e tte PM , 
bi See, (S25 13-25.354) (2) 
where €, and 7, are the spheroidal coordinates defined by 
E= (rar tr) /R; 


i= (Yai—%oi) /R, 


where R denotes the internuclear distance and r,; and r,; are the distances of the i-th electron 


Q) 


from the nuclei a and 6, respectively. 


Now in terms of the atomic units, the Hamiltonian of our system is given by 
H= okt / 27>) Ae? BIC) —2 >} (/ru) +353 (1/15) +4/R 
Z 7 i i> 
=4/R+>) HG) +21 V5, é (4) 
4 t>j 


where 1,; is the distance between the i-th and j-th electrons, V;;=1 [ri 4; is the Laplace 


operator with respect to the coordinates of the i-th electron, namely, 


4 fe] es fe) | 0 | o>) | (¢°—7") 4 
4,— : Fie 1D Ener Se Le Tee ail weec eM at Aa ed 
2(E2 7° | = G ) e. Tip 9 ay, (¢—1) (1—77) 9¢° 


and 


Our problem is to find the appropriate values of the parameters a and 8 which minimize 


the total energy 


E(a, B; R) =S\PHyde/\ fede, (5) 


for fixed AEN R. 


In order to reduce eq. (5), we define the following integrals, 
s=|alpald.=|bObOde, 


t= EG) dv, =| b(i)a(i) dug 
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u=( a@) Hatidy, =| bi) Hb G) dig 
n=| Gp be \ bi) Hagen 
K=|[aQalj) Malia jdvdr=|| KDOGV PO’ dodes 
L= {| Wali) Veal b(j)dvde,=|| «Da VP WaG)dedes 
4 (bj) Visa) a({)dv.dv,=|| 6 G)a(j) Visa @ aCj)dv.do, 


b (i)b(j) Visa (i) bj) dvd, 


ail a 

Alle =| 

ee (i) Vib bj) dodo, = Be ib (ib (j) dodo 
iis 

alle ie 

=|)<6 af 


b(i)b(j) Visa (i) a(j) du,dv,, (6) 
where 
dv,= (R/2)* (2—73) de,dy.de, . 


In terms of these integrals the total energy (5) can be expressed as follows, 


E(a, 8; R) =(PHyde/\ pide 


1 : FI 
oo f Dae hdz- +S.) bViddt 
Fats ta | M+] PHO He +l Brier} 
4, 4(MS—NT) , 2(C—J) , 2{K+O)S 41ST 42JT4 
Ro she oT (ST? 


(7) 
The derivation of eq. (7) is given in Appendix I. The integrals (6) are functions of 
a, and R, and can be computed by the use of Kotani, Amemiya and Simose’s table” 
(KAS'’s table) for fixed values of a, 2 and R. The method of calculations is shown in 
Appendix IJ. Thus the total energy E(a, 2; R) can be evaluated for fixed values of a, 
8 and R by means of eqs. (7), (A-3) and KAS’s table. If we put a=§8=R(2—5/16) /2, 


our treatment reduces, as is easily seen, into the simple Heitler-London method or the 


ASMO treatment of Grifing and Wehner.” 
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§ 3. Minimization of energy 


The energy expression (7) can be shown to have the form: 


E(R; a, 8) =—A(a, 8) /R+B(a, )/R (8) 


where A(a, 3) and B(a, f) are certain functions of parameters @ and f given by eqs. (7), 
(A-3) and (A-4). But the functional forms of A(a, 8) and B(a,P) are so 
complicated that it is not practical to determine the values of a and f by an analytical 
procedure. Accordingly we have calculated the numerical values of A(a, 8) and B (a, f) 
for forty nine pairs of the parameters a, 9 as shown in Tables II and III. 


Table Il. A(a, A) 


= = ——————— ~ —— 
age 0.750 0.875 1.000 ~~ 1.125 1.250 1.375 1.500 1.625 1.750 
0.750 11.02297 | 12.75459| 14.31919 
0.875 11.10243 | 12.85892| 14.44924 
1.000 11.19071 | 12.97524| 14.59466| 16.06829 
T2125 13.10163 | 14.75317| 16.25953| 17.63720 
1.250 13.23596 | 14.92225| 16.46411| 17.87751| 19.17647| 20.37332 
1.375 15.09914 | 16.67885| 18.13045| 19.46753) 20.70207 
1.500 18.39224 | 19.76957| 21.04404| 22.22593 
1.625 20.07833 | 21.39450| 22.61760)| 23.75648 
1.750 20.38972| 21.74886| 23.01457) 24.19547 
1.875 22.10291 | 23.41214| 24.63608 
a=, 2.000 DNS 2.250 2.375 2.500 2.625 3.250 3.500 3.750 
- fe ee eS, (eS | 223 aa See Se: | Sy | ee Se Oe SE | 
A(a, B) | 27.38043 | 28.99100| 30.61382) 32.24808) 33.89253 | 35.54580 43.89880 | 47.26215)| 50.63112 


Table III. B(a, £) 


So a RO Ae, 8 PE eae ott ee ia | “et OF SH od 
Bo _| 9-750 | 0.875 1.000 1.125 1.250 1.375 1.500 1.625 1.750 
0.750 6.80362|° 8.53426 10.33320 
0.875 6.87146} 8.62047| 10.43917 
1.000 6.96398 8.73681 10.58078| 12.48049 
1.125 8.88759 | 10.76301 | 12.69551)} 14.67349 
1.250 9.07609 | 10.98971 | 12.96171 | 14.98038 17.03681 | 19.12417 
1.375 11.26323 | 13.28184 | 15.34824| 17.45342  19.59042 
1.500 15.77815| 17.93924 | 20:13301| 22.35393 
1.625 18.49333 | 20.75095 | 23.03644 | 25'34533 
1.750 19.11273 | 21.44107| 23.79795| 26.17884 
1.875 22.19839 | 24.63313| 27.09244 
a= 2.000 2.125 2.250 2.375 2.500 2.625 3.250 3.500 3.750 
B(a, 8) 33.22717| 37.14905| 41.34216| 45.80825 | 50.54738| 55.55265  84.61624 | 98.06481 |112.53518 
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From these data, we obtained the minimum value of the energy and the corresponding 
values of the parameters @ and B for R of 1 (0.2) 2 and 4 au. We shall denote these 
values as E,,, Qpg and Pz. The method of determination of these values is explained in 
detail in Appedix III. The values of a, 8, and E,, for R=1.0 (0.2) 2.0 and 4.0 a.u. 
are given in Table IV. 


Table IV. 
Were Peis. sso nh pad _ 16 eae cai 4.0 
aR 0.81747 | 0.99425 | 1.16577 | 1.33668 | 1.50718 | 1.67521 3.37623 
Br 0.92350 | 1.09277 | 1.25888 | 1.42507 | 1.58825 | 1.75059 3.37623 
Ep in au. | —4,26560 | —4.82083 | 5.15308 | —5.35509 | —5.48224 | —5.56170 | —5.69414 


ee 
§ 4. Resulis and discussion 


At infinite internucler distance, the AO’s are free from the deformation, so at 


3 R=co the following relations hold, 


2a/R=28/R=27/16, (9) 
Fan eee ets 10), 0 09 25 eat (10) 
The potential V(R) between two normal He atoms is obtained by subtracting (10) from 


E, given in Table IV. From the values V(R) thus obtained for each R, we find by the 
method of least squares the following approximate formula for V(R) 


V (R) =15.02222e7°**"** au. (R in au.) 
= 4.08755 X 10°e~**™% ey. (R in A) 
= 6.54850 X 107 Ne“ MOF ergs (R in A). (11) 


The mean deviation of this potential is about 0.007 a.u. (0.2 e.v.). In Figs. 1 and 2, 
the full line (4) is our potential curve and the dotted curve (3) is the one obtained by 
the HL method (or ASMO method)", in which the relation (9) holds for each R. The 
difference of these two curves is also shown in Fig. 1. The amount of energy decrease 
due to the appropriate choice of @, and (3, is about 0.8 e.v. at R=1.0 a.u. and decreases 
rapidly at larger R. In Figs. 1, 2, Tables I and V, we give V(R) calculated by Slater’ 

N. Rosen® and P. Rosen” together with the one obtained from the experiment of roe 


and Harkness.” At R~O.5 A Amdur and Harkness’s curve is remarkably lower than the 
theoretical ones and our curve is the deepest among the latter, although the latter curves 


lie more ot less near each other. The agreement between theories and experiment at — 


R~1. OA is satisfactory, but at R~O. 5A the discrepancy between theories and experiment 
amounts to about 30 e.v., whereas the total energy at this distance is about 190 e.v. 
This discrepancy might be seen to be rather large to attribute it to the breaking down of 
Heitler-London approach at small internuclear distance, and in the succeeding paper, we 
shall give the further investigations for the experimental data. 
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Table V. Interatomic Potential for Heo. (in e.v.) 


a Slater?) ®) P, Rosen®)») Griffing?)©) Present“) ae or 

R(in 4) > & Wehner Paper 
0.4704 55.582 72.955 51.843 49.944 10.959 
0.52916 42.451 56.235 a 38.414 9.011 
0.6275 27.082 36.530 24.862 24.783 6.647 
0.63499 26.124 35.298 a 23.937 6.502 
0.74082 16.077 22.161 IA oat 14.916 4.934 
0.84666 9.892 13.909 = 9.294 3.885 
0.9408 6.423 9.261 6.212 6.115 3.216 
0.95249 6.088 8.730 ed 5.792 3.147 
1.05832 3.747 5.481 os 3.609 2.606 
1.16415 2.306 3.440 = 2.249 2.206 
1.2544 1.526 2.328 1.5754 1.503 1.922 


a 


a) Calculated by eq. 1 of Table I. 
b) Calculated by eq. 2 of Table I. 
c) Adopted from Table I of Ref. 7). 
d) Calculated by eq. 3 of Table L 
e) Calculated by eq. 4 of Table I. 


V(R) in eV. 


Fig. 1. (1) Slater 
(2) P. Rosen 
(3) Griffing-Wehner 
(4) Sakamoto-Ishiguro 
(5) Amdur-Harkness’ exp. 
AV (R) : difference of curves 
(3) and (4) 


30 


05 0.6 0.7 0.8 0.9 1.0 1.1 ays 


| Fig. 1. HeHe Repulsive potential versus R. 
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Fig. 2. He-He Repulsive potential versus R. Fig. 3. The curves of ap and Bp as functions of R. 


In Fig. 3, we give the curves of @, and #, as functions of R. 


In contrast to the 
case of H, molecule,”’ the inequality 


Be > (27/32)R>@p 


holds and this manifest the fact that the AO’s are deformed so as to repel each other. 
Although the difference 


in energy from the simple HL theory is negligible at R=2.0 a.u., 


M(E—1)(1—7) 


Mey) pe 


1S 


ee 


Ya (i) =0.1 


a) 
er ase eee 
Fig. 4. The en of normalized AO’ Fig. 5. The contour map of the electron density function 
Ka (1) = ~ for R=1.8 au. in the 0G, 2) 4 (SIP) ets* (S cosh 289 —F) si foe 
V Ja(i)*dv R=1.8 a.u. 
plane through the nuclear axis. 


determined the values of a and assuming a 
which is compaired with (27/32) R=3.375. 
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(Fig. 1), @ and f differs markedly from (27/32)R at this region. 
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At R=4.0 a.u., we 


8. The value thus obtained is 3.37623 
(Table IV) 


Fig. 6. The contour map (the photograph of model) 


To visualize this circumstance, we give 
in Fig. 4 contours of normalized AO’, 
“AOR AOvE Vv {a(i) ?dv,, for R=1.8 a.u. 
eg 1.507 18, Paearst 8825). 
the plane through the nuclear axis. Also, 
Figs. 5 and 6 are the contour maps of 


the electron density function, 


4} {dp G@, Z; 3, 4) } ‘dr dz.de, 


( (6 (4,2,3,4) } dedrydrde, 


Ny G, n) = 


esi 4.24(S°— eas cosh 28y — T] 
24(S°—T*)’ 


= or eS cosh 28,—T], 


for R=1.8 a.u. From these figures, we 
can know that the deformation of AO’s are 
rather small at R=1.8 a.u. as one might 
imagine from the value of a, and Bz. In 


Fig..7 we give the curve of overlap integral 


0.8 


0.6 


0.5 


0.4 


0.3 


0.2 


of the electron density function, at K=1.8 a.u 
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Fig. 7. The overlap integrals versus R function, 
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as a function of R, in which the full line is obtained by our wave function and the dotted 
line is the one obtained by the simple Heitler-London method. This figure shows clearly” 


the above mentioned tendency of deformation of AO’s. 
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Appendix 


I. Detivation of eq. (7). 


The integrals in energy expression (7) can be expressed as 


\ difde =41(S'—ST?-ST?+T') =4!(S—T*)?, 


\ PHygdz = 4! (MS*— MST? — NST + NT*) =4!(MS—NT) (S—T?), 
G=1; 2,34) 

| Brstdem | rage 

=4!(KS’— LST — LST +-JT*) =4!(KS°—2LST + JT"), 
\ BV, sd:=| (Vide 

= 4!(CS—CT*—JS*+ JT’) =41(C—J) (S°—T?), 
\ PV iw edr =| PVaghdz 

= 4!(CS?— LST — LST + JT*) =4!(CS*—2LST 4 JT?). (A-1) 

Then we have 

| PHYde=41x (8-79 (ST +Ms—nr) 


+2X4!((K+ C)S*—4LST +2]T?+ (C—J) (8—T?)). (A:2) 
II. Method of Calculation of the Integrals (6). 


The numerical values of integrals (6) are obtained by means of the following equations 
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S=7R'/4- {A, (2a) B, (23) — A, (2a) B,(2/)}, 

T=7R'/2- {A,(2a) —1/3-A,(2a)}, 

M=7R/2- \A, (2a) B, (2) (a*—§") + A, (2a) B, (28) (2a—4R) — aA, (2a) B, (28) 
+ f°A, (2a) B, (28) —28A, (2a) B,(2)}, 

N=7R/3- {(3a°—2/") A,(2a) +6 (a—2R) A, (2a) —3a0°A, (2a)}, 


K=7R/8->)(27 +1) {W.°(2, 2; 2a) G,°(0, 28)’ 


—2W° (2, 0; 2a) G,?(0, 28) G," (2, 22) +W,"(0, 0 ; 2a) G."(2, 28)"}, 
L=7°R'/12-[G, (0, 22) {3W,° (2, 2; 2a) —W, (2, 0 ;.2a)} 

—G,’ (2, 28) {3W,°(0, 2; Za) —W," (0, 0 ; 2a) } 

+2 {W,' (0, 0; 2a) G,'(2, 2 ; 28) —W,' (2, 0 ; 2a) G' (0, 28)} ], 


C= R/8-S3(27+1) (—1)* We, 25 20) G,"(0, 29)? 


—W,"(2, 0; 2a) G,°(0, 28) G," (2, 28) 
—W" (0, 2; 2x) G," (2,28) G" (0, 28) +W." (0, 0 5 2a) G."(2, 2/9) } 
JH7R/90- {45W, (2, 2 ; 2a) —30W, (2, 0; 2a) 

45W.!(0, 0; 2a) +4W,"(0, 0; 2a)}. (A-3) 
In the above formulae’ A, (a), B,(a), Gi(m;q@) and W,” (m,n;a@) are the functions 
defined and tabulated in KAS’s table”, namely, 
Oy [esena, 
B,(@) = \ eS'dn, 


1 me 
G,’ (m ; @) = e~ "P,” (n) 4" (1—7') *dn, 
-1 ° 
W,* (m,n; a) St). Op (E,) Pe’ (E_) races Eres (EP— 1)? (F2— 1) do dees 
5 ae 
(A-4) 


where P,” and Q,” are the associated Legendre functions of the Ist and 2nd kinds, respectively. 


“. Determination of a, and Pp for fixed R. 


‘As the steps of @ and f in Tables II, III are 1/8, we put @ and ff as x/8 and 
y/8, respectively. In accordance with this, a, and /, are put as xp/8& and yp/8, respectively. 
We imagine that a, and 9, are nearly equal to a and §, respectively, where a and 


8, are the, pair of a, Bp in Table Il, III. Values of x, y corresponding to a, /% may 
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be denoted as a, 6. We assume that a—1<x,<a+1 and b—1<yp<6b+1 and the 
values of E(a, 6), E(a+1, 6),:-, E(a—1, 6—1) ate known. Energy function E(a, §; 
R) is assumed to be expressible by the following form of series expansions of x and y, Jf 


E(x, y) =C,+C, (x—a) + C,(x—a) (x—a—1) 
+ (yb) (C,+ Cia) $C, (@—a) (x—a—1)) 
4+ (y—b) (y—b—1) (C+ C, (xa) + C, (x—a) (x—a—1)) 
aNd : (A-5) 


If terms not written in eq. (A-5) are neglected, C’s can be determined easily by known 
E(a, 6)’s, in the following manner, 


C,=E(a, 6), 

C,=E(a+1, 6) —C,, 
Ge=1/2-(E (a Wb) OG), ) 
CG, =E(2, 6-41) —C.. 

C= Fig 11, bet) GeO ba 


Ceti (ed 1Nb41) On Gn eee, q 

Bi 172,(F es Coe 

| 

C,=1/2-(E(a+1, 6-1) —C,—C, + C,+C,—2G,), 

: 

C,=1/4- (E(a—1, 6—1) —C,+- C,—2C, + C,—C,+2C,—2C,+2C,). (A-6) ; 
Now we put | 
x—a=x', 

: 

y—b=y, ; 


then eq. (A-5) reduces to ; 
E(x’, y/) =Cyt Cx’ + Cyr’ (x’— 1) +y/ (Cy 4+ Cx’ + Cyx’ (x —1)) 
+y'(y'—1) (C, +. Cx’+ Cx’! (x’/—1)).* (A-7) 

From this equation we can obtain the equation for x’, y/ which give the minimum energy 
E (x py), viz. 

OE (x’, y’) [Ox =C,—C,+ (C,— Cy)’ + (C,— C.) 9’ (y'— 1) 

+2 (C,+ Coy’ + Cy! (y’ — 1) ) x” 
OE (x, 9’) /dy' =C,—C,+ (C,—C,) x! + (C,—C,) x’ (x1) 


+2 (C+ Ca’ + Cx’ (—1))y/ 


ah (A-9) 


j 
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From eqs. (A-8) and (A-9), we shall obtain the best values of x’ and y’ for the values 
of fixed R. So that we shall obtain : 


= / 
Ap=A ra, 


Be= B, 4h ie 
where 
/ 
ne : 
/ 
pred —5 
B 8 
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In the usual treatment of the deuteron problem, depths of both central and tensor potentials are 
to be determined so as to give the correct experimental values for the binding energy 7° and the 
electric quadrupole moment Q assuming a suitable function for the potential. We can consider these 
two depth values as “two parameter eigenvalue”. In this connection the following approximate re- 
lation among Q, 72 and the mixing parameter € of the D-state to the S-state is useful, 


tan €= —"2 Q7?, 7°= (binding energy of deuteron) X (nucleon mass) +b, 


which is shown to be accurate within 10 percents. 
The usual variational method is extended to this problem: We first find the stationary expres- 
_ sions for both depths of central and tensor potentials, and it is proved that the stationary requirement 
is equivalent to the fundamental equations of the deuteron state with specified mixing ratio €. Actual 
applications are carried out for the square well potentials. The most advantageous point of the present 
method is that we can determine both depths simultaneously without resource to approximate method 
such as trial-and-error method. 
Lastly the variation principle corresponding to the Rayleigh-Ritz variational method is generalized 
to many parameter eigenvalue problem. 


§ 1. Introduction 


The present paper deals with the second point among several advantageous features of 
variational methods, namely, simultaneous determination of eigenvalues and eigenfunction 
of ‘ two parameter eigenvalue problem” is explained, and in § 2 this problem is formu- 
lated in variationally correct way, illustrating it by an example: the deuteron problem. This 
method is used to determine depths of central and tensor potentials, and we discuss the 


effective range theory of nuclear forces with the tensor force in § 3. In § 4 an extension 


belonging to them, as described in the introduction of the first paper’. In § 1 the meaning 


is given of the usual variational method for one eigenvalue to many parameter eigenvalues. 

We will first explain so-called “two parameter eigenvalue problem”. A classical ex- 
ample is the Lame problem,” of which almost all the boundary value problems usually 
treated in mathematical physics may be considered as a special or limiting case. The 
differential equations in this problem contain two constants (/ and »), but the imposed 
boundary conditions cannot be satisfied for an arbitrary choice of by ¥. We must deter- 
mine a pair of associated eigenvalues 4, ¥, so we have “ two parameter eigenvalue problem ”’. 


Another example familiar in quantum mechanics is a motion of a particle in a field of 


BER ep) erg Vee 


Extensions of Variational Methods, IT 51 


central force. Fortunately two examples cited above can be reduced to ordinary one para- 


meter eigenvalue problem, so we have no serious trouble due to multiplicity of eigenvalues. 
As an example of essentially two parameter eigenvalue problem, we may consider the 
coupled equations for the deuteron state,” 


{d?/dr’—7? + wV (1) } u(r) + V8 LW (1) w(r) =0, (1a) 
{d?/dP —7?—6/r + pV (1) —2W (r)} w(r) + V8 WW (r) u(r) =0, (1b) 


with the conditions u(o)=w(o0) =0, u(r) 0, w(r) 0, (r> 00). pV (r) and vW(r) are 
central and tensor potentials respectively. If wV(r) and vW(r) are known, it is the usual 
eigenvalue problem with the eigenvalue 7°. However, our situation is quite different. The 
quantities available from experiments are the binding energy of deuteron 7° and the electric 
quadrupole moment Q, and we wish to find the values of y and » which reproduce the 


correct values of 7* and Q. Since there exists an approximate relation,” 


tan €= — V2 Q7’, . (2) 


we will specify the binding energy 7” and the mixing ratio € of the D-state to the S-state 
instead of 7° and Q as 


u(r)—>cos€e~” for ro, 

0 es ¢ (0) =0. (3) 

| yo —sin € {3/07)24+3/) 4 eo" 
Imposing the condition (3), we obtain sets of eigenvalues (4, ¥;). If we restrict our at- 
tention to the ground state (/1,, %)) only, and want to apply the usual variational method, 
we first assume an approximate value for one of /4 and v, for example v, and calculate the 
value of yz by variational method. This process must be repeated until the soluticn has 
the correct € specified in (3). In the next section it is shown that, if we extend the 
usual variational method in another direction, the both values of ys and » can be calculated 


simultaneously without the help of troublesome trial-and-error method. 


§2. A variation principle for the deuteron problem 


Before entering into the main part, we will briefly mention the general plan of this 


section. In the usual eigenvalue problem concerning a Hermitian operator A, 


Agv=ry, (4) 


‘the stationary expression for the eigenvalue A is given by 


A= (, Ay’) / (Y, ?) 2 (5) 
It is also well known that the stationary requirement for A 
dA=d (9, (A—A) $)/(¢, 2) =0, 2=, 4)/G D, (6) 


is equivalent to the fundamental equation (4). It will be shown below that there exist 


similar situations in the two parameter eigenvalue problem for the deuteron state too. 
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a). Stationary expressions for yz and ». 
The fundamental equation for the deuteron state (1) is rewritten into the’ following 


2X2 matrix form, 


—d*/dr +7’, 0, || u ") V(r), O | 
| 0, —d*/dr?+7°+6/r |L w(”) 0, ty) 


0, V8 W(r) u(r) 
| a (7) 
V8W(r), —2W(r) w(r) |, 


which is abbreviated in 
Ag=(pB+0)$, or LP=0;L=A—pB—-C. (8) 

For special values of y and v, there exists a solution having the form (3) with given 
values of 7 and €, namely ; two quantities 7 and & determine the two parameter eigenvalues 
(4, ¥;) and corresponding eigenfunction ¢,. The mixing parameter € is related to the ex- 
perimental values as in (2) for the ground state. 

Since eq. (7) is simultaneous differential equations of second order there are four 
independent solutions in general. If the two conditions: (0) =O are imposed, we have 


two solutions: one of these corresponds to (3) and the other solution can be specified by 
the conditions 


u(r) sin € (sinhj'r+, coshj7r) , 


P(r) = ro, u(o) =w(o) =0, (9) 
oC) ncoe's Gal han GY, 


jr) =(1+3/(77)*) sinhyr — (3/ (yr) ) coshyr, 

n (yr) = (1+3/ (77r)*) coshyr— (3/ (77) ) sinhyr. 
The two quantities 7, and 7, can be determined by solving the eq. (7). We will first 
show that 4,=/,. Denoting the solutions ¢ in (3) and (9) as g" and g”, and using 
the notation L=A— B—vC, we have 


(gp, Ly”) =| 90 . (Lp) dr | tu” (—d*/dr? +72 pV yuu” V8 Wy® 


+" (—d?/dr? +7? 4.6/1 — pV + 2W) w? —w V8 Wu} -dr=0, (10a) 


and similarly 
(9°. (Lp) dr=o. (10b) 
0 

Substracting (10b) from (10a), and integrating partially, we get 


p-dp® /dr—9® dp /dr| =. (11) 
0 
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By (3) and (9), eq. (11) is reduced to 
7 (A,—4,) cos € sin €&=0, 
hence, if 7 sin 2€=0, it follows that 7,=/,(==/). Next we define 4,,, B,; and C;; as 
follows 
A= (g®, Ag), B= (g”, Bg), C= (gy, Cg), 
where the parenthesis denotes, as in Eq. (10a), the inner product for 2X2 matrix and 
moreover the integration fdr. If B,,Cy==B.C,, holds, which is assumed hereafter, it can 
be seen that 
cae (Ay, Cy — Ay Cy) / (By, Cor — BC) 5 am (A, By, — Ay,By) / (C11Bo: — Co1By1) - (12) 
For, % satisfies eq. (8), hence 
(p%, (4—pB—vC)¢®) =0, = (¢°, (A—pB—vC) ¢™) =0. (13) 
Solving py and » from (13) we get eq. (12). Similarly g” satisfies Eq. (8), we also 
have 
(g,(A—pB—»C) ¢™) =0, (13’) 
and 
-— (Ay, Cip— AC) / (BC BC) » Le (A,,Byy— AyBy;) / (Cy:By2— C12B,1) e 
(12’) 
We will now prove that these expressions for /4 and » are stationary with respect to 
any infinitesimal variations of g” and ~”, which satisfy the boundary conditions (3) and 
(9). From now on we consider 4 and v as the functional of ¢” and ¢® as defined in 


(12). Similar discussions are all valid also for (12’). Eg. (12) and eq. (11) are equi 
valent to each other. Eg. (13) is also abbreviated in 


A,,— pB,,— YC, =9; Ay, — Boy —YCy,= 0. (14) 

Taking variations for (14) we get 
0A,,— OB, — VOC, =B, 04+ C,,0», (15a) 
0A,, — LOB, — YO Cy, = By O e+ C,,0v. (15b) 


Let us calculate the left side terms. These are equal to the variations of (g®, (A— pB— 
vC)¢?) provided that y and v are kept constant. This variation is 


0(g,(A — pB—»C)¢) = (69, (A— pB—vO) $) + (g, (A— pB—vE) 0g) 
= (~, (A— pB—»C) dp”). (16) 
Since B and C are symmetric, it follows that (~, Bog") = (6g) ,BY”), (p®,Cog™) = 
(6g, BY). For the operator A, we have 


(4, Adp) — (0p 49) = 4P/di) Op —P9-dOP™) (de). G7) 


‘a 4 


h, §~ aa 


eS 
a, SOT 
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oo anette 


¢"), p” and these derivatives are specified according to (3) and (9) in the outside region © 


of nuclear forces V(r) and W(r), so we have 


(18a) 


du —>0(e”), du®— 0A, sin € coshyr + 0 (sinhyr) , 
orf dp” 


dvP—+0(e-”), dw 0A, cos E n(yr) +0(j(77)), 


and 
Op” (0) =dg” (0) =0. (18b) 
Substituting (18) into (17) we get 
(9, dp”) = (09, AP”), 
(p Ady) = (09, AP”) + (02,—4/,) 7 cos E sin &. 
Hence it follows for the variations restricted by 7,=—/, that, 
(p, (A — pB—vO) 0) = (Of, (A— pB—YO) $) =0. 
Consequently the left side terms of (15) vanish by (16). Eqs. (15, a, b) are reduced to 
B,Ou+C,,0v=0, ByOu+C,0rv=0. (19) 
Since we have assumed that B,,C.,=B,,C,,, it follows that 
du=dv=0. (20) 


Thus we have proved that the expressions (12) for wand » are stationary* for any varia- 
tions of @, provided that variations do not violate the boundary conditions (3), (9) and 
AeA. 

The same is true for the expressions (12’).** 

b). Equivalence of (20) and (1). 

We now prove that the stationary requirement of expression (12) with respect to 
arbitrary variations, which are restricted by the conditions (3), (9) and 24,;=A,, is equiva- 
lent to eq. (1) with the same boundary conditions for g” and g”. We have proved 
that the expressions (12) are really stationary for arbitrary variations with the conditions 
(3), (9) and 2,=A,. Then we only need to prove the converse of this preposition. Since 
the equations (12) and (14) are equivalent, the requirement that the expressions (12) 


<4e stationary is that the right side terms of (15) vanish. Thus the stationary requirement 
cen be reduced to 


0A,,— pOB,,—v0C,,=0, 0A,, — p0B,,—vdC,,=0. (20a) » 


i We do not know yet under what conditions the expression (12) gives an upper (or lower) limit 
or wt and yp. 


** Since A is Hermitian provided that 4;=2», we can put 


=|. YY) «(d2h 9) |dr®2) dr= J (di *) /dr) ; (dp?) /dr) dr 


in the usual way. 
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Writing explicitly, we have 
(6g, (A— pB—vC) gr) + (g®, (A— pB—»C) 0g) =0, Gaal?) 


Since L is symmetric for variations which are compatible with (3), (9) and Asa doe a8 
shown in (18), it follows that, 


(9°, (A= pB—v0) 09) = OP”, (A—pB—v0) 9). 

Hence we obtain 

(69, (A— pB—vC) $) + (OP, (A— pB—vC) 9) =0. 
If we put i=2,, it follows that 

(dp, (A—pB—»C) 9”) + (69, (A—pB—vC) $) =0. (21) 
Since 6g and d%” are independent arbitrary variations, the following equations are derived 

(A—pB—vC)¢=0, (A—pB—»C) 9p? =0. 
¢). Variational procedure 


The actual procedure in the usual variational method in most cases is as follows. 


Since eq. (6) and eq. (4) are equivalent to each other, we first calculate 
0(Y, (A—4) $) =0. (22) 


for possible variations of a trial function ¢. If # has the form 


n 


p = 2 4D iy (23) 


(22) is written as follows, 
oda ANg) d,=0, (i=1, mn), A,;= (¢:, Ag,), Nij= (¢;, Q;)- (24) 


Z is determined by the existence condition of the solution: Det. (4,;—AN;,) =0, and the 


‘ratio of a; can be found correspondingly. As already seen above, in the two parameter 


eigenvalue problem eq. (1) (or eq. (7)) is equivalent to (20), so we can consider the 
similar method for actual procedure. To find out g) (i=1 and 2) for which the relations 
(20) hold is to find out g which satisfy (20a). Assuming the trial functions , g™ 


with adjustable parameters* a; and 6; 
y=) aps, gP=3) bP, (25) 
7=1 i=L1 


we can determine pz and » by the following conditions 


Det. (4%? — pB®—vC) =0, Det. (AP — BP —¥CP) =0, (26) 


: : : : Seat Ars ose OS 
* We use the word “ parameter” in two different meaning. In trial functions it means “ variationally 


adjustable parameter ”, while in eigenvalue problems it indicates a kind of multiplicity of eigenvalues as ex- 


plained in §1 


] 


where A‘) = (p{?, APS?) Bi = (pe, Bo), AZ = (p%,Ag¢™), etc. Each of the equa- 
tions in (26) is of the n-th degree in the unknown ys and », and they together determine 
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the values of these unknowns. This prodecure, however, becomes prohibitively cumbersome 
as nm increases. But it seems that there is no other systematic procedure except several ex- 
pedient means. The first device is to minimize the number of adjustable parameters involved 
in the trial function to three or four at most, using auxiliary calculations, for example, the 
perturbational or iterative method, as far as possible. The second is to adopt some suc- 
cessive methods to solve (26). We may take a method devised by Hulthen and Lauri- 
kainen® in solving (26), or may add adjustable parameters step by step, and take variations 
for restricted number of parameters only. A method used in Appendix II may also belong 
to this category. The third is more realistic prodecure: We assume the approximate 
quadratic relation between yz, » and the substantial adjustable parameter C,(i=1, 2, om). 


For example writing down for n=1 and n=2, the quadratic functions are 


p=my,CP+y4,C0,+ 4; for n=1, 
(27) 
B= PCy t fyi Cyt feCe' + Cit fe Cot fy; for n=2, 
and corresponding equations for v. We calculate the values of ys, » of (12) at (n+1) 
X (n+2)/2 sets of parameter values. We can determine (n+1) (n+2)/2 coefficient yz 
fis Po for ps, and v 


ij 
ij7 Yiy 4) for v. Then the stationary point (C;) and stationary aie 
of yz are determined using this approximate function (27). This procedure is also valid 
for ¥. This is accurate if we choose (n+1) (n+2)/2 sets of parameter near at the sta- 
tionary value. One of the advantageous points of this procedure is that this is applicable 
to general type of trial function not necessarily of the form (25). 


§ 3. Applications to square well 


In the present section we will discuss the problem about the deuteron state and the 
neutron-proton scattering for the low energy region. The argument is confined to S-predo- 


minent waves in the spin triplet state only. The differential cross section due to this state 


is given by” 


do = (3/4) (sin’n/k) [1+ (1+tan € V8 )® sin® 2&- P, (cos 0) jd2, (28) 


where the phase-shift 7 and the mixing parameter & are expressed, in the first approximation, 


‘ “ . ” : 
in terms of “shape independent” parameters: scattering length a, effective range r, and q. 


k cot y= —1/at (r,/2)F +0(k'), (29a) 
tan €=qgk’+O(k'). (29b) 
If we set k= —ij, the corresponding values for the deuteron are obtained. It is well known 


that the data below 20 Mev available at present are explained fairly well by three quan- 
tities a, 7, and q without detailed discussions through the formula (28). The scattering is 


no longer isotropic. Taking into account the contribution of the spin singlet state, and 


using the approximate relation for q : q=V2Q (see Appendix I), we have the result 


= 
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do (x) /do (7/2) =1.046 for 20 Mev neutron of lab. system. If we consider P or D- 
waves, these waves contribute to the anisotropy of differential cross section in the same 
order of magnitude as the anisotropy due to € of (29). 


For example we have at 20 Mev for the even theory (no force in odd states) 
ds (x) /do(7/2)=1.01 (square well),=1.06 (Yukawa well), 
and for the repulsive force in P-state which is 1/5 times of the one in S-state 
do (xz )/do(x/2) =1.03 (square well), =1.08 (Yukawa well). 


provided that the interaction is pure central force. 


Thus the effects of P and D-waves are remarkably shape-dependent, while the aniso- 
tropy due to the tensor force is not too much dependent on the assumed shape of poten- 
tials. 

It is the purpose of this section to see how accurately we can find the depth values 


of » and » so as to give the correct constants 7*, Q of the deuteron state by the present 


variational method, and to investigate to what extent the relation q= “A/ 2Q is accurate. 

In order to adjust the force constant to the values of the binding energy 7° and the 
electric quadrupole moment Q of the deuteron, the large scale digital computer Illiac (Univ. 
of Illinois, U.S.A.) is working since 1952. The computing mechanism of Iliac is an 
iterative procedure which adjusts the force constants to the binding energy only. After 
that the trial-error method is adopted to produce the correct value for Q. It seems to be very 
enormous computaiions, and, to my present knowledge, the final report is not published 
yet. We hope it will be completed in near future to make clear the effects of the tensor 
force to the low energy phenomena. We will try to attack the same problem by the 
present variational method.* The type of potential is assumed to be squsre well, for which 
Illiac is not working on account of its discontinuous property. 

a). Equal range for both potentials 


Let us first consider the case where the ranges of central and tensor well are equal. 


Let the range be unity, and 


p(O<r<l), v(0<r<l), 
Loe W(r) = 
O(1<r), O(1<r). 


We will take the following form as the trial functions for the deuteron state.” 


uMV@=eqrtor(r<1), =ce (1 <r) 

go = 
w) (r) =or+er(r<1), =—c¢ tan &(3/ (yr)? +3/ (77) +1) eV A <7), 

(30) 


* The brief report of this variation principle was published in Prog. Theor. Phys. 11 (1954), 493. I 
would like to thank to Prof. J. M. Blatt who advised me that this research should not be stopped half way. 
The Illiac calculation seems not easy unless one understands qualitative trend, so the present variational 


method may also serve this qualitative purpose. 
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where ¢,, C5 Cy ¢, and c are all determined by the continuity condition at r=1 and by 
the normalization constant. Outside the force range, the trial function (30) represents — 
the correct solution. This trial function does not contain the adjustable parameter and may 


be considered as a crude approximation for the inside. For the second solution, we take 


analogously as 


u® (r) =dyrtdir'(r<1), =d tan & sinhyr(1 <r), 


po : 
Ww (r) =d®+dy'(r<1), =d{(14+3/(77r)*) sinhyr— (3/77) coshyr} (1 <r), 


(31) 
which corresponds to 2;=/,=/=0 in (9). Since 4 is a variationally adjustable parameter 
and a quantity of O(7*), it seems to be justifiable to set /=0. d, and d are all determined _ 
as c, and c. These crude but simple trial functions make the computations very easy. The 


adopted binding energy” and the mixing” ratio are 
B.E.=2.227 Mev;> | Q=2:74 X10-" em’, , 
y=2.317X10% em, 7°=5.367X10%cm™, tan €=— V2 Q7? = — 0.02080. : 
(32) : 


Using (30) and (31), we get the results tabulated in Table I by the expression (12) or 
equivalently (12’) for m and ». 


5 

Table I. Variationally computed values of , » by (12), and approximate values of Q and D-% § 

obtained from the trial functions (30), (31). The ranges of the central and tensor forces are as- 
sumed to be equal. (+) values of depth correspond to attractive well. 


; 

; 

= — — — — ——— a a = a = — 4 

perepeal sanes oe pin Mev vy in Mev Q in 107°? cm D-probability 
ey Aaa 2 j 

2.0 —118. 120. 2.51 7.6% 

2.4 4.7 26.1 2.70 4.9% . 

2.8 14.8 12.0 2.83 3.3% | 


It may be interesting to compare this with the accurate calculation by Rarita-Schwinger" to 
examine the accuracy of the results. They took the following deuteron data: B.E.=2.185 
Mev, Q=2.73X10' cm’, and got the depth values =13.89 Mev, »=10.76 Mev, — 
D% =3.9% for the range 2.8107" cm. Then it may be supposed that ys and v in 
Table I contains the errors of the order of magnitude 10%. The sources of errors are 
two-fold, one is due to the crudeness of the trial functions and the other is due to the 
approximate nature of (2). An estimation of the latter effect may be possible by com- 
puting Q actually. The computed values using (30) are written in the fourth column 
of Table I. The contribuition to Q from the inside of the force range is about 13% 
(20%) for the force range 2.0X10-"cm (2.8 107" cm), and the values Q in Table 
I are inferred to be not very inaccurate. The corresponding values of D-state probability 
are also added in Table I, which are not reliable, because the contribution of inside the 
force range amounts to 55% (57%) for the range 2.0X10-"cm (2.8 107" cm); » Lf 
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the relation (2) is correct, € specified as (32) will produce the values near 2.74 X 107% cm 
Actually we see from Q of Table I that the answer is affirmative. Christian and Hart!” 
computed roughly the values of ~ and ». According to their Fig. 14 the ratios ¢/Y are 
— 0.93, 0.21, 1.3 for the well range 2.0, 2.4, 2.8107" cm respectively, while from our 
Table I we find p/y=—0.98, 0.18, 1.23. The discrepancies are again within 10%. An 
estimation of errors due to only the crudeness of the trial functions is given in Appendix 


II with improved trial functions, which shows the errors are about 3%. Then we may 


conclude that the relation tan = — V2 Q;* is correct within 10% for possible wide choice of 
the well range. This relation is very useful for the qualitative interpretation of low energy 
data, (see Appendix I), which shows that the outside behavior of wave function is given 
only by Q and 7. 

b). Different ranges for the central and tensor forces. 

Next we will deal with the cases where the ranges of tensor well are 3/2 and 2/3 
times the ranges of central well. Let the larger range of potentials be unity. The trial 
functions are the same as (30) and (31). This trial function may be worse approximation 


for the different ranges than for the equal range. The results are given in Table II. 


Table II. Variationally computed values for 4% and y. The ranges of central and tensor forces 
are taken to be different. 


R f central potential Range of tensor potential 5 ; 

ra Hin 10-13 de eet a in Tos ne p in Mev y in Mev 
1.33. 2.0 —276. jig Bie 
1.6 2.4 11.8 26.0 
1.87 2.8 36.2 10.3 
2.0 1.33 —17. 234. 
2.4 1.6 10.3 93. 
2.8 1.87 14.4 47. 


an 


$4. Generalization of the theory 


A brief note is given in this section about the generalization of the theory discussed 
in §2 and §3. Suppose that the number of eigenvalues is n and we have m independent 
solutions. Let A and B,(i=1, 2, ---n) be Hermitian. 

Ap = (4B, EAB, +4) 9%, G12, -m) (33) 
To construct the stationary expressions of Jy» Joy «Any we consider the quantity : (~®, 
Ad?) =Ay5, (gb, Be”) =B). They satisfy the following relation by (33). 
A= hBE) +--+ ABY, RSs, 2, --m). (34) 
The independent number of eq. (34) is m(m+ by 7 Zeer le m(m-+1)/2=n holds, we can 
choose n equations among above m(m-+1)/2 equations suitably. We will write them in 


the following way. 


\ 
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A=), BO +1 BO EAB, (= 1; 25-28) (35) 
It is possible to prove analogously as in §2 that the stationary expression of A; is given by 


i-th column 


| ~ ae 7 | | ; 
B, 59 A”, .. BQ) | | |B, ae BO | G=1, 2: -n). 
=—=3\l 7 1 : | : ; 
bah de : Lt pes : | (36) 
Bm, fe Am, a BY | B, a Bo 


This is just the Cramer formula for the simultaneous linear equations (35). One of the 
most important applications of (36) is that, when we have n knowledges on the S-matrix 
of the system (including the knowledge on bound state), m interaction parameters are 
determined by (36) simultaneously. 


The author would like to thank heartily to Professor T. Yamanouchi for his kind 
interest and helpful corrections to this work. 


Appendix I. 
Derivation of tan €=— V2Q7° 


The approximate relation between the mixing ratio € and the experimental values of 


Q and ;* of the deuteron state is probably first due to J. Schwinger’, and only the recult: 


is given by Blatt and Weisskopf’, p 112. After that, Biedenharn and Blatt” have 
discussed this relation and gave a modification according to the effective range theory of 
nuclear forces as, 


tan €= — V2 (1—77,)°Q7*, (37) 
where the new added factor (1—7r,)* is 0.35~0.40 in actual cases. Their derivation of 
(37) seems reasonable, but according to our analysis in §3, this factor is surely unneces- 
sary. Hence it will be somewhat worthwhile to follow the way of derivation again. 

To do this we need to assume that the wave functions of the deuteron spread over 
enough compared with the range of nuclear forces. If this is the case, we can esti- 
mate by (29) that the D-state is small compared with the S-state outside the range of 
nuclear forces. The wave functions of the deuteron are given by (3) outside the range of 
nuclear forces. Since the most important contribution to Q comes from the outer region, 


we can neglect the effects of nuclear forces in the first approximation. Then 
Q=(¥2 /10) \Fuw—"/ V8) dr—> (2 /10) | Fundy 
(V2 /ION) tan el tet {3 /(7r)2-4+3/ (yr) +1} dr 
=— (V2 tan €/40N7") (64341), 


where N is a normalization constant and n={ e""'dr=1/(27). Thus we have Q—> 
Jo 


—tan €/(“27*). We have used the asymptotic form (3) not only for S-state but also for 


een ee eS —__ 
"7 ? 
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_D-state. But this form for D-state has singular nature at the origin as 3/(yr)” and 3/(jr), 
and actually these terms give main cantributions to Q as seen above (60 % and 30% 
respectively). This seems to be far from the actual situation. While, we observe that 


the normalization constant N is also overestimated by neglecting the effect of nuclear forces. 


Nevertheless, Q=—tan €/(“27°) has turned out to be good approximation, hence it 
will be inferred that the two over-estimations in the numerator and denominator are cancelled 
out to each other. Biedenharn and Blatt have corrected a part of these errors. 


Appendix Il. 
Improved trial functions 


In order to estimate the errors due to the crudeness of trial functions (30), (31), 
let us take improved trial functions and consider the problem at zero energy.* In this 
case, the depths s and » are to be determined by the scattering length a(=1 /a) and the 
mixing parameter q defined in (29b). 


The assumed trial functions are 


uM =ertor+tor’, =1—ar, 

Or = (r<1), Cis (38) 
wP =or+er+eyr’ log x, =3q/T'; 
u =d +d’ +d,’, = — 15qr, 

g? = Ga) (rer): (39) 
wv” =d.r+d,(7r°—5r*), =r, 


The outside forms of ¢ and $” are correct, except that an approximation is made cor- 
responding to 4=0 in (9). If we put c.=c,=d,=d,=0, (38) and (39) are approximate 
functions corresponding to (30) and (31). (38) and (39) contain four essential para- 
meters, which are conveniently determined as follows. First using the trial functions with 
no adjustable parameter, crude and »/ are calculated by (12). Using yp’, »’ and the 


trial functions $“ with four parameters, we set 


| A-#B-¥O) $dr=0 ; for the equation (1a), 

; (i=1, 2). 
|" (A— p/B—v'C) $%dr=0 ; for the equation Cibye 

JO 


These four equations settle the values of four parameters. The computations are carried 
out for (@=0.5, g=0) and (@a=0.5, qg=0.02). The results thus obtained are summarized 
in Table III. We can see from this table that the trial functions with no parameter pro- 


duce fairly good results which contain the errors only 3%. 


*Since this calculation was carried out in an early stage of this research, the zero energy state was 
dealt with for simplicity. The chosen value of q is too small, because we referred to eq. (37) instead of 


eq. (2). 
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Table III. Variationally computed values using no parameter and four parameter trial 
functions (38), (39) are compared with the exact one. 


q=0 q=0.02 


Trial function ue y 7) v 
No parameter function 4.14 0 3.98 0.673 
Four 4.118 0 3.929 0.6951 
Exact solution 4.116 (0) ? ? 


UE UUUE EEUU SEIS EERIE 
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The two body exchange magnetic moment operators are calculated in the pseudoscalar meson 
theory with non-relativistic pseudovector coupling. The method of canonical transformation is used 
and results are obtained to the order of eg! in the power series expansion. The radial parts of all 
possible operators in the static approximation are given. The contributions of the exchange moment 
to the magnetic moment of the deuteron are calculated and it is found that in order to adjust the 
experimental moment yr=0.74 should be taken as the lower limit in the radial integral. 


§ 1. Introduction 


It has been recognized for a long time that the presence of exchange forces between 
nucleons implies the existence of currents in the space about interacting nucleons. These 
currents will contribute to the magnetic properties of nuclei. In fact, a contribution of 
this origin has been known in the magnetic moments of H® and He® and also should be 
taken account of in the problem of the photodisintegration of deuteron. Phenomenological 
attempts have been made by Osborne-Foldy and Berger-Foldy’ to obtain the possible forms 
of the exchange magnetic moment operators, by making use of various invariance require- 
ments, such as those with respect to space translation, space rotation, time reversal and so on. 
Physically, these currents are due to the charged mesons which are being exchanged between 
the nucleons and give rise to the exchange forces. Therefore, their explicit forms must 
depend upon the choice of the particular meson theory to be used. In fact, the radial 
parts of all but one term among these exchange moment operators can not be defined 
unambiguously in these phenomenological discussions. 

On the other hand, calculations by many authors?” on nuclear forces, meson-scattering, 
ment of nucleon and photoproduction of mesons, in the static approximation 


magnetic mo 
recoil of nucleons and nucleon pair-formation and assumes p-wave mesons 


which neglects 
only, show good agreements with the experiments. The purpose of the present work is 


to obtain the radial parts of the exchange magnetic moment operators in the same approxi- 
mation as in the case of the fourth order adiabatic nuclear potential assuming p-wave 
mesons only. 

In Sections 2 and 3, the exchange magnetic moment operators are obtained to the 
order of eg’. Here we use the method of canonical transformation, which was employed 


ee 
* Some parts of the results of this paper 


S. Hatano, Prog. Theor, Phys. 14 (1955), 170 


have been reported in the letter to the editor of this journal, 
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by Nishijima” to obtain the fourth order nuclear potential, to eliminate successively the 
parts of Hamiltonian which are non-diagonal with respect to meson occupation numbers. 
Of course, various divergent contributions arise due to the self meson field. Even after 
’ the renormalization of the coupling constant has been made, divergencies still remain?. 
These divergencies are dealt with by the cut-off of meson momentum above 64. As to 
the value of the coupling constant we adopt here 7° /4z=0.08. No cut-off procedures 
are applied to the high frequency parts of the virtual mesons which are being exchanged 
between two nucleons. In Section 4, we use the exchange moment operators obtained in 
Section 3 to evaluate the exchange moment contribution to the magnetic moment of deuteron 


and discuss the results. 


§2. Derivation of the exchange magnetic moment operator 


We shall start from the following non-relativistic Hamiltonian for a system which 


consists of nucleon field, meson field and external magnetic field. This Hamiltonian is 


H= Ay cia Ay = Ayyw+ Hreyt+ Ap), + Huy (2 : 1) 


where 
Hy=m | dug (x) $(3), 
Hy =H dx (r(x) + Oba(x))*+ 1208 (8)}, 
Huy= =| dxyr* (x) +4 (5 Poa (x)) (x), 
Hey =— | day (x) | $24 15% |(6-H@))H@), 2-2)" 
Hyu=—e\ dx (4,(x)P6,(x) ~4, (8) 7b (x)) “A (x), 
Hiuy=— sal dxyi* (x) (6A (x)) (Hhr(x) —76, (2) (a). 


In the above expressions, #2 and m are meson and nucleon masses, respectively, A is the 
vector potential of the external magnetic field, H=rot A, and other notations have usual 
meanings. As we consider in this paper exchange magnetic moment operators independent 
of nucleon momentum, the terms which depend on the nucleon momentum are omitted 
from the outset in the Hamiltonian. If we assume a constant external magnetic field H 


and take A= —}[x XH], we get from (2:2) the following magnetic moment operator 
ff in unit of e/2m. 


* We take /=c=1. 


For our purpose it is 


G(x) and Y*(x), 
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= fly t fet Lewy 


pin | de (C2) [#718 2) ~81(8)[8X7 8), (2-3) 


Hany dash* (x) [2X F] (ride (x) — tah (*)) 6 @)- 


convenient to introduce the Fourier transforms of ¢,(x), ™a(%)s 


ba (x) = a = dk (2,) “12g. (Kk) die 4 g¥ (k) en thea) | 
T(x) = es | dk (w,/2)'” (4a Ce) One a ax (k)e ae Ve 
i : 
eR (27 “i dpy (p)e?™; (2-4) 
* = 1 <a d I —iprx 
p* (x any py* (pe? 
where 
O,= Cae Ee 
[ 4, (k) 5) ay (k’) ] 0 40 oe k’) ’ 
and 
{ha (Pp) Ws (p’)}  =0,,0(p—P’): 
In treating the original Schrodinger equation 
(2-5) 


HY =EPf, 


d the interactions of meson and nucleon with the external magnetic field as 


we shall regar 
1 restrict ourselves to the equation 


small perturbation and at first we shal 
(Hy + Hy+ Huw) ay 

e of canonical transformations, 

essively in the power 

first one elimi- 


(2:6) 


and eliminate 


Then we transform this equation by a sequenc 
h respect to the meson occupation numbers succ 


g constant (/. Among these transformations the 


If we write 


non-diagonal parts wit 
series expansion in the couplin 
nates the linear term in 7. 


yp eo Ue (2 , 7) 


S, can be determined by the condition 
[1S;, Ay + Hy\= — Hyy- 


e resulting equation the terms in Gg 


(2-8) 
which 


The second transformation eliminates from th 
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correspond to the double meson production and annihilation (e~**). From the transformed 
Hamiltonian the terms in g* which contain the single meson production and annihilation © 
are removed by the third transformation (e~”’). Finally, the terms in ¢/' corresponding 
to the double meson production and annihilation are eliminated in the same manner (oe 
and e~**). We shall summarize the generating functions of the sequence of canonical 
transformations which are necessary to obtain the exchange magnetic moments to the order 


of ey’, 


$* (q) t.(G-k) X 


5 =-£_1 la dpdk 
; LF Ts, 


{eg(k) 0(q—p—k) +43 (k)0(q—pt+k)}¢(p), 


See at oy eee |¢ dpdkdk’ 
ate 4 ) (27)* ins V0}, (OK FO) 


$*(q)[te(O-k), t.(0-k’) | {a, (k) a, (k’) 0 (q—p—k—k’) 
az (k) af (k’)0(q—p+k+k’)} ¢(p), 


3 
gy actin Idkdi 
3 (anyon) 4444 pdp'dkdk’ 


wy V 2W pws 


LE (q’') O* (q)[ro(O°k), ta(O-K’) | 4 (to (F-k)) eX 
{a. (k’) 0(q—p—k—k’)0(q'—p’+k) 
—as (k')0(q—pt+k+k’)0(q'—p’—k)} ;(p)4.(p) 


a Ae ) J | dqdpdkdh 1 


(27) wie 2/20) (Ox 
$*(q)[te(0-k), Ta (O-k’) |zo(0-k) {ag (k’)0(q—p—k’) 
+ ax (k’)0(q—p+k’)}¢(p), (2:9) 
5,= ale . ve \dada'dpdp'dhcdh’ die”. get 234 (oR —On) (wr, +r) 2 
(27 r) 6 wo; ‘Dp Ory (wy Linn YM oi wee (Wy + wy) 


X Yi (q’) $® (q) [to (O-k), ta (O° k') |. (0-k), t,(0- kh!) Jn X 
{dq (k’) a, (k"’) 0 (q—p—k—k’)0(q'—p'+k—k’) 
pees OSES ESI Gee eet 


! ) , , eT Pd 1 
as Ge) (an)* aa dqdq'dpdp'dkdk'dk"'- a 


Oh Voy Oy VO (Oy +O)? 
GE (q)) GF (@)[[ra(G-k'), 25 (6K), to(O-k) 5 (ta(O-K)) wy X 
{a(h’) a, (k”) 3 (q—p—k—k! —k") 0 (q'—p' +k) 
— ai (kh!) a¥ (k")0(q—p+k+k’ +k”) 3(q'—p'—k)} $,(p) 4 (p!), 


* 
Fas 
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1 


5 — —— 
(OFA V Wy, Ops V wy Ops (Oy + Or) 


§ vie fc ol ! , , , 
? “f U ) (27)® dqdq dpdp dkdk' dk! 


PE (q') $F (q) [Bleo(G-k), ta(O-h’) hi [to(F +h), =(FK") Jue X 
{a,(k’) a, (k’) 0 (q—p—k—k’)0(q'—p' +k—k’) 
— ak (Kk!) a¥ (k)0(q—ptk+k')d(q'—p'—k+k')} 
—4[r,(o-k’), [to(G-k), t3(6-k”) Tj(to(F-K)) uw X 
{ag (hk!) ay (ke) 3 (q—pt+k—k'—k") 3 (q'—p'—k) 
— ak (k') af (kl) 0 (q—p—k+h +k") 3(q'—p' +k)} \ $j) (P) hi (Pp). 


Now returning to the original Schrédinger equation (2:5), we can obtain the exchange 
magnetic moment operators {rom the perturbed Hamiltonian which are transformed by the 


above canonical transformations. Thus we apply these transformations to #4 and compute 


the following commutators : 


4 1_-. : 1_. : , 
[iS,, fer, efile [7S,, fiyt fear\|; igs [iS,, [iS,, fem \\ | 
rae [iS,, [+S,, [iS,, feyt feel il) [#5s, [7S., ttun ll 


Le. : ; ore { 
mee [S;, [iS,, tly + fear], eae [iS,, fy+ fear|, 


[S,, fun [iS,, [S,, flyt fear], [i (S,+58,) ? fix] (2 : 10) 


Then we obtain the expression for the transformed ft of the form 


dqdq'dpdp'dhdh' ft (q/) $8 (q) Mk, ’) apne (P) fe (P) 2d p—k-F’) 
<O(q'—p'+k+k’), (2-11) 


where M(k, k’) is the Fourier transform of the exchange magnetic moment operator. 
Now we shall return to the configuration space and assign two spinor wave functions to 
two nucleons. In this way the expression (2: 11) can be rewritten as 


| drdr oii (ry) pi (7) (| dkdk’M (k, k’) Pee / real ~; (r,) 9%, (r5) (2% 12) 


where r=ry—T.: 


(dkdk'M(k, Ih) eR By. the usual method used in the 


Therefore, if we evaluate 
we can obtain the exchage magnetic moment operators. 


calculation of nuclear potential”, 


agnetic moment operators 


§ 3. Radial dependence of the m 


menological theory based on differential charge conservation and reasonable 


onian, Berger and Foldy” have found the 


In the pheno 


symmetry restrictions on the nuclear Hamilt 


68 ' S. Hatano and T. Kaneno 


6 aca 


possible forms of the two-body exchange current ofe ators. Here we list the resultant — 


magnetic moment operators for two-body system. 

M, =m[ 7? x raed HB x r,|V(r) : 

M, =1/4-[t?xr®][o® xo]F,(r), 

M, =1/4-[(t%xt], 3(r-[o% xo] r/P—[6® Xo]} Fr (7), 

My, =1/4: (2.2 24?) (6-9) F(t), 

My =1/4- (1,0 2,2) Br: (6 6%) )r/?— (6% —6)} Fun (), 

My =1/4+ (39 +7”) (6% +0%) Firi@), 

Mp =1/4- Geta) BE OAs Go yr/r— (CCT Ons 

My =1/4-(1+1,52) (69 +6) Fe), 

My =1/4° +030”) Br (69 + 0%) rir (Oey Fay Gye 

My, =1/4:-(1—7,%7,”) (6% +06”) Fp (7), 

Myr = 1/4: Ae) 3 Ge (OO BOM) rf (Gy de ets 

My,=—1/4: (qe Rte te (SGP) Pps (2) 5 

Moy= a. 1/4: (7507, eer) {3 (r- (6% +o6))r/r— (6? +06)} Fn (r), 
where T= |Fi—-Ps\« 

In the above expressions M, is a so-called longitudinal or space exchange moment 
which has been investigated by Sachs". Fortunately the radial dependence of M, can be 
determined unambiguously to the above form, when the exchange forces of type 
(7 -7)V(r) act between the nucleons”. However, in the remaining twelve exchange 
moment operators M,—M,,,, so-called transverse exchange moments, radial functions 
F,(r) —Fy,(r) remain arbitrary functions of r from the phenomenological considerations. 

We will list the radial functions F,(r) —F),(r), which are calculated to the order 
of ei’ by the method described in Section 2, using pseudoscalar meson theory with pseudo- 
vector coupling in the non-relativistic limit. As mentioned in the introduction, after 
renormalization of the coupling constant in parallel with the case of the nuclear potential”, 


the remaining divergent contributions are treated by the cut-off procedures. According to 


our calculation the radial functions F;(r)—Fy,(r) are (we use the notation x= pr and 
the unit e/2m) 


Pe) VO Kx) se UCR) 


¥?() =F nf (a0) (2424), 
x Gi x 


reeo=—(2)94(142)a009+(242).@0 | 
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F@) =—(“) nat 24+)¢ +(2)( eer (+4 F.) G2) 


Fu() =—-(£) ae(1+)o+(2) c. 22 F.(n) )x 
See 


—Ix 


Fut) =(¢ r) |— ee ) x2) +2 (24542) ¢ 
2 fy 

ratda( 2) 24 (S6:09-(+-2)6.09) 

wtp( Babee ter Beni b a} 
rae = (2Y (0489 224542) 
Fun (s) =(£) | 2" (Sko(20) — — (4-2 )K 29 J Fe te + $42 

gees no Stat ey 
mene (elas tetpetitine} 
mnie (Lyfe teense 4: 
Fr) (2) a {24543 ten + nwt 


F@=(Z)e 3st ni a Dern Segre) > 


pico n( De Bsr ge Bente Sy 


22 8 1 il Paras TaN ein Poe 53 ie UN ee 
F yp (x) =(£) (_3(- 2444542) +22 A (St at Je \, 
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max fh 
ENV dh | etc oe 
f(r) \. (R+ pw) 6/2 
: iT Nie k 
) = fa| eat eee 
flv) pedo (Re + p?)? 


In fact, as shown in the general argument given by Dalitz”, V(x) is the part which 
is proportional to (t'’:t°’) in the second plus fourth order nuclear potentials”. 

In Figs. 1 and 2 the functions F(x) —Fy,(x) are plotted in unit of e/2m, using 
the values y?/47=0.08 and k,,,.=6y. Among them F;? (x) and Fy; (x) have been given 
by Villars. Except F,(x) and F,,(x) other radial functions contain terms of order eg’ 
only. 

The power series expansion used here is not so good an approximation and, moreover, 
in the present meson theory very large contributions come from the high frequency com- 


ponents of virtual mesons”. 


Therefore, in our calculation in which no cut-off procedure 
is taken for the high frequency part of the virtual mesons which are being exchanged 
between two nucleons, the resulting radial functions could not be believed to be quite 
reasonable for small values of x. Considerations in this respect are given in Section 4. 

In the case of the deuteron, exchange moment operators M,, M,,;, Mi;,, Myy and 
M,,, do not contribute, because M, does not contribute to any two-body systems and for 
other four terms we can see that they give rise to identically vanishing contributions, when 
their isotopic spin parts operate upon the singlet isotopic spin wave function of deuteron. 

M,, M,,, My, and My,, which give rise to the exchange contributions to the 
magnetic moment of deuteron, arise from H,y only in the Hamiltonian, as shown by 
Miyazawa”. M,,—M,, contain only eg'-terms and this fact was pointed out by Sato 
and Itabashi.” F(x) —Fyy(x) in (3-2) coincide with those obtained by Sato and 
Itabashi"’, and their strengths are small by an order of magnitude compared with the 
strengths of F;(x) —Fj,,(x) which arise also from the meson current. (See Figs. 1 and 
2.) 

The exchange contributions to the photodisintegration of the deuteron come mainly 
from M;, My, M,,; and M),. As they contribute to this phenomenon with equal weight, 
the ratios of the ey' terms in their radial functions to the eg® terms, i.e. those given by 
Villars”, will supply the measure of the relative importance of eg’ terms. The values of 
these ratios at x=1.0 and x=1.5 are given in Table 1. 


Table 1. Ratio of eg terms to eg? terms at x=1.0 and 1.5. 


, x |F,®/F,®| |[Fy7/F,™| |Fy/ /Fy/| IFrr//Fy/| 
1.0 5.5% 40.1% 9.6% 35.9% 
is) 2.8% 12.5% 4.8% 15.3% 


-_— SSNS 


indies 


F,2+4 
Fig. 1. Radial functions Fy—F 77. F’s are those 
g I 
of order eg’. Fi2+4)’s are those to order eg’. 


F’s without superscript contain eg! terms only. 


Fig. 2. Radial functions Fry — Fy i- 
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§4. Exchange contributions to the magnetic moment 
of the deuteron and the criticism of 
the present calculation 


Taking account of the exchange moment contributions, the magnetic moment of 


Ceuteron is given by the following expression 
P= Pat Po— - ( [n+ b= )\ wdx+ Atty, (4-1) 
where 
dies =| BoA v2 | uw B(x)dx+ | WC (x) dx, 
AG) = Fe Oren bay: (4-2) 
B(x) =Fy,(x) + Fry (), 


CQ) =- 22 +.3@). 


In the above expressions u(x) and w(x) are the S- and D-state wave functions of the 
ground state of deuteron, respectively. As to these wave fun:tions we adopt here the wave 
functions obtained by Iwadare, Otsuki, Tamagaki and Watari’”’. To solve the deuteron 
problem they have used the meson theoretical potential in the region x> 4.0 and, in the 
region x<1.0 determined the wave functions phenomenologiclly so as to reproduce the 
effective range, and the binding energy and quadrupole moment of deuteron. These wave 
functions give seven percent D-state probability. 

Inserting the experimental values 4»=0.8565, (,=2.7896 and j,=—1.9103 into 
equation (4-1), we see that J) >O0 is necessary in order to fit the experimental results. 
In fact, referring to Fig. 2, we can see at once that Jp) >0, using the exchange moment 
operators obtained in Section 3. As to this sign, our results age in good agreement with 
experimental results. In the present calculation, however, extremely large contributions arise, 
in the region of small values of x, from the fact that no cut-off procedure is taken to the 
high frequency parts of virtual mesons which are being exchanged between two nucleons. 
Therefore, taking account of these circumstances we have investigated at what value of x 
one should cut off the lower limit of the radial intezrals in equation (4-2) in order to 
fit the experimental results numerically. We found that x=0.74 is a suitable cut-off point. 
If one cuts off the high frequency region of the virtual mesons, which are being exchanged 
between two nucleons, in evaluating the exchange moment operators and makes F(x)’s 
small enough from the neighbourfood of the above point down to the origin, then the 
magnetic moment of deuteron could be explained in a consistent manner with the nuclear 
force problem on the basis of meson theory. It may te said that x=0.74 gives the 
critical point above which the radial functions obtained in the present work are significant. 


Also, in the application of the various radial functions of this paper to the evaluation of 
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the exchange moment contributions to the other phenomena, such as the photodisintegration 
of deuteron, one could expect to obtain results of the correct order, if the cut-off procedures 
are applied to the radial integrals in the neighbourhood of this point. 

Recently Sugawara") has calculated the exchange corrections to the magnetic moment 
of deuteron. He assumed the ps-ps meson theory and employed Tamm-Dancoff formalism, 
retaining only the one meson amplitude. Then he identified the two nucleon amplitude 
with the deuteron wave function and found that the correction is negative and P,»=3%+1%. 
But his conclugion would be doubtful. The reason is: in his treatment of Tamm-Dancoff 
method he neglected fourth order terms corresponding to two meson amplitude and calculated 
normalization integral up to the second order. »Then he expanded the normalization 
integral in the denominator and estimated the mesonic correction using normalized deuteron 
wave function. These treatments seem not to be justifiable. Also, his D-state wave function 


has not a correct asymptotic form. 


The authors are indebted to Professors M. Kobayasi and S. Takagi for their continual 
encouragement and helpful discussions. They are also grateful to Messrs. J. Iwadare, S. 
Otsuki, R. Tamagaki and W. Watari for giving us the use of the wave function tables 


and for valuable discussions. 


References 


1) R. K. Osborne and L. L. Foldy, Phys. Rev. 79 (1950), 795. 
L. L. Foldy, Phys. Rev. 92 (1953), 178. 
J. M. Berger and L. L. Foldy, Tech. Report No. 18 at the Nuclear Physics Laboratory of Case 
Institute of Technology. 
J. M. Berger, Phys. Rev. 94 (1954), 1698. 
2) M. Taketani, S. Machida and S. Onuma, Prog. Theor. Phys. 7 (1951), 45. 
K. A. Brueckner and K. M. Watson, Phys. Rev. 92 (1953), 1023. 
S. Fujii et al., Prog. Theor. Phys. 11 (1954), 11. 
S. Otsuki and R. Tamagaki, Prog. Theor. Phys. 14 (1955), 52. 
3) G. F. Chew, Phys. Rev. 95 (1954), 1669. 
M.-H. Friedman, Phys. Rev. 97 (1955), 1123., 
4) K. Nishijima, Prog. Theor. Phys. 6 (1951), 815, 911. 
5) I. Sato and K. Itabashi, Prog. Theor. Phys. 13 (1955), 341. 
6) R. G. Sachs, Phys. Rev. 74 (1948), 433. 
7) R. H. Dalitz, Phys. Rev. 95 (1954), 799. 
8) S. Goto, Prog. Theor. Phys. 12 (1954), 699. 
9) F. Villars, Helv. Phys. Acta 20 (1947), 476. 
10) H. Miyazawa, Prog. Theor. Phys. 7 (1952), 207. 
11) I. Sato and K. Itabashi, Soryushiron-Kenkyu (mimeographed ‘circular in Japanese) 5 (1953), 1303. 
12) J. Iwadare, S. Otsuki, R. Tamagaki and W. Watari, to be published in this journal. 
13) M. Sugawara, Phys. Rev. 99 (1955), 1601; Arkiv for Fysik, to be published. 


74 


Letters to the Editor 
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Recently, the photodisintegration ot 


deuteron has been investigated by many 


authors in high energy region over the 


Fig. 1b 


Fig. la 
A, Cornei 
an (©) Illinois 
60 | Oem ayn 


— Theory 


100 200 300 400 
Fig. 2. Mev in Lab System 


meson threshold. Keck, Tollestrup and 
Smythe” clarified that the minimum of total 
cross section occured around meson threshold 
150 Mev and after passing through a broad 
maximum around 250 Mev, it decreased 
monotonically with the increasing energy up 
to 450 Mev. Bruno and Dempken” calculat- 
ed the total cross section by taking into 
account the effect of virtual pion exchange, 
and they have obtained rather small, mono- 
tonically decreasing total cross section. 

In this short note we shall show that 
the maximum of the total cross section 
around 250 Mev is an evidence for the 
resonance of a nucleon state, which has played 
essential role in the photoproduction of pion 
and the pion nucleon scattering. As in the 


case of Bruno and Dempken, we have calculat- 


Fig. 1c 


ed the total cross section in ps-ps meson 
theory by taking into account the process 
in which one pion is exchanged, the diagrams 
of which are illustrated in Fig la—lc. 

In our case, however, the isobar effect 
is taken into account as illustrated in Fig 
1c. They are calculated by Tamm-Dancoff 
approximation. In this case we have restrict- 
ed ourselves to the process in which a pion 
is exchanged in the free paiticle state. Of 
course, this is not a good approximation 
especially in the near threshold region. Never- 
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theless, by adopting this approximation, we 
have examined the qualitative behavior of 
our process. The calculated total cross sec- 


Our 


result shows qualitative agreement with ex- 


tion curves are illustrated in Fig 2. 


periment. In spite of too large value of 


coupling constant ( J 
47 


= 22), the calculat- 


ed total cross section is rather small in 


lower energy region. This may probably 
be due to our neglect of virtual meson ex- 
change. One of the most important pro- 
blem of the process consists in the angular 
distribution. However, our approximation 
More detailed 
calculation is now in progress. We wish 


thanks to Prof. 
Tollestrup for sending us his unpublished 


is too crude to discuss it. 


to express our cordial 

results of experiments and for his kind 

advices. 

(1) Keck, Tollestrup and Smythe, Phy. Rev. 96 
(1954), 850. 

(2) Bruno and Dempken, Ark. for Fysik 6 (1853), 
177; Phy. Rev. 86 (1952), 1054. 


Relation between the Quadrupole 

Moments and the Widths of the 

Giant Resonance of Photonuclear 
Reaction 


Kazuto Okamoto 
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The widths of the giant resonance of 
photonuclear reaction have recently been 
measured for various nuclei,” and the 


results show that the widths decrease very 
slowly with increasing A. So far there have 
appeared very few theories concerning the 
widths and none of them has succeeded in 


the 


It has also: been pointed out ex- 


explaining general trend mentioned 
above. 
perimentally that the widths become very 
Wilkinson 


has suggested that this fluctuation of the 


narrow at the magic numbers. 


widths can be explained using shell model”’, 
but his detailed calculation has not yet been 


published. 


In order to show more clearly that this 
fluctuation is closely related to the nuclear 
quadrupole moments, let us plot the widths 
in the graph together with the nuclear shape- 
parameters calculated in the following way 
from the experimental values of quadrupole 


moments. 


If a nucleus can be regarded as a 
spheroid, its intrinsic quadrupole moment 
Q, is given by the formula ; Q=22/o8 
-(R2—R2), where R,(R,) is the longer 
(shorter) axis of the spheroid. Then the, 
value of &, the eccentricity of the ellipse, 
can be obtained from the value of Q,, and 
we plot the value of € against A in Fig. 
1 together with the value of J’, the width 
of the giant resonance. The similarity bet- 
ween the general trends of these two quanti- 


ties suggests us an intimate relation between 
them. 

A possible explanation of this fact may 
be given by the following consideration. The 
resonance energy of this dipole vibration is 
closely related to nuclear radius, i.e., E,oc 
Ry”, where n=1 from SJJ-model”, tie 
from GT-model?, and about 1/2 from ex- 
periments’. 

If a nucleus is a spheroid instead of 


a sphere, because of the quadrupole coup- 
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ling its resonance level corresponding dipole 
vibration splits into two parts whose energy 
values may be approximated as EO RG 
BCR. 
may be observed as broad total width. The 


This two resonances overlap and 


ratio of this splitting JE to the original 


value E, is given by 
4E/E,= GRot- — RVR, = 5nQ,/4ZR,’- 


If we further know the experimental 
value of E,, the absolute value of JE can 
be obtained. Putting JE~4/', and denot- 
ing the experimental values of the width of 
a neighbouring nucleus whose Q, is zero, 
as [',, the width of any nuclei whose Q, 
are large can be expressed approximately by 


the formula: [7=/,+4/". Values of 1a 
listed in Table I are obtained in this way. 
Agreement with experiment is fairly well if 
we take n=1, namely SJJ-model”. 

In order to obtain JE more exactly, 
let us take SJJ-model and transform Helm- 


holtz equation which describes the nucleon 
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density fluctuation into the spheroidal coor 
dinates and take the difference of eigenvalues 
between the case of /=1, m=O and that 
of [=1, m=1. Numerical calculations from 
Mn®, In'®, Ta’ yield the results about 3/4 
So the 


values in Table I can be regarded as approxi- 


times the values obtained above. 


mately correct. 

In the above calculation, values of Q, 
are derived from spectroscopic Q-value. Of 
course these values of Q, cannot be regard- 
ed as the parameters that describe the nuclear 
We should rather prefer the 


value of Q, obtained by Coulomb excitation 


shape exactly. 
experiments”. For instance, as is clear in 
Fig. 1, Zn", Rh" are the cases of serious 
descrepancies from the general trend. Their 
Q, are unknown, but from the known values 
of their spin, their Q are taken to be zero, 
Careful inves- 


tigation of such nuclei using exact nuclear 


although their /” are large. 


wave function would be very interesting. 


Moreover, there are many nuclei whose Q, 
2 06 
’ ’ 0.5 
Ey, 
0.3 
0.2 
01 


0.0 


150 175 200 


Fig. 1. Plot of eccentricity and resonance width against mass number. The solid line is for 


the widths and the dotted line is for eccentricities. 


Abscissa is mass number. Ordinate is 


width in Mey (on the left hand), and eccentricity (on the right hand). Zn®! and Rh! seem 
to be exceptions, hence they are not included in the curves. 
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Table I. Values of eccentricity and width of various elements which have large quadrupole moments. 


n—1y2. 
Be Via, 0.38 0.8 1.6 42 (Ca) 58 5.8 
osMngo% 0.45 ifs 2 6.3 (Fe*) 8.5 8.8 
97Cog9°9 0.44 rr 2.1 5 8.4 8.4 
agAs4o"5 0.35 0.4 0.8 ¥ ra 9.0 
sole"? 0.40 0.7 1.4 4.6 (Agi) 6.0 5.5~5.8 
73 Tasos!*! 0.59 oS 3.4 fy 9.1 7.9 


Nuclear radius is taken to be 1.2X10-!5A'/8cm both in Fig. 1 and Table I. 


are unknown, but their /' are known, or vice 
versa. Experiments for those nuclei are very 
desirable, especially, if possible, for rare earth 
nuclei. 

The author is greatly indebted to Prof. 
Inui for his kind help in lending him the 


tables of spheroidal functions. 
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A Method of Calculation of 
Electrical Conductivity 


Huzio Nakano 


Department of General Education, Nagoya 
University, Nagoya 


November 14, 1955 


We have recently studied a new method 
of calculation of electrical conductivity.” 
This method is an application of the theory 
of relaxation phenomena, developed by Kubo 
and Tomita in the problem of magnetic 
absorption.” We can express the current 
density of the system in the presence of 
arbitrarily time-dependent electric field, F(t), 


in the form 
t 
Ns (¢) =>) |, es (to) vu (t—t), 


QELS RS VEINS Z) ta) 
The property of electric conductivity of the 
system is essentially condensed in the func- 
tion, 9, (t). Then our task reduces to find 
the expression of this function, which is 
found to be the following by investigating 
the response of the system to the pulse 


field : 
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a) =| REG ta Bs CUP 


(B=1/kT) (2) 


where j, and j,(¢) are the operators of 
current component respectively in the Schro- 
dinger picture and in the Heisenberg picture, 
H is the Hamiltonian of the system in the 
absence of electric field, and <a> means 


the thermal average of the quantity a, viz., 
<a> =T,(e"4)/T.(e*"). (3) 


In the representation of diagonalizing H, 
the expression (2) is written also as, 


i — exp (—fE,,) —exp (— BE.) 
9, (t) = Yim 
2 = E,,—E,, 


(m|j,|n) (n|julm) exp( yaa) 


b 
Sp ( is BE,,) 


(4) 
where E,,, E,, and so on are the eigenvalues 
of H and (m|j,|n) represents the element 
The 
conductivity tensor can te calculated from 
this. 


is given by” 


of the matrix corresponding to jy. 


Above all the static conductivity, o, 


ie \, dt Qyy(t) 


= FPS exp (= Es) S| (ml jy|n) 


-O(En—E,) />"exp(—BEn). (5) 


The exact calculation of this formula is, 
however, impossible at present, and we 
calculate approximately for a typical case. 
We assume that the Hamiltonian H con- 
sists of the components, H, and H’, where 
Hy, is the sum of the Hamiltonians of two 


or more subsystems each moving indepen- 


dently and H’ is the part reprecenting the 
interaction energy between every pair of these 
In effect 


H=H,+H, (2) 


and we write the eigenvalues of H, as E,,,”, 
We assume further that 


subsystems. 


E,,“ and so on. 
H!’ may be treated as a perturbation. By 
making ‘use of development of j,,(t) in terms 
of H’, we then obtain 


Puy (t) = 8 <\y,° > i {i \idz (t—Tt) f(z)} , 
fae <j rT 
<p [Rice's jn [jac coslae) Set7) 
where H,’ means the part of H’ the 


elements (m|H,,’\n) of which vanish except 


for E,,=E,+bw; and then 


F rot , —2not 
esl Sifter 


aw y twt 
= cea 


w 


w > 


H=SH! 


We here make the assumption that the 
relaxation behaviour of ¢,,,(t) can be des- 
cribed in terms of one relaxation time as 
usual. Actually we assume that ¢,,, (t) tends 


to zero as ¢ tends to infinity : 


Pin (QZ vet (te). (8) 


Comparing Eq. (8) with (7), we can 
determine ¢ and a; and we can then have 
the concrete asymptotic expression of ¢,,,, (t). 
By substituting this in the formula (5) we 


can have the expression of conductivity as 
follows ; 


o= {b<j,2>}? 


a {zkT S} Se Las a [ fas 1p as A a 0 (w) : “ai 
w 9 


Basing upon this formula, we can calculate 
the electrical conductivity of different kind 
of different systems. 

We express our cordial th-nks to Pro- 
fessor K. Ariyama, Dr. S. Nakajima and 


oo 


~ 
_> 
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other colleagues of this Institute for their 
kind interests and discussions. We wish also 
to extend our sincere thanks to Professors 
R. Kubo and R. P. Feynman who enlighten- 
ed us very much. 


1) H. Nakano, Busseiron Kenkyu 84 (1955), 25 
(in Japanese) ; ibid. 88 (1955), 53; S. Nakajima, 
ibid. 88 (1955), 45. 

2) R. Kubo and K. Tomita, Journ. Phys. Soc. 
Jap. 9 (1954), 888. 

3) R. P. Feynman, discussions with us. He told 
that he had obtained the second expression in 
(5) by means of the similar method to us. 
This of course has quite the same content as 
the first expression we had obtained. 


Nature of Nuclear Force Indicated 
by the Photodisintegration of 
the Deuteron, I 


Shih-Hui Hsieh and Masami Nakagawa 


Physical Institute, Nagoya University, Nagoya 


November 8, 1955 


Recently many experiments to examine 
the polarization in p—p scattering have been 
done”, and the phase shifts at 213 Mev 
are obtained by Garren.” Hence it seems 
to be worth-while to see if these phase 
shifts can account for the photodisintegration 
of the deuteron. 

In the photodisintegration of the deu- 
teron, if we neglect the contribution from 
the D-state of the deuteron and waves with 
L>3, the possible transitions at energies 
below 140 Mev are” 


midis 9S, 1593: 1e.d.n *°S,—>'Po, “Pas Ps 


m.q.: °5,—>"P,, *P., 
e.q.: 95,-°S,+°D,, "Dy, °D;. 


Here m.d., e.d., m.q., and e.g. indicate the 
magnetic dipole, the electric dipole, the 
magnetic quadrupole, and the electric qua- 
drupole transitions respectively. These transi- 


tions depend on the wave function of the 


deuteron (U,) as the initial state. On the 
final states, m.d. depends chiefly on 0,°, and 
y1 


e.d. and m.q. depend chiefly on 0,°, 9, 
and 0,°. (Here the affix indicates the total 
angular momentum, and the sufix the 


Besides the 
magnetic cross sections depend on M™ (the 


orbital angular momentum.) 
exchange moment). Because, at energies 
below 140 Mev, the calculated e.g. cross 
section (o,,) is much smaller than the 
electric dipole cross section (o,.), we may 
say that the total cross section (a7) depends 
chiefly on U,, M™, 0,°, 0,°, 0,' and oy’. It 
is also easy to show that the isotropic part 
(o,») in the angulrr distribution also chiefly 
depends on U,, M™, GO. 10's Opandhane 
However 0,°, 0;°, 0;, and 0,° can be deter- 
mined from p-p scattering, if we neglect the 
waves with L>1. We considered if 0,°, 
0,°, 0) and 0,7 at 213 Mev chosen by 
Garren”) can account for the experimental 
op and o;, of the photodisintegration of the 
deuteron at 108.7 Mev (in the center of 
mass system). Some possible sets of phase 
shifts chosen by Garren” are listed in Table 
1. 0," is limited between 40° and —40° to 
account for the Coulomb interference at 
small angles. 

For the wave function of the deuteron, 


we used 


VS At r 


aides Sel 20 


and changed D, from 0 to 0.3/x, and also 


Vl 
- 
o 


-. 
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a and N to satisfy the effective range theory. 
(Here «=m,,c/h.) For the final states coz 
responding to m.d., e.d., and m.q., we used 
1§ and *P waves having the given phase 
shifts (See Table 1.) at all points. (We 
neglected the modification in the inner region 
where potential is acting.) This approxima- 
tion is very good for the case of e.d. and 
m.q. (because there is a factor r in the 
corresponding integrals,) and not so bad 
even for the case of m.d.” In the calcula- 
tion of e.d. and m.d., we included the series 
expansion of j,(k,r) up to the 2nd term, 
instead of only the Ist term in previous 
calculations®”? (The inclusion of the 2nd 
term makes the dipole cross sections increase 
by about 25%, but the 3rd and other terms 
hardly change the results.) 

The calculated o,” 
M™ is shown in Fig. 1. 
O, at this energy is about 5.8107 cm’, 


without including 


The experimental 


with experimental error of 10% or larger.” 
From Fig. 1 we see that for large 0,’ the 
calculated o» is too small, (In this case o,,,, 
is negligible.), and also that the variation 
due to D, is not appreciable. 0,’= —30°, 
——33° and —36° with D,~0.2/« area 
better set of choice. However the recent 
experiment of Rose suggests that the polari- 
zation is positive’, and therefore 0,°= 
— 36° with D,~0.2/« is the best choice. 
In this case 0,°=10°, 0,'= — 30°, 0,?>=10°, 
and oy, is about 90% of the seaienceelt 
value. 

A similar conclusion was obtained in 
Without including 
M™ and the D-state of the deuteron, we 
obtained 50~60% 


value for 0,’=—30°, 


the calculation on o;,,, 


of the experimental 
2-33 opmees Gn 
and D,~0.2/«. For orher cases o,, is much 
smaller. (About this point we shall explain 
in a forthco ning paper.) The inclusion of 


M™ and the D-state of the deuteron tends 
to increase the isotropic part, but, generally 
speaking, the inclusion of the D-state of the 
deuteron does not appreciably change o,'. 
Therefore it seems to be that 0,’= —36°, 
6,°=10°, 0,;=—30° and 6°=10° better 
explain the experimental values at 213 Mev. 

Calculation referring to a more recent 
analysis on the phase shifts of p—p scat- 
tering’” is being made, and similar results 
are being obtained. Calculation including 
the D-state of the deuteron will be done 
in near future. More detailed explanation 


will be published in due time. 


0.3/« 
Fig. 1. 


written above are values of 6°. 


or as functions of d)° and Dy. Figures 


~—— indicates the case when the polarization is 
negative, 

teeees indicates the case when the polarization is 
Positive. 
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Rev. 92 (1953), 213. 

3) W. Rarita and J. Schwinger, Phys. Rev. 59 
(1941), 556; N. Austern, Phys. Rev. 85(1951), 
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283. 
4) Wave functions of the deuteron of both Hulthén 
potential and B. W. potential can be expressed 


by (1). See K. A. Brueckner and K. M. 
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5) If we connect the outer wave of !§ with the 
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Table 1. Phase shifts 6,7 chosen to account for 
p-p scattering at 213 Mev(L.S.) The last column 
gives 7=[k? o (k 0)/sin 20) P(é 6) at 27° in L. S) 


6;7 60° 0 


10 —30 10 36 0.249 


Mass Reversal and Space-Time 
Inversions 


Satosi Watanabe 
Monterey, California, U. S. A. 


December 5, 1955 


A few remarks will be presented in 


connection with Ouchi-Senba-Y onezawa’s 


paper” 


a recent issue of this periodical. 


on mass-reversal which appeared in 


From a purely mathematical point of 
view of spinor analysis, inversion of each 
coordinate x, (fs=1, 2, 3, 0) corresponds to 
(or only by 7, 


according to another assumption) of a spinor. 


multiplication by 7;jy 


Hence, the total space-and-time inversion 
(in either case) corresponds to multiplica- 
tion by 7; This is, as far as the spinor 
transformation is concerned, identical with 
the transformation considered under the name 
of mass-reversal. Thus, the column under 
M, on the Table of O-S-Y’s paper is iden- 
tical with the transformation rule (which 


ay 


class”) given under the 


determines the 
heading ‘“‘cnumber theory” in Table VI 
of Part I of the author’s previous paper”. 
See also Formula (2-43) of Part II.” The 
column under M, in O-S-Y’s table can readily 
be obtained by combining Table VI, Part 
I with Table IV, Part II. 


is of some interest to note that the same 


Incidentally, it 


classification reappears in the discussion of 
the Yang-Tiomno type nucleon-lepton inter- 
action Geen Lable WV les bart, Lge 


The reason why the transformation : 
P(r, thor (—T, ee), (1) 
and O-S-Y’s transformation : 


f(r, t) 7 (hs on m—>—m, (2) 
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do not lead to the same conclusion lies es- 
sentially in the fact that in point of view 
(1) the sign-change of the source due to 
the ¢/-field is automatically compensated by 
the sign-change of the coupling term due 
to the interacting field. The consistent 
interpretation of (1) in quantized field theory 
is obtained by the product of three trans- 
formations considered in Part II, namely, 
time-reversal, space-inversion and charge con- 
jugation. The transformation rule thus 
obtained of tensorial quantities is exactly 
opposite to the M,-transformation rule. 
Similarly, the space-and-time inversion 
without charge conjugation leads to the rule 
given under the heading ‘‘ q-number theory ” 
in Table VI, Part I which is the exact 
opposite of the M,-rule. 

In any event, it should be pointed out 
that O-S-Y’s selective prescription of mixture 
is by no means conclusive for the following 
reason. O-S-Y’s theory involves a change 
If such a 


sign-change is in principle permissible, then 


of sign of a natural constant. 


there is no reason whatsoever to preclude 
the sign-change of some other natural cons- 
tants, in particular, some of the interaction 
constants. One can then very well allow 
mixture of one of the (V, PV)-group with 
one of the (S, PS, T, PT)-group simply 
assigning opposite rules of sign-change to the 
_ interaction constants of the different groups. 
Conversely, if O-S-Y’s rule proves to hold 
for all the possible interactions, that will 
merely show that all the interaction cons- 
tants happen to belong to the same trans- 
On the other hand, O-S- 
Y’s rule can be easily incorporated in the 
space-time interpretation (1) by assigning 
different transformation rules to the interac- 


formation rule. 


tion constants belonging to different “‘classes.”” 


If we once permit sign-changes of natural 


constants, we can formulate time-reversal and 
space-and-time inversion in the quantized 
field theory in a different way from the 
usual formulation explained in Part Il.” For 


time-reversal, we can adopt 


t>—t, m>—m, ho>-h, 


(3) 


i) Urey t) Ts F4 i (r, —t), 
and for space-and-time inversion 


r>—r, t>—t, m>—m, h>—h, 


(4) 


(ir, Dre l(—r —t- 


These transformations (3) and (4) have at 
least two advantages over the customary 
formulation of time-reversal and space-and- 
time inversion. First, they lead to trans- 
formation of state vector Y(t) into unitary 
transforms of Y(—+f), and not into unitary 
transforms of the complex conjugate of Y 
(—+#), as.is the case in the usual formalism. 
The latter feature of the customary theory, 
as is well-known, causes a great deal of 
complication. Second, the transformation 
rules of spinors involved in (3) and (4) 
are exactly the same as what the straight- 
forward mathematical definition of spinors 
prescribes. In the usual formalism, one has 
to apply charge conjugation on the spinor 
transformations of (3) and (4) to get time- 
reversal and space-and-time inversion. Trans- 
formations similar to (3) and (4) can be 
devised also for boson fields. 

It is true that the product of transfor- 
mations (2) and (3) and the product of 
transformations (2) and (4) can be used 
respectively for time-reversal and space-and- . 
time inversion. But, these do not have the 
second of the two advantages mentioned 
above. 

The product of transformation (1), 


which is space-and-time inversion plus charge- 
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conjugation, with transformation (4), which 
is an alternative formulation of space-and- 
time inversion, can be considered as an 
alternative formulation of charge conjugation. 
This however involves transformation of 
state vector Y(t) into a unitary transform 
of /*(t). 

The underlying fact is that the trans- 


formation : 
m—>—m, h>—h 
(r, NZ", HZ 6) 
=~ (r, 1)C, F(Z? * (t) 


is an identical transformation as far as its 
physical content is concerned. The symbols 
g* and C are used in the same meanings 
as in Eq. (2:54) of Part II. The trans- 


formation given in (5) is actually equivalent 


to substitution of i= SI explicitly ap- 
pearing in operators bya, 

Generally speaking, one can distinguish 
two categories among the ordinary symmetry 
transformations. One of them does not 
require any change in argument variables. 
An illustration is charge-conjugation in which 
the coordinate variables remain unchanged. 
The interaction constant e need not change 


its sign either, since the sign-change of the 


_ sourse 1s compensated by the sign-change of 
To the other’ 


the electromagnetic field. 
category belong space-inversion, time-reversal 
and space-and-time-inversion which require 
change of sign of coordinate variables. From 
this point of view, it seems more natural 
to classify transformation (2) considered by 
O-S-Y as belonging to the second category, 
i.e., to consider the intrinsic mass as a 
dynamical variable. This does not necessarily 
mean that any theory which considers the 
mass as a variable and which can give a 


consistent interpretation to transformation (2) 


leads to O-S-Y’s selective prescription of 
mixture. The simplest example of such a 
theory is the one which regards the mass 
as the canonical conjugate of the fifth coord- 
inate and which interprets (2) as the invers- 


ion of the fifth axis. 
previously considered by the author” and 


Such a theory was 


was shown to allow those mixtures forbidden 
by O-S-Y’s theory.” This is because a 
compensation of sign-changes automatically 
takes place. 

Nevertheless, it is worthwhile to attempt 
to construct a theory in which natural con- 
stants become variables, since such a theory 
may give a natural interpretation to the 
various transformations considered in this 
communication and also reveal a hidden 
relationship between natural constants and the 
geometrical continuum underlying physical 
laws. 

1) Ouchi, Senba and Yonezawa, Prog. Theor. Phys. 
14 (1955), 172. 
Other references on the same subject are cited 
in O-S-Y’s paper. 
Some of the results accredited in the present 


communication to O-S-Y may also be found 
in earlier papers. 

2) S. Watanabe, Rev. Mod. Phys. 27 (1955), 26, 
40. 

3) S. Watanabe, Sci. Pap. I. P. C. R. 39 (1941), 
157, 42 (1944), 1. 

4) S. Watanabe, Phys. Rev. 74 (1948), 1864. 


Remarks on Heisenberg’s Non- 
Linear Field Theory 


Hideji Kita 
Department of Physics, Kyoto University, Kyoto 


December 8, 1955 


The purpose of this note is to show 


oe 
oe eey 
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an objection against the arguments of inner 
consistency at a new attempt proposed recently 
by Heisenberg.” 

Before entering into this argument it 
will be appropriate to summarize first the 
essential feature of Heisenberg’s theory so 
far as cencerned with our problem of con- 
sistency. One of the main intentions in 
Heisenberg’s programme for quantizing non- 
linear wave equation is to give the com- 
mutation function the same properties as 
those which the propagation function of the 
corresponding non-linear c-number wave equa- 
tion has. As was shown in II, the latter 
function vanishes in the space-like region 
and oscillates infinitely rapidly near the light 
cone but does not show 0(x,”)- and 0’ (x,”)- 
type singularities, which appear usually in 
the ordinary quantum field theory. In order 
that commutation function can have these 
properties, Heisenberg introduced the ficti- 
tious and symbolic ‘‘ Hilbert space Il” and 
assumed that the commutation function is 
the sum over all contributions from various 
mass states belonging to Hilbert space I, 
each contribution being the ordinary S-func- 
tion associated with its corresponding mass 
subtracted by 0- and 0’-singularities on the 
light cone by virtue of contributions from 
“ Hilbert space IL’. Then, from his axioms 
concerning “ Hilbert space II”’, the vacuum 
expectation value of the time-ordered operator 
T (4 (x) 9h" (y)) behaves, in the approxima- 
tion in which only the contribution from 
one fermion state with the lowest mass K 


is taken into account, like 
<L|T (P(X) $* (y)) |2 > =S,(x—-9) /2~ 
ir («*/87) Tu (%i—yy)/ (x,— yy)? 


at large distances. The inclusion of other 


mass states can only change the value of 


constant factor, but the reality of this cons- 
tant factor must remain unchanged. The 
exact form of S,-function is considered as 
obtained by raising the order of N-approxi- 
mation’ succesively, though it is still unclear 
whether this procedure converges or not. 
Now, in order to look up the problem 
of consistency of this procedure of quantiza- 
tion, it is most important, as was stated in 
III, to examine whether the equation for 
S,-function derived from the field equation 
itself has a solution that behaves like 


: 
kK phe < 

—Z tye at large distances. So 
47 


the author repeated the derivation of the 


equation for S,; in N=4 approximation 
according to the prescription stated in III 
and found that in the simultaneous equations 
III (159) and (160) the latter had a 
wrongsign. The correct equations in the 
approximation under consideration are the 


following: | 
(—1/2)7, 9Sp(—z) /8%,= —Po (2) 
Oo (2) /0%-Ty 

= —?/8[S,(—2z) spur (Sp (z)Sp(—2) 
— (Sp (—2)Ss(2)Sx(—2)] 


where 43 (2) =< LIT (Ya (x) $s ($f () 
$5 (2) |2> 


the vacuum state and ¢)*==9)*7,. The origin 


(1) 


and z=y—x, and 2 means 


which induced the wrong sign in the eq. 
III (160) is found in the use of the 
incorrect equation, 


O9* (y) /OyyMu=—E (Pt (y) Py) ) O* () 


instead of the correct epuation 

OP" (y) Py T= +P (VO) ) $7 O) 
(2) 

adjoint to the original field equation 


Tn 99° (y) /Py,=—P ly) (* YH ()). 
(3) 
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Now from the simultaneous equations (1) 
the value of Z turns out to be pure imagi- 
Hays, £2 1,67): 


in contradiction with the assumption taken 


This consequence is 


at the beginning, because the appearance of 
the term — (x*/47)-7, x,/xy with real 
constant factor Z in S, has its origin in 
the very elimination of 0(x,”)- and 0” (x,”)- 
singularities from the ordinary S-function 
and because this elimination is the essential 
point in Heisenberg’s programme of the 
quantization of the non-linear equation G3). 
It can also be ascertained that such con- 
tradiction can not be removed by taking 
other coupling type than scalar coupling, 
namely, vector-, tensor-, pseudoscalar-, pseudo- 
vector or- pseudotensor-coupling. It seems 
to the author that such contradiction shows 
the inconsistency of Heisenberg’s formalism, 
including the approximative nature of the 
way of construction of the theory. 

The problem of consistency can also 
te seen from the more general viewpoint. 
The Fourier-transform of S, in III in the 


lowest mass approximation is 


ad y) 4 
lim Zo Vy Pu 
=H. 2| Cpa pew) 


oy iK® | 
(p’—id) (p+ —i0) 


This can also be expressed as the sum of 


two terms, 


ey afin lins 2| ( ats) ci 
m 


+d 
6>+0 m2>0 90) 


oes Ke 7p vi iK | 
+( m area p—id 


A lim 2] etic | 


6>+0 ptKe—id 


the first of which corresponds to a massless 


dipole state?’ associated with negative proba- 


bility. The essential difference between the 
regulator theory” and (4) is that in the 
former auxiliary masses are led to tend to 
infinity at the end, whereas in the latter the 
mass of ghost is zero and this ghost is intimate- 
ly connected with the ‘photon solution”’.” 
At any rate the existence of ghost states 
will bring negative probability, non-hermiti- 
city or non-unitarity into the theory, and there 
will appear some inconsistency somewhere 
in Heisenberg’s theory. Actually, as stated 
above, inconsistency manifests itself in that 
the equation of S, derived from field equa- 
tion has not a solution having properties 
assumed at the very beginning. 

It may be possible, however, to remove 
these dif: ties by changing the method 
of approximation or by introducing some 
new variables into the theory. 

In conclusion the author expresses his 
sincere thanks to Professor H. Yukawa and 


the members of his seminar for their kind 


discussions. 


1) W. Heisenberg, Nachr. d. Gott. Akad. d. Wis- 
sensch. (1953) 111 (1) 

W. Heisenberg, Z. Naturforschg. 9a (1954), 
292 (II). 

W. Heisenberg, F. Kortel und H. Mitter, Z. 
Naturforschg. 10a (1955), 425 (di). 

2) I have heard from Dr. N. Fukuda and Dr. H. 
Umezawa that Professor W. Pauli used at Pisa 
Conference (1955) the term “ dipole-ghost ” in 
his critique of Heisenberg’s theory. I suppose 
that the meaning of Pauli’s statement would be 
such as that shown here. 

3) W. Pauli and F. Villars, Rev. Mod. Phys. 21 
(1949), 434. 
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It was already shown by two of the 
authors that the negative phase shift in 
triplet P-state at energies lower than 4 Mev 
could be accounted for quantitatively by the 
outer potential derived from the pion theory’’. 
This success made more attention of people 
focus on this pion theoretical potential. In 
’ fact, the Japanese research group for nuclear 
forces has been doing a series of works for 
a long time along the idea that the present 
pion theory would be reliable in deriving the 
form of nuclear forces only when two nucleons 
are distant apart, while the inner potential 
would be of more complicated nature and 
beyond the range of validity of the present 
theory.” 

Furthermore, the potential at long dis- 
tances is expected to be due mainly to the 
exchange of one pion between two nucleons 
and thus has the unit range, which we 
shall adopt as a unit of length throughout 
this letter. Other processes in which two 
or more pions are exchanged will contribute 
to the potentials with the range a half or 
shorter, so that they will be negligible at 
longer distances than about 1.5 unit com- 
pared with the one-pion-exchange potential. 


This one-pion-exchange potential includ- 


ing all radiative corrections can be shown 
to coincide at long distances with that ob- 
tained by the lowest perturbation, provided 
that the coupling constant and masses of 
nucleon and pion are replaced by their 
renormalized values”. Therefore, the Ps (py) 
theory gives the one-pion-exchange potential 


at long distances in the static limit as 


Pent 


V(x) en 5 aes pe} (<O; 7 om) +58, 


47 


x(14+3 +2) 


where gy, is the renormalized coupling cons- 
tant and ys is the pion mass. The same 
expression holds in the case of Ps(ps) 
by G?(u/2M)’, 


G, being the renormalized coupling constant 


theory by replacing 4,” 


and M the mass of nucleon. 

It is highly desirable to determine the 
value of the renormalized coupling constant 
of this one-pion-exchange potential, a brief 


report of which is the content of this letter. 


1) Deuteron problem 


We solve the Schrédinger wave equa- 
tion for the deuteron ground state with the 
one-pion-exchange potential, starting from the 
well-known asymptotic forms and proceeding 
inward up to x=1, taking the mixing ratio 
of S to D waves in their asymptotic forms as 
an adjustable parameter. In the inner region 
1>x->0, we do not solve the Schrédinger 
equation, since the potential in this region 
is unknown. — Instead, we assume various 
forms of functions without nodes that vanish 
at the origin and join at x=1 smoothly to 
We seek for the 
inner wave functions that give a fit to the 
experimental values of the effective range *y, 
and the quadrupole moment Q for an assum- 


ed value of g°,/47 of the one-pion-exchange 


the outer wave functions. 
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potential in the outer region x> 1. If we can 
find no such inner functions, we can reject 
this value for g,°/47. The D-state pro- 
bability Pp, whose reasonable value is sup- 
posed to lie between 0 and 15%, gives 
If we would 


find, in this way, no values of g,°/47 that 


another check of the potential. 


could give a good fit, then the symmetrical 
pseudoscalar pion theory of nuclear forces 
would be concluded to be hopeless. 

However, this is not the actual case. 
We can find wave functions of the deuteron 
ground state which reproduce the experimental 
data if and only if g,°/47=0.075 40.010. 
The details of the inner wave functions have 
little influence on determining the value of 
g,°/4%, provided they are so chosen as ex- 
plained above. 

When g,?/47 is larger, wave functions 
which give correct values for y, show too 
large Q. For example, in the case of 9, /47 
B=0,10,.0 15°35,% larger than the correct 
value. On the other hand, when g,°/47 
is smaller, wave functions that are smooth 
at x==1 and vanish at the origin have too 
small *r, and too small Q. 

A possible correction to the outer wave 
functions is estimated, which may come 
from the two-pion-exchange potentials. Even 
if the correction is as large as that derived 
by the perturbation method (TMO poten- 
tial)”, the coupling constant J, [4% =0.080 
+0.010 is found to give correct deuteron 
wave functions. 

Thus we can conclude the value of 
the coupling constant g,° (42 =0.075 + 0.015 


from the deuteron problem. 


2) Low energy parameters in the singlet even 
state 
We investigate the wave function of 


the singlet even state at zero energy, assum- 


ing the one-pion-exchange potential in the 
We solve the Schrodinger 


equation starting from the outside and get 


region x> 1. 


wave functions with the asymptotic form of 
(1—(r/a)), the scattering length a being 
from —20 to —15X10-“cm (estimated 
lower and upper limits from the experi- 
ments on p-p scattering). 

When the one-pion-exchange potential 
in the outer region x>1 is too weak, we 
get wave functions which give too small 


effective range : 


re compared with the ex- 
perimental value 2.65 0,07 5410; = cnngot 
the p-p system. The two-pion-exchange 
potential of the perturbation theory is attrac- 
tive and large in the outer region 1.5>%x 
>1”, and has a trend to give wave func- 
tions that have large 'r,. 

However, even if we take into account 
this possible correction to the wave functions, 
we can say that the one-pion-exchange poten- 
tial with g’r/4m smaller than 0.07 yields 
'y smaller than the experimental value, hence 
it is to be rejected. We can also infer that 
a hard core like repulsion with the radius 
at least 0.20 is required to reproduce the 
experimental value of 'y,, even if we assume 
the one-pion-exchange potential with g, /47 
as large as 0.09. 


Thus we can conclude 
9g, /47 = 0.080 + 0.010. 


Recently, Chew proposed 9°/47 = 0.081 
from the analysis of pion reactions,” in good 
agreement with our result. 

More detailed discussion will be publi- 
shed soon in this journal. 

We wish to express our cordial thanks 
to the members of the research group of 
nuclear forces for their stimulating discussion 
and wise criticism. We are also indebted 


to Profs. M. Kobayasi, K. Sakuma and our 
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a colleagues for ithelt encouragement. Sasaki, Prog. Theor; Phys. 6 (1951), 581. 
Raper Ba 3) K. Hiida, J. Iwadare and Ss. eta Pog 
ft He Sia , Theor. Phys. to be published. 
Pi e ART pee ee : 4) M. 'Taleetant S. Machida and S. Onuma,, Prog. 
z me HS S. Otsuki and R. Tamagaki, Prog. Theor. Phys. Theor. Phys. 7 (1952), 45. at 
Fes ae 12 (1954), 806L; 14 (1955), 52. 5) G. F. Chew, Proceedings of the Fifth Potent 
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A scheme was proposed for the whole evolutionary process of celestial objects and the observa- 


tional characteristics between two populations, Populations I and H, are discussed in some detail. It 


is suggested that these characteristics can be accounted for by the present scheme. 


§1. Introduction and summary 


In 1944 W. Baade” announced the existence of two populations, Populations I and 


II, among celestial objects. According to recent views the differences in characteristics bet- 


ween two populations are summarized as follows : 


i. The distributions of two populations on the Herzsprung-Russell diagram or color-magni- 
tude diagram. 
ii. The distributions in space. 


iii. The high-velocity stars belong to Population I, while the low-velocity stars to Popu- 


lation I. 
iv. Spectroscopic difference between two populations. 


These differences between two populations received a more definite support by recent 
of stars in globular and galactic clusters. It 


accurate determinations of color and magnitude 
seems very certain that the two populations are made up of fundamentally different kinds 


ne 
*) Most of the content of this paper was read at the symp 
1955, at the Research Institute for Fundamental Physics, Kyoto University. 


osium on Nuclear Astrophysics held in 


: February, 
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of stars and it has been made clear that these differences in characteristics between two 
populations cannot be accounted for by a simple evolutionary process of stars. Models with 
composite structures have been applied to explain the evolutionary track for Population II 
stars’. The evolution of Population I stars has also been investigated by several authors”. 

The whole evolutionary process including the stars of Populations I and II and the 
interstellar gas has been suggested by Schwarzschild and Spitzer’. They attributed the 
difference in the abundances of metallic elements in the stars of two populations to the 
nuclear reaction which took place in the Population II stars in the very early stage of the 


universe. 


ie fe ee eis 9 a see Le fe 8 It is the purpose of the 


Saad esse present paper to extend their 


idea and propose the evolutionary 
Proto-galaxy Proto-galaxy 


Interstellar Matter | | Original Main-Sequence 


Gravitational Contraction 
Synthesis of Elements scheme we wish to explain the 


Collapsing 
Stars 
Ejection of 
Elements 


>| Interstellar 
iM Matter 


| Interstellar Matter Pop. IL Stars Pop. I Stars 


Fig. 1. Evoluticnary scheme 


scheme as shown in Fig. 1 


which is now going on conti- 


nuously in the universe. In this 


differences between the charac- 


teristics of stars belonging to 


the two different populations. 


Numerical calculations for suc- 


cessive stages are now in pro- 


gress and will be published in 


subsequent papets. The general 


outline and the qualitative 


discussion of our scheme will be the subject of the present paper. 


§ 2. Stellar evolution and stellar populations 


In its early stages in our universe, numberless spherical clouds of turbulent gas and 
dust have been separated and condensed from the primordial gas which consists of original 
elements. In these proto-galaxies less massive primordial clouds of turbulent gas and dust 
have again been separated and clusters or groups of stars have been condensed from their 
relatively dense clouds. 

In earlier stages the temperature of central region of such a star undergoing pure 
Kelvin contraction is not high enough for any nuclear process to take place. The star 
then continues to contract by releasing the gravitational energy in the form of radiation 
from the surface, and then the central temperature continues to rise. During this stage 
nuclear species lighter than C' are destroyed by thermonuclear reactions with hydrogen 
resulting in the formation of He* and He! with a considerable telease of energy if original 
elements in our universe contained an appreciable amount of Boch elements”. A rough 
estimate shows, however, that these reactions do not alter the time scale of the contracting 
stage appreciably. In later stages of the contraction, the temperature of the central region 
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becomes high enough to convert hydrogen into helium, namely by pp or CN reactions 
which take place stationary. Various characteristics of the star in this apparent stationary 
stage are uniquely fixed by its original chemical composition and mass. The original chemical 
composition is common in the present case and a star of a given mass represents a definite 
point in the H-R diagram. This is the original main-sequence. The time ¢, necessary 
for a star to reach this stage of its evolution strongly depends on its mass and is ex- 
ceedingly short compared with the time scale of the universe (5 or 6 billion years) for 
stars of large masses. 

We next consider the subsequent evolutionary process of the original main-sequence 
star which is characterized with its mass and original chemical composition. As the 
hydrogen in its central region becomes converted into helium, the chemical composition will 
be altered. If there is no appreciable mixing between the central region and the outer 
envelope, the inhomogeneity of the chemical composition will be set up. On the other 
hand if there is much mixing, such a difference of the composition will be destroyed and 
the chemical composition remains homogeneous. Theoretical studies suggest that the star 

of the mass less than twice the solar mass is very unlikely to mix its whole mass, but 
instead develops itself into a non-homogeneous structure”. Hence hydrogen in the core 
is gradually transformed into helium, but outside the core the material retains in its original 
composition. After all the hydrogen in the core has been used up, the energy generating 
zone moves outwards and the size of the helium core grows gradually. 

The evolutionary sequence of models with exhausted hydrogen core was computed by 

various authors?®, Sandage and Schwarzschild®, and more recently Hoyle and Schwarzs- 


child? have shown that at this later stage the helium core starts to contract by releasing 


the gravitational energy and at the same time by increasing its temperature to such a high 


value as 10°°K. At this stage of evolution it was suggested by Salpeter and Opik” that 
helium can be converted into carbon supplying a new source of energy. The rate of this 
reaction was found to be faster by a factor of 10° than that given by Salpeter as will be 
). As the energy yield from this process is, however, 


published in our subsequent paper”. 
only about one-tenth of the energy yielded by the conversion of hydrogen into helium, after 


y short time helium must become exhausted and perhaps the more and more rapid 
contraction of the core will result in the higher temperature of the core to start further 


nuclear reactions involving carbon. It will be also shown that at a little higher temperature 
synthesis of heavier elements are possible in its deep interior 


a ver 


nuclear reactions involving 
of increasing temperature and density of the contracting star”, : 

We assume with Hoyle” that, after further contraction of the star along the horizontal 
branch across the main-sequence in the H-R diagram, the star collapses into a white dwarf 


hedding matter as a supernova or a nova of an other collapsing star. Hoyle has 


perhaps s 
discussed in detail the processes of nuclear synthesis at this collapsing stage under a rather 


It seems interesting to rediscuss these processes by using more recent 


_ arbitrary condition. . ; 
ompare them with similar processes which take place in the 


nuclear data’? and also to ¢ 
course of stellar contraction. 


The time necessary for the stars of various masses to evolve into this collapsing stage 
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is roughly proportional to their mass-to-luminosity ratio at their main-sequence stage. Again 
the time is very short compared with the time scale of the universe for stars of large masses 
and at the present time there exists no original main-sequence star of the mass larger than 1.2 
‘solar mass. The original main-sequence stars now existing are those which are less massive 
than 1.2 solar mass and presumably non-mixing. We assume that they are stars of Popula- 
tion IL. 

More massive stars of original main-sequence had evolved to their collapsing stage and 
ejected most of their material into surrounding space in the very early stage of the universe. 

By this scattering process heavy elements generated in the preceding stage mixed with 
the original interstellar matter (which has nearly negligible contents of heavy elements and 
composed mainly of hydrogen). The clouds of this material again condensed to the stars 
of main-sequence. We assume these stars as those of Population I. Again massive stars 
repeat the same type of stellar evolution, namely the development of helium core, synthesis 
of heavy elements, explosion and shedding of material into interstellar space in a relatively 
short period of time. Therefore massive stars may have repeated this cycle over and over 
again. Hot and massive stars now existing (in our neighbor) must be such stars of 
Population I which have recently condensed from the cloud of gas and dust after several 


such cycles. 


§ 3. Discussion 


We will now discuss whether or not the characteristics of two populations mentioned 
in section I can be explained by the evolutionary sequence proposed in the preceding section. 

i) Distributions of stars in H-R diagram 

The significant features of the differences between the H-R diagrams for two popula- 
tions are: (1) the absence of the main sequence brighter than M,,—= + 3.5 in Population 
II and the absence of a horizontal giant branch in Population I, (2) the difference in the 
red giant sequences between two Populations: namely the giants of Population II differ from 
those in Population I by being generally 2 or 3 magnitude brighter than the latter. It 
is obvious from our assumption for Population II that there exist no bright main sequence. 

Bright main-sequence stars of Population II have evolved to their collapsing stage in 
the early stage of the universe. In this connection, it is interesting to note that the 
horizontal branch is, by consideration of the evolutionary history of the M 3 stars, believed 
to be composed of stars of about 1.2 solar mass. The available evidence also suggests that 
stars settle down as stars in regions near the left hand side of the horizontal branch in 
the H-R diagram after reaching collapsing stars—the novae and supernovae in_ particular. 
As to the magnitude difference between the giant sequences of two populations, Hoyle and 
Schwarzschild”) have shown that it is due to surface conditions that differ because of the 
different contents of metals in Populations I and II. So in this connection we need only 
to discuss the difference in chemical abundances. 


i) Difference in chemical abundances 


It 13 generally believed that a low abundance of metals in Population II stars is res- 
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ponsible for the spectroscopic peculiarities of high-velocity stars. The metallic lines are 
again much too weak in comparison with hydrogen lines. These spectroscopic peculiarities 
could be interpreted as a large deficiency in the abundance of metals, the deficiency factor 
being of the order of 10. According to our evolutionary scheme, heavy elements are 
generated and scattered into space by stars of Population II and old Population I stars of 
large masses which have already reached their collapsing stage. The enrichment in this way 
of the heavy element component of interstellar gas could mean that, even if the metallic 
content of the original main-sequence stars were negligibly small, subsequent galactic cloud 
from which stars of Population I had condensed would have to contain a considerable 


amount of heavy elements ejected from the previous massive stars. 


iii) Space distributions and velocities 


The stars of Population I have low random velocities relative to the Sun and 
move in nearly circular orbits about the galactic centre and concentrated toward the galactic 
plane forming a disk-shaped flat system. The situation is believed to be typical of all 
spiral nebulae. While the stars of Population II, including globular clusters, which are 
much less concentrated towards the galactic plane and form an extensive spherical halo of 
stars around the galaxy have generally highly elliptical orbits about the galactic centre pas- 
sing near or even within the nuclear region of the galaxy. 

According to our evolutionary scheme, the systems of Population II stars which were 
formed in the very early stage of the galaxy are believed to retain the roughly spherical 
shapes of the proto-galaxies. A small fraction of the primordial clouds, within which the 
original main-sequence stars are condensed, now retain their original shapes as globular 
clusters and the remainders now exist as the spherically shaped halo of Population II stars 
including high-velocity stars and cluster type variables. In the course of evolution, a con- 
siderable fraction of these original stars are of course captured into the galactic centre 
forming a relatively dense galactic nucleus of Population II stars. 

Of these original stars of Population II, massive stars have collapsed in the early stage 
of the galaxy ejecting most of their material as described in the preceding section. The eject- 
ed material is believed to be trapped into the dense galactic plane together with the remain- 
ing original interstellar material which had not condensed into original main-sequence stars 
within clusters. The galactic rotation prevented these ejected material to be captured into 
the galactic nucleus. Stars of Population I have been condensed within this mixed material 
and thus formed a disk-shaped flat system of stars. Low random velocities and nearly 
circular orbits about the galactic centre of Population I stars are obviously understood from 
our evolutionary scheme described above. 

It is also evident why Population I stars are associated with dust, while dust is scarce 
or absent in globular clusters. Recently, von Weizsacker have discussed the origin of galactic 
rotaton, the evolution of globular clusters and some related problems from the consideration 
of encounters of turbulent eddies in the proto-galaxy'”. Our scheme of evolution is in 


general agreement with his theory in this phase. 
The authors wish to express their hearty thanks to Drs. H. Yukawa, S. Hayakawa, 
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S. Hayashi of Kyoto University and Dr. S. Nakamura of the University of Tokyo for 


their valuable discussions. 
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In the previous paper the conductivity of non-polar crystals in the strong electrostatic field was 
computed by the kinetic-statistical method. The impact ionization process, however, was neglected 
there. In the present paper the effect of the impact ionization process is also considered and the theory 
is extended to the case, where the distribution function depends on the velocity and the space-coordinate 
of the particles. The theory is applied to “the.electron multiplication” in the p-n junction of Si, 
which was observed by McKay and McAfee. 


$1. Introduction 


In the previous paper,’ subsequently referred to as part I, the conductivity of non- 
polar crystals in the strong electrostatic field was computed by the kinetic-statistical method. 
Although the simplified model of the spherical energy surface was used, the results were 
in qualitative agreement with the observation of Ryder and Shockley. In the previous 
treatment, however, the impact ionization process was completely neglected, because the 
applied field was not strong enough to bring forth the above effect appreciably. Recently 
McKay and McAfee” have found the “ Electron Multiplication” phenomenon in the p-n 
junction of Si and Ge crystals. The theoretical explanation of the phenomenon was also 
given by McKay" and Wolff” by applying the method developed in the field of the gas- 
discharge. Therefore, we shall extend our previous theory with the intention of treating 
the electron multiplication process along the general line of the quantum theory of ‘solids. 
Since the rigorous treatment of the elementary processes in solids is very complicated, we 


must at present content ourselves with rather crude approximations. Thus, our theoretical 


results are only qualitative. 


§ 2. Bloch equation without space-coordinates 


We shall concern ourselves with the problem of the behaviour of electrons as they 
move in the pure non-polar insulator under very strong electrostatic field. The conduction 
electrons are assumed to obey the Maxwell-Boltzmann statistics, because their density is very 


small. We also assume for simplicity that an energy contour forms a sphere in the wave 


number space. 
E=f? K?/2m (1) 


As is well known, this assumption is not valid for Si and Ge, but we found in part 
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I that this assumption led to good results as far as we concern with qualitative affairs. 

Now, we shall write down the Bloch’s kinetic-statistical equation for the electron dis- 
tribution function, which is at first assumed to be independent of space coordinates. Later 
on we shall consider the distribution function which depends upon space-coordinates. In this 
section we also neglect the motion of positive holes. The equation has to be considered 
in two regions in the energy space, the region A below the ionization energy E, and the 
region B above it. 

(1) We shall begin with the region A. We expand the distribution function of con- 


duction electrons in a series of Legendre polynomials : 


fk) =f.(E) +k. G(E) (2) 


The stationary condition is given by ; 


(9¢/94]=[9f/9¢] e+ [Of/9t]-=0. (3) 


In part I we have derived the equations ; 


(E+Pk, T)d? f,/dE? + (E/ky T+2+Ph, T/E)df,/dE+ (2/kT)fp=0 (4) 


and 
g= {hle F/(1+R) ¥ 2mE} df,/dE, (5) 
where P is defined by P=p/(1+R). The small p is defined by 
p=P(1+R) = (e Fl)*/6mu? ky T. (6) 


Other notations should be understood as : 


k: the wave number vector of conduction electrons, 
K: the magnitude of the vector k, 
K,: its component in the field direction, 
{: mean free path of conduction electrons in weak field, 
m: mass of the conduction electron, 
u,: velocity of the sound wave, 
W,: frequency of the optical vibration, 
C: an energy parameter describing the coupling between the electron and acoustical 
lattice vibration, 
D: an energy paramete: describing the coupling between the electron and optical 
lattice vibration, 
@: the first non-vanishing reciprocal vector of the lattice, 


F: intensity of the external field, (average value at the p—n junction) 
T : temperature, 


> 
— 


Boltzmann’s constant, 


» 


the absolute value of the electronic charge 


and 


R= (D*/2C*) (2muy'/kT) (b'¢?/2m) (1/ba). (7) 


Cte 


A 
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With these definitions [Of/dt] is found to be ; 
[Of/dt|= {2 (2m)'?u,?/l ins E}d/dE [E°(df,/dE+fi/kT ) +PkTE-df,/dE]. (8)* 
Multiplying both sides of this equation by (42mV/h") (2mE)'dE and integrating over the 


momentum space we obtain : 


V/b \[Of/dt| dp.dp,dp.= (162m"u,V/Lh") \d/dE[E (df,/dE+fi/kT ) + Pk, TE: df,/dE|dE. 
(9) 


Since the left side of (9) must vanish in the equilibrium state, it becomes ; 
(167 m? u,2 V/lh*) [E° (dfo/dE+fo/koT ) 4- PR, TE -df,/dE |= —S), (10) 


where S, is an integral constant. The physical meaning of §, is the average number density 
of conduction electrons passing per unit time into the ionization region B. If we neglect 
the ionization process, we may take §, as zero, and then we obtain the distribution function 


f,(E) as in part 1; 
f(E) =N(E+PkT)” exp(—E/kT), (11) 

which is reduced to 
f(E) =Nexp {—E*/2P(hT)"} (12) 


in the case of the very strong field. In the present case, where the ionization process 1s 
our main interest, the evaluation of S, will be our main task. 

Let us now seek for the equation for f,(E), when the ionization process is predomi- 
nant. We shall denote the number density of conduction electrons by n and the number 
density of electrons jonized per unit time into the energy interval between E and E-+dE 
by nQ(E)dE. Besides Q(E) some valence electrons are ionized thermally into the conduc- 
tion band and at the same time some conduction electrons recombine with holes. However, 
we do not consider them explicitly, because these processes are not very important within 
the p-n junction under the experimental condition of McKay and McAfee. Taking account 
of Q(E) we obtain the following equations instead of (10). 


pee S| 2 ate E? | NCEE eerie 
Aon? ue VY (p24 Pk TE) 2 +f, |4 7 Gada 
eee long F AS ena 
and 
0) a. /2 Eo 
V\O@apdpdp.= sam Om) V \Q (aye de=28; (14) 


The factor 2 in (14) means that two slow conduction electrons appear after an ionization 
process. Here we must notice that these equations do not satisfy the conservation law of 


the S-current, because the absorption process (recombination of electrons and holes) is 


*) This expression is only allowable, when Q(E), the electron distribution created by the impact ioniza- 


tion, has the spherical symmetry in the k-space. The validity of this assumption is rather doubtful in the 


strong electric field. 
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neglected. In the following section, however, we shall introduce the distribution function 
which depends upon both energy and space coordinates of electrons, and we shall see there 
that the conservation law is fulfilled by the existence of the diffusion current. 
Now, the solution of (13) is given by ; 

fo’ (E) =exp {_ E?/2P(k,T)7} {C—l/ 4 (2m)"?2u,.° ky TP} 


x ja” exp {y?/2P (kT )*} dy Q(x) x dx], (15) 


0 


where C is an integral constant. If we denote the distribution function of the B-region 


by f,”(E), the constant C is determined by the condition f,*(E,) aay, (E,) as follows ; 
C=f,? (E,) exp {Ey /2P(kyT )*} +1/ {(2m)""2u.° ky TP} 


ko Cy 
x | 1/y) exp {y°/2P(hyI)*} dy\Q(x)x'" dx. (16) 


From (14) we have; 


rn 


jae x'dx=[25\h°/47 m (2m) "V|— kee) x "dx. (7) 


Inserting (16) and (17) into (15) we obtain ; 


fo (E) =exp {—E*/2P(k,T)*} | fo” (Ep) exp {Ey'/2P (kT) *} 


“Ko 
+ (b1S,/87m? u,2 k,TPV) | (1/y)exp {y'/2P(k,T)*} dy 
JK 


x (1—[4zm (2m)""7/2559]| OG) x! ‘dr) | ‘ (18) 


(2) Next we shall proceed to the region B. 


Heller” has computed the distribution function of electrons in this region with some as- 
sumptions about the cross-section of the impact ionization. He has found that the distribu- 
tion function decreases very rapidly with increasing energy owing to the large ionization loss. 
Unfortunately, we have no reliable knowledge about the ionization process in crystals, es- 
pecially under the strong electrostatic field, (we hope that we shall develop a more rigorous 
treatment in future), but if we estimate the cross-section of the impact ionization from the data 
of the secondary electron emission, we obtain a large cross-section. Thus we assume here 
that the probability of the impact ionization is larger than that of the lattice scattering, 
and the behaviours of the distribution function are mainly determined by the ionization loss 
(see appendix). Under these assumptions the approximate distribution function may be 


obtained by an elementary method. Now, we shall assume tentatively that the distribution 
function has the following form ; 


fo" (E) =U (E,/E)"” exp {—a(E—E,)}. (19) 


Then the average value of the energy of electrons in the B-region becomes, 


E 
2 
’ 
‘ 

es 
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B= lig” (HEE / |! (EYEE =E,+1/a, (20) 
a0 J Eo 


If we denote the mean collision time of the impact ionization by z<(E) and the mean 
drift velocity by v,, then the mean drift distance of an electron with energy E, is given 


by 


Thus the mean energy of electrons in the B-region is approximately given by ; 
E=E,+eFx =E,+eF vit. (21) 
Comparing (20) with (21) we find ; 
lja perk vz c.- (22) 


The quantity S, which is the current density in the wave-number space, has the value S, 
at the energy-sphere E,, and in the B-region it decreases to zero with extreme rapidity 


owing to the ionization loss. Using f,*(E) and 7, Sy is given by ; 


5,= (V/B)\ if (E)/=(ED\ dpe dey de 
= (4m (2m)'PV2/h'c) | (E/E) exp {—a(E—E,)} E'? dE. 


Thus, using (22) 9{ is determined .as follows ; 

= (BS, /42m (2m) '?V) (A/V eFE,'”). (23) 
(3) The number of disappeared electrons between E and E+dE per unit time is given 
by (n/<(E)) fr’ (ED E'"d E. 


If we adopt a further crude approximation that two electrons have approximately the same 
energy after the ionization collision, then the number of electrons which appear at the 


energy interval between (E—E,)/2 and (E 4dE—E,)/2 is given by; 
{2n/7(E)} fo” (E) E'MdE 
= {2nS,/c (E) vaeF} exp {—@ (E—E,)} aE. 
Changing the variable from E to E'= (E—F,)/2 and considering the definition of Q(E) 7 
we find ; 


E 
n|Q (x) x'Pdx= (8° /47m (2m)12V) (4nS,/va e F =) jexp (—2«E") dE! 
0 JI 


= (2nS,h°/4zm (2m)'"V) (1—exp {—2a@E} ). (24) 


Inserting (19); (23) and (24) into (18) fi4(E) becomes ; 


se : f P : i 
**) Strictly speaking, this assumption is not valid, because tne average drift velocity of electrons in 


B-region is not equal to va; which is the mean drift velocity of the total electrons. 
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fo4 (E) = (8°S,/4=m (2m) 7) exp {—E*/2P(kyT )*} 
x [(1/v9 ¢ F E,'”) exp {Ey /2P (kT) * 


a 


+ (I/ 2m)" TP) | a /E) exp {E?/2P(ksT)°} (1—exp {—2aE})dE], (25) 


while f,”(E) is rewritten as 
f2 (E) = (8 /42m(2m)"V) (S,/va e F E'”) exp {—a@ (E—E,)}. (26) 


Finally §, is determined by the normalization condition ; 


fo 


(4xm (2m) '?V/h*) \ fy(E) E'"dE=1. (27) 


v0 


§ 3. Bloch-equation with space-coordinates 


It has hitherto been assumed that the crystal has an infinite dimension. This assump- 
tion may lead to reasonable results, when phenomena do not depend on the crystal size as 
in the case of the ordinary ohmic conduction. The phenomenon of the current multiplica- 
tion in the p—n junction, however, depends explicitly on the dimension of the junction 
region. In order to treat such a problem we must use the distribution function TEs 
which depends both upon energy and a space coordinate x in the field direction. 


In this case Boltzmann’s equation becomes ; 


LOF/Otarice +LOF/ Pt ]cou = 0, (28) 
where 
—[9f/ 9 larie = (b/m)k,- Of/Ax— (eF/b) -Of/9k, (29) 
and 
f(k) =fo(E, x) +k.9(E, x). (30) 


In the classical treatment the generalization is attained only through the following replace- 
ment” ; 


24060 2: Og Lar Sog 
eF( 9+ — E—-~ )>eF | 9 +— E—-* — —_ 2 E-% 
( 3 =) ( 3 OE eho BG ox oe 


¢ Fu, (df/dE) —>e F v,{ of LC _ Bay 
e x 


Thus we shall follow thece procedures formally. 


Strictly speaking some questions remain 
unsolved about this point. In the very strong field the wave packet of electrons must be 


confined to the very small dimension in order to keep the field as nearly constant in the 
packet. On the other hand, the energy of such a packet spreads out considerably." 


If we neglect the ionization process, we obtain the following equations using eqs. (33) 
and (34) in part I. 
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E(0°f,/OE*) + (2+E/kT) (Of\/OE) +2/koT - fo 
= {le F/2buo (2mE)""} (g+2E/3-0g/dE —2E/3eF 0g/9x), (31) 
and 
g(E, x) =— {beFl/[1](2mE)'"} (Af,/OE—1/eF -Of,/9x) , (32) 


where IL 1 ] means simply [ ea ak 
Eliminating g(E) we have ; 


(E? + pk, TE) (0°f,/0E*) + (2E+E?/kyT + pkyT ) (Ofo/9E) 
+2E/kT «f+ pkyT [E/ (eF)? + (O°f,/9x) — 2E/eF (0°f,/0E - 9x) 
—1/eF (9f,/dx) |=0, (33) 


or 


oO | 9 Of Ea EB h0'f, DiaeO fe ie Ss, 
Sere (E Sa k, TE) sare ++ —— fo | rae bed & a 9 * res of 
OE L P GEA i kale f fr (eF)? 0x eF OdOxdE Ae eF Ox 


(34) 
Thus, we obtain the following equation instead of (10). 
be phyT \[E/ (eF)! (Bf, /dx*) —2E/eF ('f,/8x BE) — (1/eF) fe/8x) HE 
= — (A 1/ 167m uy V) Sy (x) - 5) 


al case, where the ionization process takes 


In the following we shall use the suffix 


Next, we shall proceed to the more practic 
place, and both electron- and hole-currents exist. 
e for electrons and / for holes, and newly define the function y(E, x) by 


y(E, x) =n(x) fo, *) - 


Then our fundamental equation (10) may be generalized to the following simultaneous 


equations ; 
(162m, uy /* L.) EAE p, k, TE) (Oye/OE) + (E?/k,T ) ye] 
= (167m, ug? /b le) (fe ko T /eF) (E9ye [Ox 


re 


+E @y./ax 3B )dE— G/eF) JE G@'y./9X)4E) 


y 


QO, (Z)" Zi? dZ 


0 


— (47m, (2m,) MED? Yn, (x) | 


— (4nm,(2m,)!2/28) mA) (QU ZIL™ dZ, G7) 


(167,205? /B? by) LCE + piv PE) (8y,/9E) + (E/koT) yn] 
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= — (167m,° uy /B'l,) (pr koT /eF) (EAy,/ Ox 


+. (E (6%,/9x-0E) dE + (1/eF) \E (J°y,/9x°) dE) 
— (4.0m, (2m,)'2/) JQu(ZrZ"razZ 


— (4m, (2m,)""/28) mg (x) \Qe(Z) LZ (38) 


The last term in the round bracket of the right side of (37) does not depend on the 
field strength explicitly and it means the pure diffusion in xspace. Other terms in the 
bracket come from the coupling effects between the electric field and the electronic diffusion. 
The second term in the right side means the current density, which enters into the conduc- 
tion band per unit time as a result of collisions between fast electrons and valence electrons. 
The last term means the current density, which enters into the conduction band as a result 
of collisions between fast holes and valence electrons. The physical meaning of the terms 
in (38) is to be interpreted in the similar way. If we extend the integration-limits to 
infinity, we have two conditions which express the conservation of current in the wave- 


number space both for electrons and holes respectively. Here we have used eqs. (10), 


(14) and (6). 
ng (x) Seo (x) = — {82m,VeFl./3h*[1]} {| Edy./Ox|x-0 


a \E@'ye/9 QE) dE— (1/eF) E (3*y,/3x* )dE} 


2ng (x) Sen (x) +n, (x) Sno (x) > (39) 
1, (x) Si (x) = (87m, VeFl,,/3h*|1]) } {[E dy,/Ox} ee 


+ |E(yn/9s 9E) dE— (1/eF) JE@'/2x )dE} 


+ 2m, (x) Sno (x) +e (x) Sen (x) « (40) 


We must notice here that the electric field F in (39) or (40) is not always equal to the 
external applied field F..,, when the density of electrons and holes in the p-n junction 
reaches a considerable amount. If we denote the electric field by 


F= Pa + Fint= Fexe—OD/Ox. (41) 
The potential is determined by 

09/0 = — 47 {n, (x) —n, (x)}. (42) 
In general we must solve the equations (37), (38) and (42) with suitable boundary 
conditions. Thus, we have found that “the electron multiplication process in the pon 
junction” is in general a very complicated problem. However, we shall see that the main 


character of McKay's experiment is explained by our theory, even when we introduce rather 
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crude approximations. Ir the density of electrons and holes is not very large and effects 
of the diffusion terms are rather small, we may be allowed then to use the appropriate 
approximations. In the following we shall separate the variables in equations and neglect 
some diffusion terms. As a result of these approximations we are able to derive some 
conclusions which may be compared with observations. 

Hitherto we neglected the interaction between electrons and the optical lattice vibrations 
for simplicity. However, the generalization of the formulas to include the contribution 
from the optical modes is a simple matter as far as we adopt our previously mentioned 
approximations. That is, we only need to write P instead of p and (1+R) instead of 
[ 1] in the equations from (32) to (40). 

Now, we separate the variables E and x as follows ; 

y(E, x) =n(x)fo(E) - (43) 
Then eq. (37) becomes ; 


ne(x)[ (E?+P.k, TE) (dfo/dE) +E°/koT fo 


= {le/ 2m (2m,)"} na) [Qu Z) ZZ 
~ {hamj!®/A- 2? ut} m2) \Qu(ZIZ "AZ 
4 (PhgT /eF) {(dn,/dx) Ef + (dne/dx) \z (df,/dE) dE 
— (1/eF) (d?n,/dx) lef (E) dE}. (44) 


As long as we can neglect the last diffusion terms, this equation is essentially equivalent 
to eq. (13). Thus we are able to obtain the approximate: solution of (44). In this 
case S,(E, x) is considered to be a function of E only. Further, if we want to see the 
effects of the diffusion terms, we may use the successive approximations. 


Using (43), eqs. (39) and (40) become ; 


{(anm, l, V/36") \Ef dE} (d'n,/[dx’) + {(82m, Ve Fl,/36"(1 + R)) 


x \E (df,/dE) dE} (dn,/dx) +S.) me (x) + Sho m(x) =0; (45) 


ind 
(gm, ly 7/36") | Ff, dE} (d?n,/de’) — {(8%m,VeFl,/36* (1+ R)) 


w \é (df,/4E) dB} (dn, /dx) + Say Me(*) +S Oa(%) = 0. (46) 
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If the condition 


a 


(\EfdE) (d°n/dx?) < (eF) \z (df, /dE) dE x (dn/dx) 
is satisfied, these equations are reduced to; 


(gm, VeFl,/36'(1+ R)) \Ep/dB) dE} (dn,/dx) 


+ Seotte (x) + Sno m,(x) =0, 


and 


— { (82m, VeFl,/3h"(1+R)) \zE (df, /dE) dE} (dn,/dx) 


+8,, Ne (x) +8), nN), (x) =0. 


Here we consider the electric current or the drift velocity v,, which is given by: 


Ae |e. k, g (E) dk, dk, dk, dV 
=e Vv. k, {bleF/(2mE)"?(1-+ R)} dk, dk, dk, 


= — {8xmVeFl/3h' (1+ R)} \E> (dfi/dE) dE. 


Thus we find that eqs. (47) and (48) can be written in a simple way. 
| —Vea dn,/dx+ Seo ne+ Sin n,=0, 
Vana An, /dx +S.) ne t+ Sho 2, =0. 


Here we set the boundary conditions as follows ; 


eae LO sen, 
Under the condition F,..> Fix, we can easily solve these equations : 
n(x) =ASiq(n 04) [Vea Unat X 
+ ny exp } (Seo/Vea— Spo/Vra) x}, 
and 
tty (x) = (1—Syo x/Vp0) (nV) /Vra 
— (Vea/Vna) mq exp { (Sen/Vea— n0/ Vana) X} 5 


where 


Ver Me (X) +Vpy My (x) =const.==v, n 


(47) 


(48) 


(49) 


(50) 
(51) 


(52) 


(53) 


(54) 


Theory of Electron Multiplication in Silicon 105 
and g 
Vg B=Vpg(1—Syq L/vya) 
[10/9 1% (Vea/Vra) XP { (Seo /Vea—Sio/ Una) L} ]- (55) 
As a special case, if we put Vjg~0 and S,,~0, it becomes : 
n, (x) =m exp { (Seo/Vea) xt; n,(x) 0. (56) 


And if we put Sjp=S==S) and veg=Upa==Vw then it becomes : 
( n,(x) =m) + (So/Va) nx; 
n, (x) = —ny +n (1—Sox/va) 
n, (x) +m, (x) =const.=n, 


1 (nn) /C —Sy L/vq) 


(57) 


(58) 


§4. Results and discussions 


In this section we shall consider the physical meaning of the formulas developed in 
§2 and § 3. Since we have introduced many approximations, we can not draw any quan- 
titative conclusions from them. However, we shall show that these formulas can explain the 
main features of the electron multiplication process in a qualitative sense. Now, we examine 
eq. (25). When the field is not very strong, that is E,>2P(k,T)°, the first term in 
[ ] is much larger than the second and S, is given approximately by : 


9a eF expt Ee /2P (by T) /\exp {_E2/2P(k, T)?} dE, (59) 
0 


there we have used eq. (27). Thus §, is very small and the effect of the impact iont- 
zation is negligible, when E,’ > 2P(k, T)*. From eq. (59) we see that S, increases very 
rapidly with increasing field intensity. Moreover, the second term of (25) becomes large 
and it becomes much larger than the first, when the field becomes very strong. The fact 
that S, increases very rapidly with increasing field is a very important result of our theory 
and the observation of McKay and McAfee confirmed this interesting field-current characte- 
ristics. 

As is well known the electrical breakdown of alkali-halide crystals is attributed to the 
electron avalanche caused by the series of the impact ionizations of electrons. We suppose 
that the behaviours of the avalanche may be represented by 5, In the case of polar 
crystals the interaction between conduction electrons and lattice vibrations is strong and the 


usual perturbation method is not applicable.” 

However, if we compute S, by the usual perturbation method, we find that the 
behaviour of S, is qualitatively the same as in the case of non-polar crystals. Such a com- 
putation has been carried out by Franz” also. Now, we find also that the drift velocity 
of electrons changes slowly in the strong field region (see appendix). Thus the quantity 


(So/Va) » which means the ionization rate, changes very rapidly with increasing field. In 
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the appendix we estimate the order of magnitude of the ionization rate of Si crystals. The 
computed (S,/v,) versus F curve is shown in Fig. 1 with a dashed line and McKay’s 
data are also shown in a full line. We find that the agreement between theory and ex- 
periment is rather good. In fact, the expression of S, contains two adjustable parameters. 
As mentioned in the appendix, we determine them so as to get the best fit between the 
computed current density and the observation of Ryder in the field region where the ioniza- 
tion process is not important. Thus, we find that our theory gives apparently the correct 
current-field characteristics in all field intensities. 

Now, we proceed to the next problem, that is, the examination of eqs. (56) and 
(58). The equation (56) says that the number of electrons increases according to the 
exponential law, when the current is carried by electrons only. The alkali-halide crystals 
seem to be such examples, but we have not yet reliable data about this point. In Si and 
Ge crystals, however, the current is carried by both electrons and holes and then we must 
apply (57) and (58) for these crystals. (In this case we must remember that we have 
used the simplifying assumptions S,,=S,.=S and v,,;=v,,=v,-) Then we find that the 
electron current or the hole current increases linearly with the distance and the sum of 
the two current does not depend on x. 

We see that eq. (58) has the 
singularity, when the field intensity 
reaches the value, where the condition 


-1 
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x McKay’s data 


S, L=v, is satisfied. It expresses the effect of the so-called positive feedback, which is a 
very important character of the avalanche breakdown of Si and Ge crystals. In Figs 2 


we show multiplication-curve of Si according to (58). The numerical values are tabulated 


xe 


es 
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in appendix. We find that the curve (58) shows the main features of the experiment of 


McKay. In Fig. 2 we also show the curve according to (56). This is clearly different 


from the experiment. Thus, we see that the positive feedback effect is the essential character 
of the p-n junction of Si and Ge, where positive holes and electrons contribute to the 
current. Finally we must consider Fj,,. Till now we assumed the condition Fyxt > Fint: 

This condition is surely satisfied in the pre-breakdown region (S,L/v,< 1). However, 
when the number density of charge carriers becomes very large as a result of the break- 
down, the condition breaks down also. Since the direction of Fy, is inverse, Fin, must 
reduce the effect of F,,,, when F,,, reaches the appreciable intensity, and then the current- 
multiplication process stops automatically at a certain point by the effect of F,,,, which is 
generated by the electron multiplication process itself. We must notice, however, that our 
theory can not be applied to such a phenomenon. 

Finally the author wishes to express his sincere thanks to Prof. T. Muto for the 
helpful discussions. 


Appendix 


Since our theory has introduced many simplifying assumptions, it may be meaningless 
to draw quantitative conclusions from it. However, the estimation of the order of magnitude 
of some quantities is still necessary for the qualitative understanding of “ the electron 


multiplication process” by our theory. In the following we shall give such an estimation. 


(1) cross-section of the impact ionization 

The impact ionization process is a very important elementary process in solids and 
the exact theoretical treatment of it is highly desirable. But we do not touch such a 
problem here. We shall estimate the order of magnitude of the cross-section only by 
phenomenological ways. 

If we denote the transition probability of ionization process by W(E), and the cross- 


section by o(E), it becomes 
W(E) =Nvo (E) =N(2E/m)"”-o(E) 
where N is the number of scattering centres in the unit volume. For N~5.2 10” (Si) 


and E~1.1 ev. the average value of W(E) becomes W(E) ~3X10%0 (E). Thus 7 


becomes ; 


1/t=W (E) =3 X 10" o(E). 
Although we do not know the magnitude of o(E), it may be 107%~ 10; Penta Ther 
the magnitude of 7 may be estimated as 3X 10-4~3X10~” sec. 
The secondary electron emission phenemenon of semi-conductors is also useful for the 
estimation of < of primary electrons with energy of several hundred ev. There 1s some 
evidence which indicates that the mean drift distance between ionization collisions may be 


at most 107*cm and the mean time 7 is less than 1071 sec. Thus, if we put t~3 XK 
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10-™ sec and the drift velocity at the field intensity 10° volts/em 10’ cm/sec, (which is 
estimated from the experiment of Ryder”), then the mean distance x becomes : 


x =v4T~3 X10" 


Thus we see that the mean drift distance of electrons in B-region is much shorter than 
the usual mean free path of electrons, which is determined mainly by the lattice scattering. 
(Its magnitude is about 10°°~10~° cm at the room temperature.) Thus, f,”(E) may be a 
rapidly decreasing function of E. If we represent it by (19), @ is still very large even in 
the very strong field; for example, putting F=3X10° volts/cm f,”(E) becomes : 


fr” (E) exp {— a (E—E,)} =exp {—10(E—E,)}, 


where the energy-unit is ev. If the above estimation of @ is reasonable, the factor {1— 
exp(—2aE)} in f,‘(E) is nearly equal to one except for the region of very small energy. 
Since the small energy-region contributes little to the S,-integral owing to the volume 


factor, the exact value of @ is not important for computing the value of Sj. 


(2) Field intensity 

The relation between p and F is given by (6), but this equation is useless for 
quantitative purposes. Unfortunately, we found in part I that our theory gave too low 
electric field for the deflection point from ohmic current. The reason for this discrepancy 
is believed to be in the wrong assumption of the spherical energy surface. However, we 
know also that, if we re-interpret the meaning of p and F as adjustable parameters and 
give them suitable values, our previous theory can explain fairly well the observed behaviours 
of the non-ohmic current in Si and Ge throughout the energy region, where the ioniza- 
tion process is not important. The suitable values of p and F are: (for n-type Si); (1) 
R=3 and (2) the value of p=1 corresponds to the field intensity F=7500 volts/cm, 
while eq. (6) gives the value F=840 volts/cm. 

Hereafter we shall use these values by the field region, where the ionization process 
is important. Strictly speaking such a treatment is meaningless, because we do not take into 
account the structure of the energy surface properly. However, we think our pheno- 
menological procedure would be a natural extension, because our theory is led to the previous 


theory of part I, when the ionization process is neglected. 
(3) computation of S, and v, 


Now, we eliminate / from (25) by using (6) and insert it into (27), and obtain 


the following equation for S, ; 


Cio 
1/S,= (1/eF) \exp {—E°/2P (kT )*} [ (1/vaE™*) exp {E,2/2P (kT )?} 
Ko 
4 (47 (1-4) uth TP)'"| G /E) exp {E*/2P(k,T )*} (1—e**") dEJE"? dE, (A-1) 


where we neglect the contribution from f,” (E). 


The drift velocity is also written as follows ; 
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v= — (82/3) (Le F m/b') \E (df,/dE) dE 


= (82m /3h") {6muzhjT (1+ R)P} | f, (EAE. (A-2) 


The results of computations are tabulated in Table I. 
The value of S, changes rapidly with field intensity, while v, changes slowly and its value 


is about 10’ cm/sec in the computed field region. 


Table I. 
= = - = 

p F volts/em So/Va 

: Se | 1.7 * 105 Wp 

800 24 700 
1100 2.5 2.0 10° 
1600 3.0 5.0108 
2180 3.5 9.2 X 103 
2840 4.0 1.3X 104 
3600 4.5 1.8104 
7200 6.36 | 4.310? 


According to McKay the linear dimension of the p-n junction of his samples is about 
(0.4~2.0X1071cm. Here we take L=0.77 X 107‘ cm for example, and compute exp[S,L/v.| 


Table II. 


1G | So/va | SoL/va exp [SoL/val 1/[1—SoL/val 
2.0 10° | 0.41 X 10° 0.03 | 1.03 1.03 
2.4 1.6 X 108 0.12 p92 tial 
3.0 5.0 10° 0.38 1.46 1.6 
apy) 6.7 X 10° 0.51 1.66 2.0 
3.6 1/0 102 0.77 2.16 4.3 
3.8 1.110 0.85 2.34 6.6 
4.0 13104 1.0 Dale, ee) 


_ 
in (55) and 1/[1—S,L/va] in (57) respectively for some values of the field intensity. 
The necessary values of (S,/v_) are computed by the interpolation method from Table I. 


The results are also tabulated in Table. II. 


(4) effect of diffusion terms 

Finally we shall examine the effect of the diffusion terms in (44). In the previous 
treatment we neglected them and assumed tentatively that the solution of (44) was approxi- 
The approximation may not be bad, if the following condition is 


mately given by (25). 
satished : 
(n, (x) E2/kT) fa (E) > (PhyT /eF) (Edn./dx) fo(E) (A-3) 
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Using (57) it becomes : 
(E/kyT) (eFx/kjT) (m+ Synx/v_) > PS,nx/vx. (A-4) 
Taking the average value of it we have ; 
<E/kyT > gp (eFL/2k,T) (m+nS,L/2v9) > PrSgL/2v9 - (A-5) 


When the electric field is near the breakdown strength, the number density f,(E)E'” has 
a broad maximum about 0.2~0.4 ev. Thus we may put <E/k,T > as 10 and the 
value of (eFL/2) is estimated as 5 ev. by the McKay’s experiment. Then, in the break- 


down field region we have ; 
n§,L/2vq> 
and 


<E/k, T> (eFL/2k, T) ~2000; P1000. 


Thus we see that the effect of the diffusion is not very small and our approximation is 
not very good in the breakdown field region. However, outside of the breakdown region 
S, Ln/2v is much smaller than n, and the condition (A-5) is well satisfied. 
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The supernova origin of cosmic rays is proposed in connection with the stellar evolution and the 
building up of heavy elements in the core of stars as they evolve. Nearly equal abundances of heavy 
and medium nuclei in primary cosmic rays suggest that the sources may be such stars, in which the 
thermonuclear reactions of building up heavy elements take place and which eventually explode as super- 
novae. The light elements, Li, Be and B, in galactic matter are considered to be generated by the 
nuclear bombardment of heavier nuclei at the explosion. The number of cosmic ray particles injected 
there is estimated in reference to the radio emission of supernova remnants. If the number injected is 
of the order of 105! per supernova and the explosion is more frequent than now observed, the 
supernova origin is shown to be not inconsistent with cosmic ray as well as astronomical evidences. The 
galactic model suitable to our interpretation is a sphere with magnetic clouds. The life time of 
cosmic rays in this galaxy is estimated to be of the order of 108 years, corresponding to the fact 
that the mean thickness of interstellar matter traversed by cosmic rays is about 1 g cm™*, that is 
estimated from the abundance of the light nuclei in the primary cosmic rays. 


$1. Introduction 


It has been disputed whether in the primary cosmic radiation the light nuclei, Li, Be 
and B, are absent or not’. However, recent observations seem to have established the 
existence of the light nuclei nearly as one half abundant as the medium nuclei, C, N, O 
and F®), Furthermore, the abundance of the heavy nuclei, Z— 10, has been found to 
be as great as that of the medium nuclei””. 

Such relative abundances of primary cosmic ray nuclei have important bearing on the 
origin of cosmic rays, if they are compared with the relative abundances of cosmic elements. 
The cosmic abundance of the light nuclei is more than six order smaller than that of the 
medium nuclei and the latter is about one order larger than the abundance of the heavy 
nuclei, based on the relative abundances in stellar and interstellar matter. The differences 
in the relative abundances between cosmic rays and galactic matter are considered to be due 
both to the fragmentation of cosmic ray nuclei by the collisions with interstellar matter 
and to the peculiarity of cosmic ray sources. 

The abundance of the primary light nuclei given above can be accounted for, if the 


. . =92 . 
thickness of interstellar matter traversed by cosmic rays 1s about 1 gcm™’, provided that 


*) The essential content of this paper was read at the International Conference on Cosmic Rays at 


Guanajuato, Mexico (1955). A similar idea was expressed by Peters at the same Conference. 
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no light nuclei are injected at sources. This thickness is so small, on one hand, that the 
relative abundances at the top of the earth atmosphere and at sources are not essentially 
different, except for the light nuclei that are produced with large fragmentation probabilities. 
The thickness is so large, on the other hand, that the heavy nuclei of energies below about 
100 MeV can hardly be accelerated, because of their large ionization loss. Therefore, the 
thickness of 1 g cm is considered as such that traversed by fast nuclei, most of which 
will have relativistic energies. These nuclei may have traversed further thickness of matter 
while they have been of low energies. At energies below 100 MeV the spallation of 
nuclei produces almost exclusively nucleons and a-particles, but an appreciable fraction of 
the medium nuclei may be transformed into the light nuclei which are left after the evapora- 
tion of nucleons and a-particles. However, the relative abundance of the light nuclei will 
remain small, as will be discussed in § 2 and § 3. 

The nuclear transformations which cosmic ray particles suffer in the course of entire 
acceleration have shifted the abundance distribution of nuclei to considerable extent. The 
heavy nuclei at the very beginning must, therefore, have been most abundant". Such a 
high abundance of heavy nuclei can be expected only at the core of heavy stars, where 
the thermo-nuclear reactions are believed to build up heavy elements’’. The helium captur- 
ing process is estimated to start at about 10° °K*’, and to terminate by the explosion 
which seems to be observed as a supernova. The temperature at the explosion may be as 
high as 10° °K and even iron atoms can be stripped. This is in accordance with the 
observation that all primary nuclei are completely stripped. 

A possibility of the supernova origin of cosmic rays is thus suggested by the evidence 
on the primary cosmic radiation. Other supports may be obtained from the solar produc- 
tion of cosmic rays and the close relation between cosmic rays and radio wave emission. 
The solar activity that gives rise to the production of cosmic rays is regarded as the 
disturbance of very small scale, provided that an essential part of cosmic rays are produced by 
stellar activities. The explosion of a supernova is a disturbance of enormous scale and has been 
presumed as a possible source of cosmic rays.”’ The scale of disturbance may be correlated 
with the intensity of non-thermal radio emission, its energy out-put being estimated to be of the 
same order of magnitude as the energy out-put for cosmic rays." Ginsburg and Sklovskij'” 
have developed the idea of the supernova origin based on the interpretation of the radio 
emission in terms of the synchrotron radiation of electrons in the magnetic field produced 
in the vicinity of supernovae.'”” The strong radio emission from Crab nebula, a supernova 
remnant, and a rather regular magnetic field there deduced from the polarization of light’? 
strongly support this view. 

Since electrons are accelerated up to relativistic energies, nuclear particles should also 
be accelerated at supernovae. If the number of protons accelerated, a part of which form 
nuclei, is equal to that of electrons, the supernova origin is found to account for a fraction 
of percent of cosmic rays now observed, provided that supernovae explode in every three 
hundred years and the cosmic rays thus produced fill up our galaxy during their lifetime. 
We do not think the discrepancy of factor thousand as serious, but suspect the existence 


of unobservable objects that behave more or less like supernovae. This may not be too 


a 


> 
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speculative, because similar discrepancies are found in the intensity of non-thermal radio 
waves and the amount of heavy nuclei, if they are due mainly to supernovae. As such 
objects, some of which are observable, magnetic variable stars are suggested to be sources 
of cosmic rays'”””, though their behaviour is a little different. 

Another evidence for the local origin will be the generation of such elements that are 
hardly built up by thermo-nuclear reactions. The collisions of cosmic ray particles with 
interstellar nuclei can produce an appreciable amount of the light nuclei, Li, Be and B, 
but their amount is not large enough to account for their observable abundance.’ The 
generation of such elements may be more efhcient at local sources where the intensity of 
energetic particles is stronger. Heavy elements may be generated by the capture of the 
neutrons that are produced by the collisions of energetic particles injected at the surface of 
some active stars.” If these generation processes take place in the stars that produce cosmic 
rays and eventually explode as novae or supernovae, scattering those elements in the inters- 
tellar space, the origins of cosmic rays and elements are closely connected with each other. 
Hence the abnormal abundance of some elements in a star could be indication of the cosmic 
ray production. 

Thus the injection of cosmic rays at supernovae and similar objects seems highly pro- 
bable. The injected particles will undergo the gradual acceleration as suggested by Fermi’? 
in the interstellar space. The power energy spectrum and the near isotropy holding up 
to 10! eV should result from the acceleration and the diffusion in the galaxy. If the 
flat galactic model is adopted, those two facts are found hard to come out. The cosmic 


ray evidence seems to share the preference to the spherical galactic model with radio astrono- 


‘ 


mical observations. 
§2. Thickness of interstellar matter traversed by cosmic rays 


The composition of cosmic ray nuclei observed at the top of the atmosphere provides 
us a clue to estimate the thickness of interstellar matter traversed by cosmic rays. For 
this purpose we classify the cosmic ray nuclei into heavy (Z>10), medium (10>Z>6) 
and light (S=Z—3) species and also into helium (Z=2) and hydrogen (Z=1) jmaccord: 
ing to Noon and Kaplon.” These species are designated by indices h, m, |, a and p, 
For example, the notaions of the collision mean free paths of these species 


respectively. 
together with their values adopted. 


with hydrogen are given in Table 1, 


Table 1. Mean free paths of various species of nuclei 


— = == — ———— —— 
species | heavy | medium | light | helium | hydrogen 
notation An, Am Ai hoe Ap 
collision mean free path she a | se oF Wie 


(g cm™*) 


As representatives of respective species, we take those nuclei which have charges 15, 7, 


4. 2 and 1 and mass numbers corresponding to these charges. The collision cross section 18 
> 
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assumed to be = 1, °A?/° with r,=1.2X10~" cm, on account of cosmic ray as well as 
Cosmotron experiments.” 

The collision of these cosmic ray nuclei with interstellar matter, mostly consisting of 
hydrogen, gives rise to the nuclear transformation that produces lighter nuclei. The yield 
of secondary nuclei belonging to species j from a primary nucleus belonging to 7 is expressed 
by P,;, which is the so-called fragmentation probability. Noon and Kaplon® deduced the 
values of P,; from their photographic experiments, but, unfortunately, statistics is very poor. 
Hence we refer also to Cosmotron experiments, in which a proton beam of energy 2.2 GeV 
is used. The bombardment of Cu, for which the reaction cross section is about 700 mb, 
is found to give various nuclides with mass numbers down to thirty or smaller”. A striking 
feature is the yield of ‘Be,~10 mb. Another experiment” shows the yields of Li and Be 
as about 10 mb respectively. We may, therefore, conclude the yield of whole light nuclei 
to be at least 20 mb and not to exceed 100 mb, even if all nuclides belonging to the light 
species are included. It is noted that the yield of medium nuclei is small, while that of 
other heavy ones is considerable. The bombardment of Al by 2.2 GeV protons”, the 
reaction cross section of about 400 mb, yields ‘Be and “C with cross sections of 16 mb and 
5.1 mb respectively. Thus the relative yield of light nuclei is greater than in the case of 
Cu target. The yields of medium and heavy nuclei seem to be nearly equal. The cross 
section for ""C(p, pn) “C reaction is observed as about 20 mb in an energy region of interest”. 
The yields of *H from N, O and Fe are measured also to be about 10% of geometrical 
cross sections. 

These are direct sources, as far as we know, and are not sufficient to deduce the 
fragmentation probability P,,. Nevertheless, we may be allowed to set the upper and lower 
limits of P,;, as in Table 2. It is hoped that the figures in Table 2 will be made accurate 
in near furture by means of Cosmotron and Bevatron experiments as well as of cosmic ray 


experiments. 


Table 2. Fragmentation probabilities 


= “secondary | | 
bh m l a 
iv _Primary . os | | f 
h 0.2—0.5 | 03-07 | 03-08 | 10-20 | 3.0—5.0 
m | 01-0255). ) OA 0.9." | 10-20% ie te 
l | 0 | ~1.5 leh rg, oh 


| 


With quantities given in Table 1 and Table 2, the intensities of cosmic ray nuclei 
belonging to respective species heavier than He can be obtained as” 


N, (x) =N, (0) exp (—x/W'h), (2: 1a) 


N,, (x) = rele (0) exp ( — x/ Rn) S (Pm Anm| An) LN, (0) exp ( a it Aig) at N, (x) J 
(2-1b) 


N, (x) = Ni (0) exp (—%/4,) + (Prat Amnt/Am) [Ny (0) exp (—x/21) —N,, (x) ] 


en 


fa 


7 
ive 
é 
sé 
& 
ae 


dh Kes tno ee ae ee Pe > 
Pe ne Orel yn, e 
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= Gir/ An) (Piz + Pim Po Ma fhs,) [N,(0) exp ( —x/2',) ar N, (x) |, (2 ; 1c) 
where 
1/A,j;=1/4,—1/4 ;>0, As >, 
and 


Af =A,/ (1 —P;) . 


Here unknown quantities are three initial intensities, N,(0), and the thickness traversed, x. 
If N,(0) is assumed to be zero, which seems plausible on the astrophysical ground, a set 
of equations (2-1) can be solved. 

On account of that 2;; is probably much larger than x, we are able to obtain the 


approximate relation among N,, N,, and WN, as 
N, (x) = (Pu/Ad) N, (x) = Celt) Nin (x) te (2 i 2) 


Tt must be noticed that other uncertain parameters vanish in this approximation. If we 


take the upper and the lower limits of P,,, the lower and the upper limits of x are obtained 


respectively, in reference to the observed values of N,, (x) TN; (8) 1? and —N,, (x) /Ni (xX) 


~22 Thus the thickness traversed by cosmic rays is obtained as 
lgem “<x <3 gem™. (2-3) 
On account of the ionization loss which is neglected in the above estimate and of the 


possible presence of a small amount of light nuclei at sources, we prefer to choose a little 


smaller value of x. For later use we fix 
gs it gem~ (2.3’) 


The magnitude of x is small enough to permit the approximation leading to (2:2). 
The smallness of x results chiefly from the large fragmentation probability of giving light 


nuclet. 
Since the value of x has been fixed, we can now evaluate the initial values, N, (0) 


and N,,(0). The ratio of them is given by 
Ny (0) /Ni (0) =[Nn %) /Ni exp (—*/4nm) 
— (Pin Arm / An) [1 exp (—%/4em) ] (274) 
~IN,, (x) / Na) 1] 2/4) — Pay X/ 4a 
With numerical values given in Tables 1 and 2 we have 
0.3 <N,, (0) /N,(0) <1. (2:5) 


therefore, conclude that the initial intensities of heavy and medium nuclei are 


We may, 
The possibility of vanishing N,,(0) seems to be ruled out, unless 


approximately equal. 
the values of the parameters adopted differ greatly from their true values. 

Next we discuss how large parts of relativistic helium and hydrogen nuclei are con- 
In order to simplify our calculations, the medium nuclei are 


tributed from heavier nuclei. 
Hence (2:1) are usable also in this 


taken as representatives of nuclei heavier than He. 
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case by changing suffices as hm, m—a and [->p. Taking appropriate averages, we 
= 0:4—0.9, P»g=1.0—2.0, P,,=3.0—4.0, P,g~=0 and Py=4. Here the 


fact is taken into consideration that neutrons are eventually turned into protons. Hence 


assume P 


A n=10—60 gcm™; ae Ang=30— —20gcem™* 
On account of |/,,,)>> x, the initial value of N, is obtained as 
N, (0) —~exp (x/Aq) [N, (x) wat air N,, (x) (x/ / ey (2 -6) 


As observations tell us N,(x) /N,,(x) =8—10, Nz(0) can never be zero, but is several 
times N,,(0). Analogously, only a part of hydrogen nuclei can be supplied from other 
nuclei. Therefore, we are led to conclude the presence of relativistic protons and a-particles 
after injection and the relative abundances of injected relativistic nuclei are only slightly 
shifted from those observed in the primary cosmic rays. 

In concluding this section, we call one’s attention to that most of results obtained here 
are essentially based on the copious presence of the light nuclei in the primary cosmic rays. 
If the abundance of the light nuclei were as small as in early works by Bradt and Peters’, 


our conclusions would have to be modified great deal. 


3. Acceleration of cosmic rays in the galaxy 


_ The thickness of traversed matter deduced in the preceding section gives us the mean 
lifetime of cosmic rays in the galaxy, provided that the average density of interstellar matter 
is known.*? The latter is estimated as about 10°-°“! gcm~* within the galactic disk in 
which a substantial part of galactic matter is contained. Hence the lifetime is about 3 X 
10° sec (one million years), in essential agreement with that deduced by Morrison et al.?? 
With the disk model of the galaxy arises a difficulty, however, if the isotropy and the 
energy spectrum of primary cosmic rays are considered on the basis of Fermi’s fundamental 


idea’”)"®) 


on the galactic origin. 

In Fermi’s idea the transport mean free path is introduced as a unit of length for 
the acceleration and the diffusion of cosmic rays in the magnetic field. The transport mean 
free path has a meaning, only if it is longer than the radius of curvature of a cosmic ray 
particle in the magnetic field. As we observe a particle of energy as high as 10 eV 
and the galactic magnetic field may not be stronger than 10° gauss, the transport mean 


free path is subject to the lower limit 


13 10- cm. (3-1) 


According to Morrison et al.” this results in the anisotropy of one percent or larger, in 
disagreement with observations.” Another difficulty is too high a rate of energy gain per 
transport mean free path. In order that the power energy spectrum continues up to 10% 


eV, the rate of energy gain should be as high as 107°, which is highly improbable. 


* 
) The thickness of 1 g cm~* corresponds to the straight passage of cosmic rays in the universe. 


However, we seriously take the evidence for the galactic magnetic field that keeps cosmic rays longer or shorter 
in our galaxy. 


M\ 
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These difficulties seem to disappear, if one considers the galactic model that has a 
diffuse envelope of spherical shape surrounding the opiical galaxy.” In this envelope the 
matter is of low density,~107~ gcm~*, but of high velocity, ~ 10° cm sec ~', so that the 
magnetic field of strength as large as 10°” gauss is expected. If cosmic rays are kept in 
this spherical galaxy, the anisotropy is smaller than 0.1% and the rate of energy gain 


may not be larger than Omorce 


The mean lifetime of cosmic rays is now of the order 
of a hundred million years and the problem of the energy regeneration in our galaxy”” 
may become less serious. 

Almost independent of detailed models of the galaxy, we can estimate the injection 
energy. With the ionization loss 9 per gcm™*, the energy loss within a transport mean 


free path, /, where the density of matter is (/, is obtained as 
4E= 61 p. (3-2) 


The rate of energy gain, on the other hand, is related to the number of scattering by 


magnetic clouds, N, as 
A= i 1.5 IN; (323) 


where 1.5 is the exponent of the power energy spectrum. N is nothing but the total path 
length, L, for cosmic rays to pass through divided by the transport mean free path: 


iN Ean by gi (3-4) 


Hence the condition for acceleration 


JE <akE 


requires the lower limit of injection energies, on account of (3.2-4), as 
B= tL = V5 Px, (3:5) 


where x is the thickness of traversed matter estimated in § 2. 

For iron, Z=26 and A=56, the injection energy is estimated as higher than 20 MeV 
per nucleon. At about 100Mev nuclear collisions give rise mainly to protons, neutrons 
that eventually decay into protons and a-patticles. A collision of a heavy nucleus with a 
hydrogen nucleus can, on the average, produce four nucleons and one half a-particle and 


the heavy nucleus loses, on the average, séven nucleons. If several such collisions would 


. . . . . . - . 7) 
occur in this energy range, the relative abundances of cosmic ray nuclei might be explained”. 
It is an open question, however, whether or not such collision processes can supply sufficient 


protons and a-particles, if only heavy nuclei are injected. 


$4, Acceleration in the vicinity of supernovae 


It has occasionally been suggested that there may be a close correlation between the 


*) This is a little too large to be accounted for by the first Fermi mechanism’), because (v/c)?~10~7 
where v is the velocity of magnetic clouds. A mechanism proposed by Thompson”) may explain this rate 
in which the rate of energy gain is given by (v/c) (6 H/A) 2 where 0 H is the variation of magnetic field 


strength. 
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production of cosmic rays and the radio emission." In fact, the energy emitted from 
the sun as disturbed radio waves is about 10° eV sec”, while the energy emitted as high 
energy nuclear particles is estimated as the same order of magnitude.” A similar relation 
is found to hold for a supernova, whose remnant, Crab nebula for example, is observed 
to be a strong radio source. 

The energy emitted from Crab nebula as radio waves is observed as 3X10 eV 
sec-! and the emission is believed to continue as long as 6X10" sec, so that the total 
energy emitted as radio waves is estimated as 2X 10" eV. Assuming that only a fraction 
of the energy of electrons is fed into radio waves, on account of the escape of electrons, 
the total energy carried by electrons is estimated as 2X 10° eV. If supernovae are the 
main source of cosmic rays, on the other hand, the number density of cosmic ray particles, 
107! cm~’, should be accounted for in terms of the explosions of supernovae which occur 
every three hundred years. Since the particles produced thereby fill the galaxy of volume 
about 10 cm* and their average lifetime is of the order of 3X 10” sec, the number of 
particles produced per explosion should be of the order of 3x10°*’. If each particle 
gets an energy of 10° eV, the total energy output for cosmic rays is about 3X10" eV 
per supernova. This is three order larger than the energy output for radio waves. In this 
connection we call our attention to the fact that the energy output for whole galactic radio 
waves is approximately three order higher than that due to supernovae. We may, therefore 
be allowed to suspect that some things like supernovae, though unobservable optically, take 
part in the production of cosmic rays as well as radio waves. It must be noticed that the 
discrepancy of order three also appears, if one regards whole interstellar matter as due to 
the splash of supernovae.**? 

Now we discuss the process of producing cosmic rays in reference to the emission 
mechanism of radio waves, which has been interpreted by Ginsburg” in terms of the 
bremsstrahlung of electrons in a magnetic field. Ginsburg was able to express the intensity 
of the radio waves, J,, and the frequency at the maximum intensity, »,,, in terms of the 
magnetic field strength, H, the density of energetic electrons, n, and the energy of electrons, 
E; 

Jy=1.7X 107" Hn D AQ, erg/cm® sec cyc/sec, * (4-1) 
Yyz—1.4 X 10°H(E/me*)? oyc/sec. (4:2) 
Taking the diameter of a source, D, and the visual solid angle occupied by a source, JQ, 


*) Disintegrations of heavy nuclei do not matter in this estimate, if the number of particles is unders- 
tood by the number of nucleons. 


**) The energy of radio waves generated in the whole galaxy is of the order of 10!%eV sec-!, while 
that due to supernovae is of the order of 2X10eV sec! (The author is indebted to Professor Hatanaka 
for telling him these figures). There are roughly 10°8 nucleons in our galaxy and about one third of them 
form helium and heavier nuclei. Thus far 2107 explosions of supernovae have occurred, provided that 
their frequency is assumed as once in every three hundred years. If the average mass of a supernova is ten 
times solar mass and one tenth of its mass is converted into helium and heavier nuclei, the total amount of 
them thus generated is estimated to contain roughly 2X10"! nucleons. 


ted i These two indicate a discrepancy of 
order three. This might be regarded as an evidence against our idea. 


ae 
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as 10° cm and 3X 107° respectively, (4:1) gives us 
Ee 407s gauss che, (4:3) 


in reference to the observed intensity at frequencies around 10° cyc/sec. Assuming this 
frequency as Y,,, (4:2) leads us to 


H(E/me>)?~10? gauss. (4:4) 


The energy density of electrons is estimated from the total energy of 210" eV and the 


volume 5X 10° cm* corresponding to D=10*" cm as 


En=~4X 107! eV cm™. (4-5) 
(4-3); (4:4) and (4-5) allow us to obtain three quantities E, H and n: 
ES 10° eve H= 2 K10~ gatissy n= 4 C107) cre. (4:6) 


The magnetic field of strength given in (4:6) is assumed as due to the magneto- 
hydrodynamic wave. Since the velocity of exploding matter is supposed to be about v= 


310° cm sec7!, we are able to estimate the density of matter as 
Oat EL (Anes 3 X10 scm. (4:7) 


This is consistent with the value expected in the envelope of an exploding supernova. 
Since the nuclear particles may be accelerated up to relativistic energies, say rigidity 


up to 1 GV, the distance between magnetic irregularities is required to be 
123 105/226 X'1.0? cm. (4:8) 


The thickness corresponding to this is pl>10-" g cm, far smaller than the collision mean 
free path of nuclear particles. 

The magnitude of [ may be estimated on account of the fact that the electrons radia- 
ting radio waves have spread out over dimension of R@™5 X10" cm within about #100 


years, for example, in the case of Crab nebula. Hence 
[= (3/2), /ct=4 X 10” cm. (4:9) 


If the latter figure 1s adopted, the number of collisions with such magnetic irregulari- 
ties is given by 


N= /lS25G10", (4-10) 


Consequently the rate of energy gain, @, is of the order of 10°, which seems too high 


to realize the gradual acceleration. 


It seems to us more natural to assume some instantaneous injection like that may 


occur for the cosmic ray production associated with intensive solar eruptions. We suppose 


that an instantaneous mechanism is operative to accelerate nuclear particles together with 
electrons from thermal energies, say 0.1 MeV, to cosmic ray energies, above 100 MeV per 


nucleon. This may te followed by the acceleration due to the varying magnetic field in 


the envelope of supernovae. 
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§5. Generation of light elements at local sources 


In a previous note’ the present author has suggested that the light elements, Li, Be 
and B, are possibly generated at local sources of cosmic rays due to the fragmentation of 
heavier nuclei caused by energetic particles which will eventually turn into cosmic rays. 
Fowler at al. have pointed out that the energetic particles may be an imoportant cause 
of building up such heavy elements that are observed as abnormally abundant at the surface 
of some peculiar stars. One can thus see that the cosmic radiation takes an important part 
in the origin of elements. 

In estimating the abundance of the light elements, we refer to the hypothesis that 
heavier elements, which we call metal, are built up in the core of massive stars which 
eventually explode by scattering the heavy elements into the interstellar space’. If all heavy 
elements are to be accounted for in this way, 10"° explosions like supernovae, as discussed 
in the preceding section, should give the present mass abundance that is about one hun- 
dredth of the total mass of galactic matter. On account of that the mass of a supernova 
is about ten times of that of an average star, i.e., 10°! g, there are 10” stars in the galaxy, 
the mass abundance of metal in a supernova is about one tenth of its mass.* This corres- 
ponds to 210" metalic nuclei. 

On the other hand, there are about 10 particles to be accelerated in a supernova. 
Only a fraction of them, say, one tenth, are allowed to suffer nuclear collisions, because 
otherwise the acceleration would be impossible. Therefore, about one hundredth of such 
particles, namely, 10” particles may collide with metalic nuclei. In each collision the 
probability of emitting a light nucleus is approximately one half. Thus we obtain that che 
abundance of. the light elements amounts 107° times that of heavier elements, in rough 
agreement with astronomical observations. 

The estimate performed above is very rough and merely shows that our idea is not 
unplausible. The definite conclusion must be reserved for detailed works along this line. 
It is also required that the generation of the elements heavier chan iron can be accounted 


for in a similar way and in reference to the idea proposed by Fowler et al.'” 
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Recently a general and formal method to construct nuclear potentials has been proposed by Fukuda, 
Sawada and Taketani. Applying the method to the pion theory and adopting fixed and extended 
sources, we have evaluated nuclear potentials. The result seems to be in favour of that of Taketani, 
Machida and Onuma rather than that cf Prueckner and Watson. As a cut-off function we assumed 
a Gaussian error function with kmar=6yc. In the case of the effective coupling constant g°/4z=0.08 
it is fourd that the effect of the extended source becomes very strong in the region for r0.7 b/c. 
If we use these potentials for r>0.7 &/yc and phenomenological potentials inside this range, satisfactory 
results may be obtained to explain the properties of the two nucleon system in the low energy region. 


$1. Introduction 


Since Taketani, Nakamura and Sasaki proposed a method how to attack the meson 
theory by comparing it with the results of experiments in 1951’, a series of works on 
nuclear forces have been done extensively in Japan.” As Taketani et al. predicted early 
in the paper, the applicability of the pion theory to the nuclear force problem is established 
in the present paper with remarks on the region of validity. 

However, it may be interesting to bring us to mind the historical background of this 
problem. After Yukawa predicted the existence of the meson to explain the nuclear force 
in 1935, so many difficulties appeared in the meson theory as well as in the property of 
the meson itself. Most meson physicists had given up a hope to explain the nuclear force, 
and tried to analyse the nuclear force only in a phenomenological way. The main reasons 
why they inclined to think so seemed to be due to the discrepancies between the meson 
potential and experimental data on the nucleon-nucleon scattering at that time. Further- 
more, the mathematical difficulties, Cie holy singularity, were considered as very serious 
hindrances. 

In such a situation Taketani et al. analysed the problem of nuclear forces with much 
care and arrived at the convince that a concept of the potential produced by pions should 
be fairly useful and valid if a distance between two nucleons was not so small. When 
two nucleons approach closely to one another, the effects of the higher order perturbations, 


non-static corrections, relativistic effects, and recoil effects may not be negligible. They are 


by no means mathematical difficulties, but physical ones. In fact, the existence of many heavy 


mesons should be taken into account in such a region. 
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In order to justify the convince it is very necessary to perform the calculation of the 
meson-theoretical potential first of all. With respect to the complicated effects mentioned 
above Taketani et al. pointed out that they appeared only when two nucleons approached 
very nearly and proposed to replace them by a phenomenological potential.* 

Concerning the derivation of the potential from the meson theory several authors have 
attempted to apply the Tamm-Dancoff approximation method besides the usual perturbation 


6)—8) 


technique. One of them is Brueckner and Watson’s treatment. In the treatment the 


Fock space is used, and amplitudes of two nucleon plus more than zero pion substates are 
eliminated algebraically from the coupled integral equations. Unfortunately they did not 
take into account the normalization of the Fock subspace amplitudes. Therefore, the 
Schroedinger-like equation derived from such procedures can not be regarded as a genuine 
Schroedinger equation for the nonrelativistic two nucleon system. In other words the no- 
pion subspace was not decoupled completely from other subspaces which include one or 
more pion. 

Overcoming the difficulty, Fukuda, Sawada and Taketani have proposed a more general 
and formal method to construct potentials with the field theory (henceforth cited as FST).” 
In the new method the normalization of the Fock-subspace amplitudes is considered properly. 
The expression obtained for the potential involves two parts. One of them is a normal 
part and the other is a probability part. The latter means a probability of finding the 
two nucleons bare. 

Although usual divergence difficulties appear during the evaluation of the expression, 
the divergent terms must be treated so that the probability part may have a physical 
meaning. At the present stage we have to adopt some suitable cut-off procedure. It may 


be plausible to assume the same cut-off as that applied to other processes involving a single 


= 


*) After Taketani, Machida and Onuma’s paper had been published*), J. Leite Lopes and R. Py 
Feynman presented a paper entitled ‘‘On the Pseudoscalar Meson Theory of the Deuteron” at “ Symposium 
on New Research Techniques in Physics”, July 15-29, 1952, Rio de Janeiro, Brasil. As Lopes and Feynman 
cited correctly the previous works by Taketani, Nakamura and Sasaki and also by Taketani, Machida and 
Onuma in their paper, their idea and method are almost the same as outs. Unfortunately, since they could 
not get the “ good. argument establishing its validity”, they concluded the different opinion from outs: “it 
is unlikely that any calculation by a perturbation expansion has value for nucleon-z-meson problems.” We 
are grateful to Dr. Lopes for sending us a reprint of the paper which arrived just after we had written the 
present paper. 

On the other hand, after Taketani, Machida and Onuma had calculated the pion potential to the 
fourth-order term,”) Levy did the same kind of work.®) However, since Levy did not consider that the region 
of the applicability of the pion potential should be divided into two parts as Taketani, Nakamura and 
Sasaki had pointed, he could not reach the important results obtained by Japanese workers, which is described 
as follows: 

Outside the region x=1.5X (pion Compton wave length) we obtain the same potential as the second 
order potential with the renormalized coupling constant independently on any approximation™). Furthermore, 
the deuteron problems and low energy phenomena can be explained completely by this outside part of ane 
potential. The theory is in excellent agreement with experiments, while the usual phenomenological potentials 
contradict seriously ‘to, for example, the experiment on the P-wave proton-proton scattering in the low energy 


region). Details will be discussed in the Supplement No. 3 of Progress of Theoretical Physics which will 


soon appear. 
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nucleon, c.g., P-wave pion-nucleon scattering, photo-pion effect, and anomalous ciagnes 
moments of proton and neutron, because there high frequency components of virtual pion 
field have to be cut off. In fact the same cut-off procedure is found to give reasonable 
qualitative agreements with experiments."”~'? Furthermore, when one wants to decues 
the two nucleon system by the nonrelativistic Schroedinger picture, the following condition 
should be kept in mind: The coupling of the nucleon with high frequency components 
of virtual pion field must be weak and the energy of the system must be small in the 
nonrelativistic Schroedinger picture.'” 

In § 2 the construction of the potential is presented, in § 3 the functional form to 
describe the nucleon as an extended source is discussed, in § 4 the explicit forms of the 
potentials are given in our approximation, in § 5 our approximation is examined, and finally 


in § 6 conclusions and remarks are given. 


§ 2. Formulation 


A. Approximated nonrelativistic coupling 


It has been shown from the experiments of the pion-nucleon scattering and the predic- 
tion from pion theory in the low energy region that the P-wave part is rather predominant 
than the S-wave part in the interaction of pion with nucleon. Furthermore, in the nuclear 
force problem, it has been already pointed out that the part of the nuclear potential which 
resulted from the S-wave part of virtual pions is rather weak in the outside region.” 


The coupling between nucleons and pions is approximated by the following interaction 
Hamiltonian : 


‘ . 
H=9/p>)0° -V\dV opr—r,)t-o(r), ‘(Q) 


i=l 


where $(r) is the pion field operator, 7 is the unrenormalized coupling constant and y is 
a pion mass, 6“, t, and r, are the spin operator, the isospin operator and the coordinate 
of the i-th nucleon respectively. We shall assume the nucleons at rest and characterize a 


nucleon by a spherically symmetrical source function o(r) = (|r|), which is normalized 
as follows : 


lnc) dV. (2) 


ny 


This interaction can be interpreted as a coupling between the P-wave pions and fixed nucleons 
only. 


To obtain the approximated form of the interaction Hamiltonian (1) from the charge 


independent pseudoscalar meson theory, we need to assume the nucleon fixed and the interac- 


tion linear with respect to the pion field. Such an approximation means to restrict the 


number of pions emitted or absorbed in an elementary process to only one. 


B. Formal derivation 
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Recently the most reasonable nonrelativistic nuclear potential has been given by FST.” 
It is expressed as follows : 


V=P( Je JP PT (tM) Pt D7? Pr—PoFbPo, (3) 


where P, is a projection operator to the no pion subspace, H, is the free Hamiltonian of 
the nucleon and the pion field, H is the interaction Hamiltonian between them, and J, is 
the same as in FST’s paper (FST, Eq. (2:9)). If we remember that the interaction (1) 
is linear with respect to the pion variable, we can expand (3) in the static limit as follows : 


V=((HO (—H,) 7H) + (HO (— H,)1HO (—H,) AH (— Hh) HH) + ---]x 
x[1+ Cine (==i0,) 2520) 5 el (4) 


where H is divided into two parts, H“? and H, referring to the emission and absorp- 
tion of a pion respectively. 

In order to make evaluation of the expression (4), we have to make some approxi- 
mation. We shall expand both the denominator, which means the inverse of the proba- 
bility of finding the nucleons at bare states in the static limit, and the numerator of the 
right hand side of (4), taking up to the second order terms in the denominator and up to 
the fourth-order terms in the numerator. The reason for this procedure may come from the 
following consideration. In the case of the hypothetical neutral scalar meson theory, if we 
take the probability part up to the 2n-th order and the normal part up to 2(n+1)-th order 


terms, we obtain always a well-known result :” 


Gorge: e- 
V(N.S.) = —-— —— +24, (5) 
Ar ie 
where 4 means the self-energy of a single nucleon. It seems worth-while to note that this 
prescription corresponds to the well-known fact that, in order to calculate the 2n-th order 
perturbation effect, we need knowledge of the 2(n-1)-th order perturbed wave function. 
Concerning the self-interaction terms, they have been always discarded in the usual 
treatments. However, it is quite obvious that we should not discard. the self-interaction 
terms in our case. Because the second factor in the right hand side of (4) means the 


probability as mentioned above, the following condition should always hold : 
O21 eA Eye eyo < 1: (6) 


Therefore, we can not take the conventional prozedure where the self-interaction terms are 
omitted. On the contrary we are forced to introduce some suitable cut-off hypothesis. 
There are other two kinds of approximation which we have made. One is related to 
the renormalization process of the coupling constant and the other is concerned with the 
constant shift of the potential. 
Although any divergence does not occur in our case, the renormalization procedure 


chy 16)17 Spon) . 
is nevertheless very sensitive. If we follow Chew’s method," ) the total contribution of 


the self-interaction up to the second-order to the coupling constant is expressed by 
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~ 9, 1— (1/6) 4,') A= 3/2) 45)" (7) 
where 
Use ( He) eae eee (8) 
r Wer a(2n)a 3 wo 


w= (E+ /2)'”, g, is the renormalized coupling constant and C(k) is the cut-off function 
defined by Eq. (10) in §3. After we substitute the unrenormalized coupling constant / 
into the expression (4) and expand it in the power series of the renormalized coupling 
constant, we take the denominator up to the second-order terms and the numerator up to 
the fourth-order terms. 

As a consequence we obtain the static potential. However, the static potential should 


be defined by 
V(r) —V(o), (9) 


where V(co) is a constant value of V(r) for r=co. Therefore, to obtain the static 
potential, we should substract V(co) from the expression (4). Unfortunately, with the 
different choice of n in the expression (4), we have different results for r>h/pc. Since 
we started with the approximation taking the finite orders, it is impossible to remove 
entirely V(co) by such a subtraction procedure. However it is possible to find in the 
numerator the diagrams which contribute to V(co) and to remove them before we start 
the calculation. Such a treatment may be allowed, because, if we apply it to the case of 


the hypothetical neutral meson theory, it gives the well-known result, which has no term 


of V(co). 


§ 3. Nucleon source function 


Since we cannot derive the form of the nucleon source function from the fundamental 
field theory at present, it may be determined entirely phenomenologically. Therefore the 
form of the source function has a rather ambiguous character. The only way to avoid 
this difficulty is to pick up the problems where the precise form of the source function 
may not be so important. Unfortunately, the nuclear force problem is not the case. It 
will be shown that the behaviour of the source function gives appreciable effects to the 
nuclear potential, even if a distance between two nucleons is larger than the nucleon Comp- 
ton wave length. 

After some calculation the nuclear potential can be expressed in terms of integrals 


over virtual pion momenta. These integrals involve the factor C(k) which is the Fourier 


transform of the source function : 
Gtk) <= \av ia A (10) 


From Eq. (2) it is obvious that C(0)=1. At present we can require C(k) only to be 


tes np. + Jere 
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roughly equal to unity up to k~k,,,, and then to fall rapidly to zero. 
Let us recall analyses of the low energy phenomena involving a single nucleon. One 
used to approximate C(k) by a square cut-off function for the sake of simplicity : 


CU ao" torch ka. 
CCRY=0 efor keh, o. 


This crude approximation is useful in the cases where the final results to be compared with 


experiments are roughly approximated in terms of the following integrals over virtual pion 


momenta : 
Le |G (k) dk, | (11) 
Iy=2\C* (k) kdk. (12) 


In such cases, for example, as in the P-wave pion-nucleon scattering, the precise functional 
form of C(k) is not so important and the results are characterized mainly by the cut-off 
momentum &,,,,.."” 

However, the situation is different in the nuclear force. In order to see the functional 
dependence of the potential on C (k) clearly, we shall now examine the central part of the 
second-order potential, 

2 (1) , (2) peo 
7 ve 7 Lh Ae es oa a? .6%\ 
é 


2 


C? (k) sin kr kdk. (13) 
AT. 1 3 i 


0 w Yr 


If we substitute the squre cut-off function into (13), it gives rise to an oscillation of the ~ 
potential for large values of r and its behaviour depends appreciably on the cut-off mo- 
mentum &,,,,. On the physical standpoint, however, it seems reasonable to expect that the 
effect of the extended sources is probably large at small distances between two nucleons — 
rather than at large ones. 

Secondly, let us assume a smooth function 


CO) HE E+ bad) a4) 
Then we can evaluate analytically the integral (13) and obtain the following result : 
y= FF" 5-5") Ge a oS Fe tna | (15) 
: 3 4 Y 47 
where 
g=9|1 wa (2/Rnac) nl as 
and 


F (1) =p1/2-[ Enacl #)°+ Choae/ 2) J+ 1/1) [1 = (/bnae) T° 


: ' 8 : 
As concerns the cut-off momentum kiae it may be plausible to assume the same value a 


the one used in the theory of the pion-nucleon scattering, 1.e., king. 6pe. Then, in the 


_— 
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outside region of the pion Compton wave length the expression (15) is nearly equal to 
the result for the case of the point sources, that is, the Yukawa potential. Therefore, as 
expected above, a smooth function C(k) gives rather satisfaotory results for the outside region 


of the potential. 
On the other hand it has been pointed out that the experimental data on the P-wave 


pion-nucleon scattering can be explained fairly well if the following relation is satisfied : 
[fess (16) 


The relation is exactly satisfied when we use the square shape function for C(k). There- 
fore, unless we assume a cut-off function close to the square shape function, the relation 


(16) may be destroyed. 
From the above consideration we shall now assume a Gaussian error-function for C(&) : 


C(k) =exp(—P/2k naz). (17) 


§ 4. Numerical results 


Let us now evaluate the potential V from the expression (4). In order to illustrate 
the processes which contribute to the potential, some of the diagrams are given in Fig. 1. 
Applying the prescription of the renormalized coupling constant to the evaluation we obtain 


the explicit form of the potential in our approximation as follows : 


V=—(g/p)?-1/ (27%: (2. rm | oe CMdk (gw. h) (6? kb) — 


| (9/1) Seal fesse Cc (ky) dk, dk, : [2 as aa x 
C 


(27)*. WO, Wy (W, + Ws) ike (ae 
x [2(e 2) (ky hey)? +36 -[k, X ky]o -[k, X k,]} x 


: -1 
4 ji+34 ot (g/ ps)? EG my si) 3 ED le (o ®) I) (6? -k) cer] y (18) 
27 ’ w 
where is the renormalized coupling constant. The suffix r of g, is dropped henceforth 
as we shall use only the renormalized one. The integration of the angular parts can be 
done in a straightforward way in virtue of the spherical symmetry of the source function. 


With respect to the radial parts we have to perform the numerical calculation of the follow- 
ing expression : 


gps 1 Tier os 2 (2.2) [” CG BSAC L) iorare 


0 w 


0”) (24,+B,) — 


—Sin(4)—B,) ]— | (G'/4n)? 2 , (2/n)* ir CN (By) C2 (hy) Rykadhy, dey _ 


; WW, (+0) 


[2- (7-2) (B,.B,424,A,) + 
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ae On 0) (A,B, + B,A, + A,A2) — Sho (4,B,+B,A,—24,4,) | x 


et ee ae ee? 2) (eee x 


47 we 7 0 () 
-1 
x[(6-5®) 24,+B,) —Sn(4.— 8] 


where (19) 
A,=1/r°-[k, r cos k; r—sin k, 1], 
B,=1/r°-[2 sink, ry —2k,; rcosk, r—k,” x” sin k; rl, 

and 
$s=3(o%>r) (6-1) r?*— (6.0%). 


The details of the approximation which we have made during the numerical calculation 
are given in the appendices. We have performed the numerical calculation assuming the 
Gaussian cut-off momentum &,,,,=6jc and the effective coupling constant g [47 =0.08. 


The ‘results for even states and odd states are plotted in Fig. 2 and Fig. 3 respectively. 
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Fig. 1. Sample diagrams which contribute to the normal part 
and probability part, (Gan bavan de ands (e; f) are given res- 
pectively. 

For even states (Fig. 2) the potentials show the following shapes. The triplet central 


potential is very weak and_ attractive outside the pion Compton wave length b/pe and 
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becomes repulsive inside the region. On the other hand the triplet tensor potential is 
strong and attractive even inside the region. The singlet potential is attractive in the 
outside region and changes its sign at r~0.6b/ pc. 

For odd states (Fig. 3) the potentials show the following shapes. The triplet central 
potential is very weak and repulsive for r=0.8h/pc. The triplet tensor potential is repulsive, 
contrary to that in the even states. Although it is not shown in the figure, the triplet 
tensor potential changes its sign near the origin. The singlet potential is repulsive for 


rS0.7h/pc and attractive inside the range. 


singlet 
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Fig. 2. Potentials in even state. The cut-off mo- Fig. 3 


mentum kmax=6p1c, where is the pion rest 
’ Me P momentum kya =6yCc. 


mass. The ordinate is always measured in Mev 
except in Fig. 7. 


Concerning the so-called ‘‘ contact interaction” we would like to make a few remarks. 
If we assume a point source for each nucleon, the contact interaction does not give any 
contribution to the potential except at the origin. For instance, the second order central 
force contains the following contact interaction : 


71/3: (6%-G®) (7.2) (9/n)? 8 (Fr). (20) 


Potentials in odd state. The cut-off 


Se miata 
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However, in our case it is written due to the cut-off procedure as follows: 
Sy 3 (OG) (TO-t) (g/t)? (160) =" Rimage ae (21) 


It is seen from Fig. 4 that it becomes impor- 
tant in the region r2*0.7b/pc in the case of 
hknar 6 pic and g?/4z7=0.08. It is also found 


that the contact interaction of the fourth-order 


150 


potential is effective only at very small distances. 


§5. Validity of approximation 


The potentials which we have obtained 
in the present paper seem to be valid for rS 
0.7b/ pc, because of the following reasons. As 
it is well known, there are many problems in 
the short internucleon distances, e.g., the effect 
of the higher order terms of the expansion, 
the contribution from S-wave pions, nonadia- 
batic corrections, the effect of isobaric states 


of nucleons, etc. Adding to these difficulties 


we should expect that the cut-off procedure 


05 1.0 15 
Fig. 4. A contact inceraction in the second- may modify seriously the potential in the 
order central force of the even state. The region. The cut-off function has been chosen 


- n=O. ; 3 
cut-off momentum kmax =OHC so that the potential may not be different at 


the large distances from the case without cut-off. However, as we mentioned above, the 
cut-off procedure has very intricate relationship to our evaluation of the potential. There- 
fore it is difficult to discuss the effects of the cut-off procedure on the final results. While 
the role of the cut-off procedure is mainly to make possible to estimate the probability 
part, it results in the appreciable modification of the contact term. 

For the region r<0.7b/pc the contact term is predominant. On the other hand for 
the region 1S 1.5b/uc the cut-off procedure has nearly no effect on the potential. However 
ifiiye assume bas 224 pc, the effect of the contact term spreads to about b/pc. Therefore, 
for the region 1r=0.7b/ pc, we shall follow Taketani, Nakamura and Sasaki’s method” and 
adopt suitable phenomenological potentials. They may be square wells or extrapolations of 
the outside potentials to the inside region plus, if necessary, a narrow repulsive core at a 
very short distance. Although the potentials for the region 0.7h/pc <r<1.5b/pc * 
| sensitively affected by the cut-off momentum, they are almost the same in the outside 


region as the usual second-order potentials without the cut-off procedure, 1.e., 


7 (ty ‘ 7?) | . go”) aoe Be 3) te 1) |[—. (22) 
4n 3 pe pr é 


For compatison between TMO method and BW method we plot in Figs. 5 and 6 the 
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potentials for even states which are calculated by respective methods, using the same cut-off 

procedure. 
On the other hand, we have dropped the higher terms than the fourth-order one in 

the numerator and the higher terms than the second-order one in the denominator of the 


expression (4) as mentioned above. Therefore we have to examine the validity of this 


Mev 
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™ (Bw) 


Vr(BW) 


v(TMO) 


BT 


Q5 1.0 1.5 2.0 
Fig. 5. Comparison between TMO and BW po- 
tentials in triplet even state in the case of the same 
cut-off procedure. The dotted curves are the same 
ones as in Fig. 2. The cut-off momentum kmazx= 
6uc. 


Fig. 6. Comparison between TMO and BW po- 
tentials in singlet even state in the case of the same 
cut-off procedure. The dotted curve is the same one 
as in Fig. 2. The cut-off momentum kmaqzx=6yUL0. 


approximation. At first, let us discuss the expansion of the numerator of (4). Machida 
and Senba have already investigated the higher order corrections to the second plus fourth- 
order adiabatic potentials.” Brueckner and Watson discussed also the same problem using 
the multiple scattering method.” According to their estimates the second plus fourth-order 
adiabatic potential is not altered seriously by the sixth-order potential and multiple scatter- 
ing effects for the region r>0.6~0.7b/c. Therefore it may be plausible to take up to 
the fourth-order term and drop the higher terms in the numerator of (4). 

Secondly we shall examine the validity of the expansion in the denominator. Although 
there are many difficult problems, we shall estimate numerically the contribution of the 
fourth-order terms, assuming that the probability part should have a meaningful value at 
very large internucleon distances (See Appendix B). In Fig. 7 we show a comparison of 
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. 
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pe 
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the probability part in the triplet even state between two cases. One includes only the second- 
order term, and the other includes the second-order term plus the fourth-order term. Since 
the triplet even potential is strongly affected by the probability part, we give only the case. 

It is seen from Fig. 7 that the ; 
potentials are not so much modified 0.6 
qualitatively for rS0.7b/pc, while 
inside the range the influences become ia 
very strong. As far as the probability 


part concerns, the power series e€X- 


0.4 


pansion breaks down completely in the 
region r—0.7b/p1c. Consequently we 
can conclude that the static potential 
obtained from FST’s theory (4) using 
our approximations may be meaningful 
in the outside region (r> 0.7h/pc). 


§6. Concluding remarks 


As FST pointed out, the so-called 
nonadiabatic or velocity dependent cor- = _ 0 
rection, which gives the difference bet- 
ween the potentials obtained by TMO 
and ones by BW, is by no means 


nonadiabatic effect, but is related to the 


—0.2 


—0.3 


renormalization of the amplitude which “63 fi ni as Bop L5 
; +5 er ig. 7. e probability part for the triplet even 

S 
can be understood in the static oe a state. Io and Is44 are the second-order and the 
the probability for the absence of pions. second plus fourth-order central force parts respec- 


tively. Jo and Jo44 are the second-order and the 
second plus fourth-order tensor force parts respec- 
tively. The parameter 4 expresses the effects of 


One of our conclusions is that the cor- 


rection has appreciable influences on the 


behaviour of the potentials inside the the higher order corrections which arise from the 
; g 

pion Compton wave length as shown self-interactions (See Appendix B). The cut-off 

in §5. momentum kmax=Ope- 


Concerning the magnitude of the so-called nonadiabatic correction to the second-order 


potential, Brueckner and Watson estimated the expectation value using the “ bound state 


wave function” of the deuteron. Then they concluded that the correction is less than 
one percent of the 20 Mev expectation value for the static potential. However, 20 Mev 
is not the expectation value of the potential, but an appropriate average of the potential 
inside the well when we represent the property of the nuclear force in the small internucleon 


distances by the square well. If one would compare the effects inside the pion Compton 


wave length by estimating the expectation value, one should obviously obtain no appreciable 


change of the potentials due to the ‘‘ bound state wave function”? of the deuteron. It 


is worth while to notice that the potential near the origin plays a very essential role for 
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the binding of the deuteron and the detailed form of the wave function is determined 
mainly by the potential outside the pion Compton wave length.” Therefore the correction 
should be treated more carefully. 

We have also found that it is possible to derive the reasonable potentials from the P-wave 
pion interaction working with the cut-off procedure and Chew’s renormalization method, which 
gives satisfactory results in the low energy P-wave pion phenomena with a single nucleon. 19)F0 
However, we have to make a remark that the static potentials obtained in the present paper 
should not be taken seriously when r is less than 0.7h/wc, because the effect of the contact 
interactions which arise from the extended sources becomes very appreciable inside the region. 
Therefore it seems very necessary to attack this region from rather different sides; new 
treatments or considerations are strongly desirable. 

Finally, we would like to mention that our results are in good agreement qualitatively 
with the previous works of Taketani’s group.’~* With respect to the excellent comparison 
of the pion theory with experiments, especially, the detailed analysis of the low energy 
phenomena of the two nucleon system by Otsuki and Tamagaki should be quoted. An 
amazing agreement of the pion theoretical potentials and the P-wave nucleon-nucleon scatter- 
ing data is clearly shown in their paper.” We find also that the potentials obtained in 
the present paper have such properties as they suggested to be satisfied by nuclear forces. 

One of the authors (K.I.) is indebted to the Yomiuri Yukawa fellowship for the 
financial aid. 


Appendix A 


We illustrate here the approximation which we have made for the integration in the 
fourth-order terms in eq. (19). Since the integrand involves Gaussian function, we should 
perform a tedious numerical calculation unless we introduce some approximation method. 
If we make the following replacement in the integrand, the integrations become et, 
and very easy for the calculation : 


1 rice Sear 
Wi Wg LW, “Ws 3° WW, WO, + WM - Wy+ Wp 


where «, is an adjustable parameter. The error due to this approximation does not exceed 


about several percent. It may be sufficient for our purpose. 


Appendix B 


Assuming the fixed sources we can write down the fourth-order terms in the probability 
part as follows : 


(Py J*JPo) = (EN (— Hh) “AS (— Fb) “AH” (— A) ey FR =n 
+ EP Fh) HS! (= Eh) PHO (yey oe 
+ (HO (=H) HO (—H,) 1H (—H,) 2H) — 


we 
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(RO (SH) CHa) (Ay) A) 
| — (HO (=H) 7H") (HO (—) *H). (B1) 
Then we obtain directly 


4 2 2 
(P She P)O= Z) > 1 | C (k,) C (ky) dk dk, pidkiths)r 
aa Gr (27)° dite? _ A 


NG {|= (re. 1)? Oss oO EO 12) (o-k,) (o°-k,) X 
2 Op (w,+@.)” 


x (o™ - Ik,) (o® -k.) + 427.2”) (ky: ky)? 9a, +240,0.+ 120." a 


(wy+ Ws)” 
| C2(k,)C? (ky) dk dk, shar 2 2 4 
+( ) | 1 ze {SECO ¥ thar) f2 (1) , (2) Qf Che 
a aay te clon &2 (2-2) (4 ky) (Ie) X 
10/3 6 6 3 
x {tos i 6 $4 2 |e 
Wy Ws OW, Oe Of (O, +0) La Oo- 


3 i Mesa iu mat Ree Ke) CUR) ake dk, 
a3 [2+2]|- (Oe Oe 
Ws (@, +O) LO, 2 ( pL ) (27)° (w,+ea,)” * 


x Atk? | a | (B2) 


Sse 2 
WyW, Ov 


Here we make the following approximation adding to the replacement (Al): 
1 4 8 3 LS i 
2 | sur wh if ee (B3) 
(@,+0,)? Loy G0, 2 4 wy Ws, 


If we use these approximations, 
notations for these integrals we, rewrite (B2) as follows : 


we can perform the integrations in (B2). Introducing 


(P, vf JP.) aa (constant) cece \ 7)? Pp — 2 YN+ <2 G3 Het ; 2) jie 


4 A(r®- 2”) | 2 AL 2d,N’ 4.24, ¥'—64,N—64"2Y]. (B4) 


A represents the effects of the higher order corrections and is expected probably to be small. 


Notations for integrals are given as follows : 


we (Det ee? OP BES (BS) 
p/ (27)* w 
4 kt) sad pag Ce(r) dk E es S28 | ok) (0 -k ideo BS? 
yv=(4) on wo ota ( )¢ ms (By 
L=(£) 1 {e (A) dk (G0. 4) (6? ke, (B5°) 
u/ (27) 4 w* 
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N=( gy 1 {-C@n (ok) (o® -k) eer 
Ls 


N’ 


(27)? 


wo 


4 
ow 


=(" ) : =| (k) dhe E ae ot] (ok) (6 -k)&, 


ye 27) S O+W4 


(2) 2 [ CWC Ordeal a, iy reimene 
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7) 

8) 

9) 
10) 
11) 
12) 
13) 
14) 
15) 
16) 
17) 
18) 


Note added in proof. 


potential to the two-meson exchange term. 


=( ) 1 } jeer [a+ Wo | 
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In the Part I of the same title a method has been proposed to construct the nuclear potent’al 
by means of the intermediate coupling theory, where the charged scalar theory has been taken as an 
example. In this paper, the method is applied to the realistic case, symmetrical pseudo-scalar theory 
with pseudo-vector coupling, and the static nuclear potential is obtained up to the order of e~*", 
where x=. 

The results are found to depend on the cut-off procedure which is inevitably introduced to avoid 
the divergence troubles. A cut-off factor should be chosen so that effects of the so-called contact 
interaction do not extend onto the exterior region x21.0. We take a cut-of factor of gaussian type 
as a suitable one. Our potential does not essentially differ from the FST-potential and the BW- 
potential with cut-off. After the renormalization of the coupling constant, the potential of the order 
of e-* coincides with the conventional second order perturbation potential in the exterior region, 
irrespectively of an assumed “structure” of the clothed nucleon. The potential of the ordor of e**, 


however, depends essentially on the cut-off factor. 


§ 1. Introduction 


In the interaction of nucleons with the meson field, the inertia of the self field is 
large and its reactive effects play an important role. It is expected that these circumstances 
are well exhibited by the intermediate coupling theory. In this theory, meson configurations 
are classified into bound and unbound ones. The mesons in the bound configuration, the 


so-called zero-mesons, are strongly bound to a nucleon. The mesons in the unbound con- 


figuration are called smesons. For the one nucleon problem, the intermediate coupling 
theory has been applied extensively and we are now well acquainted with this, as far as the 
one nucleon problem is concerned. However, its generalization to the two nucleon problem 
is somewhat meandering, since it is not an easy task to solve the eigenvalue problem for 
the cloud around two nucleons in a straightforward way. 

(H.H.) has proposed a method of construction of the nuclear 


Recently, one of us 
mediate coupling theory taking the charged scalar theory as 


potential by means of the inter 
an example”. The essential point of this method is the transformation (1.3.1), in virtue 


of which the two nucleon problem turns to be solved exploiting the knowledge about the 
The single clothed nucleon states are taken as a standard, and the 


one nucleon problem. 
of change induced on the cloud tn a course of approach 


potential is obtained as the effects 
of two nucleons from infinitely separated positions. 


i, 


ee |) Sa ae * 


eee eee ae 
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In this pxper the method is applied to the realistic case where the nucleons interact 
with the pseudo-scalar meson field through the pseudo-vector coupling. Effects of nucleon 
recoil are neglected. Moreover the following simplifying assumptions are employed : (i) effects 
of the excited or isobar states of the single clothed nucleon other than four states : p= 
CR 2S eis’ Cll 2h af eer (Od ap hy elec ae es oe teal be neglected, and (ii) 
possibility of a transition of a nucleon from the ground state to any one of the excited 
states accompanied by emission of the s-meson can be neglected. These two assumptions 
are called “one level approximation ” hereafter. Restricting the number of mesons exchanged 
between two nucleons we evaluate the potential up to the order of eee 

In actual evaluations, the divergence difficulties arise. Therefore, at the present stage, 
we have to employ a cut-off procedure. A form of the cut-off factor F(k) should be 
chosen so that the so-called contact interaction terms do not give appreciable effects on the 


potential in the exterior region x = 1.0. We use the cut-off factor of gaussian type 
F (k) =exp (—k’/2a’) (1-1) 


with an appropriate cut-off momentum a. 

In §2 a formal derivation of the potential is presented. In’ § 3 renormalization of 
th: coupling constant and the cut-off procedure are discussed. In § 4 the results are sum- 
marized. Appendix contains brief reviews on the single clothed nucleon and details of the 


calculations. 


§ 2. Derivation of the potential 


(1) The Hamiltonian 
The positions of two nucleons are denoted by x, and x,, respectively. Then the 
interaction Hamiltonian is 


ines Sea ee eof \ dk oO ida CB) 4+ c.c, (2:1) 
Here, the suffix i(=1, 2) refers to the nucleons, the suffices a(=1, 2, 3) and he ig 8 
refer to the meson charge and the spatial component, respectively. The dummy suffices a 
and / are to be automatically summed up. The direction of r=x,—x, is chosen as the 
third coordinate axis. For other notations, refer to Appendix A. The wave functions of 
zero-mesons are taken to have the following form : 


1 1 gq F(k) k, en + e tkwa 


gi(k) = her, ae 
Vi V2" wp V2K v2 


(hy eo eg Bene aera 28 
V; V 27° Ut /2K JS 2 . 
(f= 1.92; °3) 


+ pas ; = f ‘ : 
he normalization factors V; and }# are functions of internucleon distance r. For very 


large r, both are nearly equal to V, the normalization factor in the case of one nucleon 


; 

; 

z 
ae 


cnet 


Intermediate Coupling Meson Theory of Nuclear Forces, II 139 


problem [cf. (A-4)]. While, when the two nucleons approach closely, ¥; and V/* tend 
to 2 V and zero, respectively. 


We expand the meson field ¢,(k) into the complete orthonormal set involving ¢; (k) 
and ¢g/(k) as its six members : 


by (k) = A303 (k) + Ate? (k) +4, (k), 


ds (ke) = Asrgi* (k) + Aci gs* (k) + aa (k)- 


A‘* and At* or Ai, and A’, are the creation or the annihilation operators of the symmetric 


(2:3) 


and the antisymmetric zero-mesons. The commutation relations are 


[ Ai, Ag \=\Agh Atk, |= Oee9nr> 
| (2-4) 
others=0. 


a*(k) and a,(k) are the operators for s-mesons. 
In order to express all the quantities in the language of each single nucleon, we 


perform the canonical transformation (ie 3 f)< 
AD = (Ai, +44) /V2, AQ=(Au—AD)/v 2, ees 
a Zi 
AD* = (At+ A) /V2, AQ*=(AT—AD)/V 2. 


AS* and ASP are the creation and the annihilation operators of the zero-mesons which 
extend around the nucleon 1, and so on. 
The total Hamiltonian H is rearranged as follows :- 


H=H,+ HY? + HO + Het Hs (2-6) 
Hy= (Kw + U,) 12° + Up 2 
=- USS AGS Ay a Us. >} (348 "Ast = AX* AG) 


4 WS) AQ*AG + WD BAQ*AD — AD*AD) 


ej Pej 


TV 5 
4 SE (02) [u, (oo) +4, (300? — oof”) ], (2:7) 
Ey 
Hy? = | dkKgx (Kk) aq (k) AQ*e*** + c.c., (2-8) 


(Stee Saal dkK[v,¢ (ke) o +0, (39% (he) of? — 97 (hk) 7°) | tas (hk) ek] +c.c., 
67V i*&5 
(2-9) 


Fe | dkKak (Ik) a, (Kk), (2-10) 
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with G=9' /47. 
Here the conventional notations 

AS =AY —VrPcp), “AQS= AM — Vesey (2-11) 
are used, of which the diagonal elements vanish, and 

2 = 3[AQ* AQ —VeP 0 (AQ* + AR) |. (2-12) 


Coefficients U’s, W’s, ws and v’s, the functions of x=yr, are defined by 


a 


sess (1/2x*) | dkF (k)? cos kyr - F/R’, 


a 


u=—(1 /22*)| dkF (k)? cos k,r- (3k, —#) /2K*, 


(2-13) 
v= — (1/42) | dkF (b)? cos kr B/K’, 
pai gy ec) | dkF(k)® cos k,r- (3k2—F) /2K3, 
and 
Uj E (uoy+2up,) — 25% (v? +208) | , 
36a" De 
(2-14) 


G 5K 4 F 
= —| f(ugv, + 2up,) ———® (v; +207) |. 
36zV? 25 + 
Other functions are unnecessary for later calculations and are not given here. 
u's etc., of course, depend on the cut-off factor F(k). In the case of no cut-off, we 


have 


u, (x) = <—+2( 0") +20) ) 


ve 3 3 Wie us (x _ 9(x) 
iy (9) (i hee eee Oa ee ik (2-15) 


v,(x) =K, (x) —K, (x) /x, 
v, (x) =K,(x). 


K,,(x)’s are the modified Bessel functions of the second kind. Terms involving the delta- 
type functions are the so-called contact interaction. Even in the case of cut-off, u’s and v’s 
can be approximated by the no cut-off functions (2-15) for large x, and U’s are of the 
order of e**. The expressions (2-7)~(2-9) are obtained after’ the omission of terms 
higher than e~** for large x. 


(2) The potential 


The potential is obtained as the x-dependent eigenvalue of the total Hamiltonian H. 
Let the potentials of the order of e-‘ and e~*’ for large x be denoted by V(e~") and V’, 


ve 


fer i 
— 
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respectively. V(e~") is given by the diagonal element of the last row of (2:7): 


V(e-*) =diagonal element of 


E( F_ YELP) [u,(OPoh) +482} (2-16) 


where 


Sp=sop or —avc? 


=3(6r) (6®r) /P2— (6a). (2:17) 


It should be noted that t and G are the isospin and the spin operators of a bare nucleon. 
Similarly to the case of charged scalar theory, we must introduce the isospin operator T 
and the spin operator S of a clothed nucleon. For instance, (TET) ts. equal toy for 
the charge triplet state of two clothed nucleons, and —3 for the charge singlet state. 
(SS) is equal to 1 for the spin triplet state of two clothed nucleons, and —3 for 


the spin singlet state. Moreover we introduce the operator 
Sy.=3 (SPF) (SF) /#— (SPS”), (2-18) 


corresponding to the operator Sor 
Since the diagonal element of tr -oVo is TOTS SMS. (P,—P,—P.+P.:)’, 


as is shown in Appendix A, (2:16) becomes 
Ve“) = Ef £ \(P)—Po— Ps +Po:) (TOTP) [u, (SPSP) + weno) (2-19) 
3 iG 


The factor (P,—P,—P:+P.:)” corresponds to the factor (1—P,)* in the charged scalar 
theory. V(e~*) can be interpreted as the potential due to an exchange of one zero-meson 
between two nucleons. 

V’ consists of two parts, Vij, and Vig. Vais comes from the effect of distortion of 
the zero-meson cloud of a nucleon due to the existence of the other nucleon nearby. 


And we obtain, from the diagonal element of the first and the second row of (2:7) : 
V gig = 22,U, + 20 U;, (2:20) 


Ky 2) is the energy of the ground state and n, the mean number of zero-mesons in the 


cloud of the ground state nucleon. 

V,., is the potential energy due to the effect of the excitation of the clothed nucleons 
to the isobar levels and the effect of the s-meson emission. The method of its evaluation 
is the same as in I, and is given in Appendix B. It should be noted that the s-meson 


exchange plays no role. 


§ 3. Coupling constant renormalization and cut-off procedure 


The potential up to the order of e >” is expressed in terms of the functions 4, %, 
v, and v, The shape of these functions depends strongly on an assumed form of the 


cut-of factor in contrast to the case of the charged scalar theory. These circumstances 
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are due to the appearance of the “ contact interaction. ” As is seen from (2:15), if the 
cut-off procedure is not applied, the contact interaction term becomes zero except an infinitely 
steep peak at x=0, and can be disregarded since it has no physical effects. However, 
when the cut-off procedure is applied, the peak is spread out. But the effects of the spread 
of this peak must be suppressed in the region of large x. 

For this purpose, the cut-off factor must be a function which smoothly decreases with 
increasing k. We employ a cut-off factor of gaussian type (1-1) as a suitable one. The 
cut-off momentum a is now to be determined. 

Using (1-1) and (2-13), we have 


“(= a ell? {1 oe 


/ TT 


2 —(ar/2)2 


ell 2 ax a Ces 
“= er EAC + ’ 
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x 
u, (x) =(1 neers a eae -1 | 
ee 2) Og (Ee nea 


Y(Q= |e ~Y'dy. 


Therefore V(e~*) is, for large x, 


(3-1) 


with 


Vie") = (2 )@—P.—P.+P. rele 


Pot 5) +(1 += ae See (3-2) 


In this region, V’ is very small compared with V(e~*) and the resultant potential is 


predominatingly determined by (3-2). According to the analysis of Otsuki and Tamagaki”, 
the effective coupling constant 


F nike 9. ‘ 
v oft <4 (P)—P, —P, -+ Pos) *e'* ; 
47 4r ( + Pe3)"6 GB 3) 


should be renormalized to 0.08. 
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The value of V determines the “ structure” of the meson clould and (P,—P,—P,.+P.:)” 
depends only on V, but neither on g nor on a. Then noting that there is the relation 
(A-5) among gy, V and a, we can determine the values of y and a for given V. The 
values of the parameters determined in this manner are listed in Table 1. As to the 
structure of the meson cloud of the single clothed nucleon, we use Takeda’s results®’. 

The functions u,, u,v, and v, are shown in Figs. 1 and 2. The effects of the 
contact interaction are spread almost to x~1.0. In the interior region x<1.0, the sign 
of the central potential of V(e~*) changes. 


Figs 2.) %3(x) and v.(x) with a=4.11y ; Fig. 2. uz,(x) and v, (x) with a=4.1lp 
and with no cut-off. and with no cut-off. 


§ 4. Results and discussions 


The results are shown in Figs. 3 and 4. Qualitative tendency of the potential is 
tabulated in Table 2. There is no serious discrepancy atnmong our results and the FST- 
potential” and the BW-potential”. As to V’, Vijs is repulsive and the central part of Vis, 
is always attractive, and the central part of the resultant V’ is attractive for all states. 


While the tensor part of V’ changes its sign with states and regions. 
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(p) Moreover, V;, mainly consists .of 
et the effects of the isobaric transitions of 
nucleons. The effects of ssmeson turn to 
be very small. Therefore the potential up 
to the order of e~, ie, V(e*) +V 
is almost determined only by the effects 
of zero-mesons. This fact suggests that 


the zero-mesons assumed in the intermedi- 


ate coupling theory give a fairly good 
picture of the real meson cloud around 


the nucleons in the problem of the low 


energy nuclear forces. 


Table 2. Tendency of V’. 
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(p) even triplet x 
| state central 
0.5 f 
tensor + a 
} 
L S n\n = Vie) . | 
singlet — - 
Merge odd | triplet fe = 
| state central 
E | tensor — - 


The effects of the cut-off procedure 


ve 
LS appear in two ways: (i) effect on shape 


io of the functions u’s, etc. and (ii) effect 


on the coefficients by which the fune- 
tions u’s etc. are to be multiplied. The 


effect (i) is estimated from the spread 


+— singlet in singlet state of the contact term. Using the gaussian 
J! @ =x ad . 
eS cut-off with the cut-off momentum 


a—4.0, this effect is suppressed to be 
Fig. 4. The potential in odd state. V=0.4, a=4.11p. small enough in the exterior region 

where x>1.0. The effect (ii) is due 
to the change of the energy levels of excited states, etc. For example, K,) obtained by 
the straight cut-off [cf. (A-2)], which is usually employed in the one nucleon problem, 
is smaller than that obtained by the gaussian cut-off with common cut-off momentum. 
Consequently, the differences between energy levels are small and the effect of the isobaric 


transitions becomes larger in the case of the straight cut-off than in the case of the gaussian 
cut-off. 


In Fig. 5 the results of the straight cut-of and of the gaussian cut-off are shown 
for the triplet odd state. Here, of course, if we apply the straight cut-off to (2-13), 
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the functions w’s etc. oscillate inconveniently for x->1.0. Therefore we have used w’s et’. 
obtained by the straight cut-off only in the interior region x<1.0, and connected them 
smoothly to the functions obtained without cut-off (2.15) in the exterior region. 

The effect (i) is characteristic to 
the two nucleon problem, while the effect 


(ii) appears also in the one nucleon |’ __------ 


problem, e.g. meson scattering by nucleon. ey. 
The effect (ii) on V(e~*) disappears after one 
the “ coupling constant renormalization an 

Therefore, if we suppress the effect (i) 

inmthe exterior region, V(e-")-conincides = | ff mean straight 

with the conventional second order pertur- / caupsian 

bation potential, irrespectively of the a 

form of the cut-off factor, and also ofet Sys y 4 

the “structure” of the clothed nucleon. Fig. 5. Comparison of potentials for triplet odd state 
(Because the structure of the clothed obtained by gaussian cut-off and by straight cut-off. 


nucleon is determined by V, and the LO aes 


same effective coupling constant is obtained after renormalization for any value of V.) 
Thus the potential V(e™*) is well established, as long as we understand that the coupling 
constant is the renormalized one and the isospin and the spin operators are the operators 
for the clothed nucleons. However, the total potential V (e-*) +V’ can by no means be 
independent of the cut-off procedure. In other words, V’ depends essentially on the structure 
of the clothed nucleon including the isobar states, through the effect (ii). 

The above results have been shown in Figs. only for V=0.4. It would be desirable 
to choose larger cut-off momentum, e.g. a~nucleon mass, so that the appearance of the 
effect (i) is confined in the more interior region. However, for such a large cut-off 
momentum, VV would become ~1.0. Then the one level approximation which simplifies 


evaluations would not be applicable. 


The authors wish to express their thanks to Prof. M. Taketani and Dr. S. Machida 
for their critical discussions and to Messrs. Y. Munakata, A. Komatsuzawa, S. Otsuki and 
J. Iwadare for their discussions and interest in this work. One of the authors (Y.N.) is 


also grateful to Prof. Z. Shirogane and Prof. T. Inoue for their continual encouragement. 


Appendix A. The single clothed nucleon 


: ; ; ‘ ae 
As a preparation, we briefly review the static problem of a single clothed nucleon”. 


The nucleon is considerea to be at rest at the origin and interacting with the symmetrical 
pseudo-scalar meson field through the pseudo-vector coupling. 


Then the Hamiltonian is* 


* The natural unit (6=c=1) 1s used. 
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tele (grea a Fit > 


Hyean= | A&KGE (I) 65 (4), eed) 
A= Lt ,0| dh EU dk (k) +c.c., 
M2 Toft J /2 
with K=VEB+/2. 


Here *(k) and 6,(k) are the creation and the annihilation operators of a meson with 
momentum k. Suffix a(=1, 2, 3) refers to the charge of the meson, and /(=1, 2, 3) 
to the spatial component. +, and o, are the usual isospin and spin operators, respectively. — 


vis the rest mass of meson, and y is the coupling constant. 
F(k) is the cut-off factor. For instance, in the case of the straight cut-off, 
cay hs | ; 
F(k) =| HOR cigs (A:2) 


In the case of no cut-off, a —> oo. 


Now we split the meson field ¢,(#) into bound and unbound parts, by means of 


6, (k) = Ao, (hk) +4, (k), 


(A: 3) 
OF (k) = Anes (k) + az (Kk). 
The “wave function’ of the zero-meson ¢,(/) is taken to have the form 
Vile) oe oe EO ay aa, (A-4) 


PAD teh OK 


where V is the normalization constant : 
TeV FOr 
54: dk 5 
ae ai z). | (A-5) 


a,(k), the so-called s-meson part, is (aeg to o* (k). A* and A,, are the creation and 
the annihilation operators of zero-mesons, respectively. The commutation relations are 


(4. Axv|=%aeOn, others=0. (A-6) 
Using the expansions (A:3), the total Hamiltonian is rewritten in the form 
H=Ky?+[A* | dhKy¥ (k) ay (It) +e.c.] (A-7) 
; +| dhKat (le) a.(k), 


ith 
ss Ko= -| dik igi (hf (independent of /), 


2= AR Ay,—Ve a7 (AX + 4,,), 
A,,=A,,— era ’ Ax, = At — Virgo, i 


Ss eae 
“0 
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Ky is the Hamiltonian of the system composed of a bare nucleon and the zero-meson 


cloud. The eigenvalue equation for a clothed nucleon 
(Kqfé=E) T=0 (A-9) 


has been already solved by several authors”. The normalization constant V is the coupling 
constant between the zero-mesons and the bare nucleons, and the structure of the clothed 
nucleon is determined by the value of V. ‘ 

There are the following constants of motion: the total angular momentum J, its third 
component J, and similar quantities I, [, in the charge space. For the clothed nucleon in 
the ground state, [=J=1/2. I,=1 /2 state is the proton state of a clothed nucleon, and 
I,=—1/2 state is the neutron state. The probability that the isospin and the spin of a 
bare nucleon in a clothed nucleon are the same as those of a clothed nucleon is denoted 
by P,; the probability that the bare nucleon isospin is reversed, by P.; the probability 
that the bare nucleon spin is reversed, by P,; and the probability that the bare nucleon 


isospin and spin are both reversed, by P,;. Of course 
P,+P,+P:+P.:=1. (A: 10) 


Denoting the probability of finding the total orbital angular momentum of the meson cloud 
to be 1 by P,, we have 


P,=1— (8/9) P,, P= Pr= 279) Py eee CVE | (A-11) 


Hereafter the ground state is denoted by suffix 0, and the expectation value of any 
operator © for the ground state by (0|@\0). Now we introduce the isospin operator 


T and the spin operator S for a clothed nucleon ; for instance, 


4(T,—1T,) |proton state of a clothed nucleon) 


= neutron state of a clothed nucleon), 


(A-12) 
T.,| proton (neutron) state of a clothed nucleon) 
—1(—1)|proton (neutron) state of a clothed nucleon). 

Then the diagonal element of £40 is expressed in terms of T; 5;, namely, 
(0|r.0;|0) = (Py—Po—P: +Po:) (0|Ta5i9). Arata) 


As to the excited or isobar states we consider only the following four states: (J, J) 
é' : 1 3 

= (4, 4) ist excited? G; 3) 1 west» @, +) jowest? (3, 2) vowest> The level of the state G; 2) rowest 
coincides with that of (3, A)ieecia eS denote the above states by sufhx y(4=0), and matrix 
elements of any operator © by (0|O|), (| O |r’), ete. 


Appeadix B. Evaluation of Vi. 


Here we calculate Viso. the effects of isobaric transitions and emission and absorption 
. 


of s-mesons. 
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(1). Matrix elements 
. ; / 
First we write down the necessary non-diagonal elements of H,, H,;) and Ai.. Under 


the assumption of the one level approximation, the third row of H, (2:7) is omitted. 
Now, there is a well known formula 
(v| AZ,|0) =VE,(|7.07|0) 
with : (B-1) 
E,=2,/(1 — 2') 
where K,2, is the energy difference between the »-state and the ground state. Then the 
non-diagonal element between the ground state and the excited state \v,¥,) is, (two nucleons 


are in the »,- and »,-states, respectively) 


(Y¥%2| Hy|00) =X, yo (442| Ta? 7a 7 7” |00) 
(B:2) 
<5 ana (»,¥5| ce’ 7254/00) 
yah Kyiv == CRoo (Ey, hg é,4) Ue+ CH > 
67 3 
(B-3) 


GK W) G 
ey = nee (€,, + ert V, at ra wl 


Further, the state is specified by the following quantities; (i,, j,) and (i, j.), the isospins 
and the spins of nucleons 1 and 2 respectively ; ¢ and j, the isospin end the spin of the 
two nucleon system; m, the third component of 7. The state vector is represented by 
|Y1Y> 5 tis toy 13 fas fo» fy m)- Especially the ground state is, using capital letters, represented 
by |00; 3, 4,1; 4,4, J, M) or simply |I; J, M). Because of the charge independence, 
there is no need to specify the third component of i. Then the matrix element (B-2) 
is expressed as follows : 


(Ye 5 bys bey 13 Jar for Jo | Ay\T; J, M) 


H| Xtal oa BH CLS2, iW J» Je 3 he 1) 


peat i; 4f2 2 
+¥ineY 6 ¥5(2J+1) (J, 2; M, olf MUL}, 1/2 | 
Ni ee 
x (—1)27 200 myW (1/2, Siw ibe toes He 1) 
X Mlle Pa™|10) (rglleaI10) . (B-4) 


Pieren()), 23 04,0) Jeu) a Ca hand) OU Git ) are the Clebsch-Gordan, Racah and 


generalized Racah coefficients, respectively. (vj|zo||0) is the so-called physical part of the 
matrix element’. 


Next, the system composed of one s-meson and one nucleon is to be considered. 


We specify the state composed of one nucleon in the ground state and one s-meson, by 


the isospin i, the spin j and the s-meson momentum k. Then the matrix element of Fe Ae i 
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(0s, >| Ai, |Y4Y>) 


2 he AL ae Seer tac et ae paced Pe 1 ‘ . : . A : 
= (0% 545 De eli ice Pe bel Fg Ps 3 Uy toy 85 far foo fo m) 


—— Oat, sarin jut juO ia! ja i109 97 (9 mlm 
x VE, (Y,|ePo|[0) (K—Kw) (2) /¥ Qi +) Gi t)> (B-5) 
where g (k)°= 9 (k) ¢.(k) /3. (B-6) 


The matrix element of H,® is similar to (B-5). 
Finally, the matrix elements Che Tigtee. co, COS: v,|Ho,|00) can be obtained by the 
following substitution in (B:4). 


GK 


Pt rl PF P90 Wien cecmcane 


67 67 (B-7) 


(veo |0) > Y i, +1) jr +1) (K—Kwo) 9). 


(2) Effects of isobaric transitions and interactions with s-mesons 


22 


Since we are concerned with the potential up to the order of e °’, the processes 
00), 


containing the exchange of an s-meson between two nucleons are inhibited. As (05, v| Ae 
(, Os|H,,|00) and (¥,%)| ,|00) are 


ot Ho Hos") Hos 
the quantities of the order of e * Type! (0, 0) (¥, 0) (0 s, 0) (0, 0) 
for large x, the potential energy of 
the order of e~” is obtained by a (0s, v2) 
4 H ay H’ 

sort of perturbation method. There ee | Ho NY 
are two types of transition schemes H 

4 ae Type Il. (0, 0) : (1, v2) (0s, 0s) (0, 0) 


just as in I, which are shown in 
: : Ho. 
maser 6.7 Vig, is the sum of the He® | 0s Hos’ 
contributions of respective processes. (1, 05) 
In the process of the type 1 Fig. 6. Transition schemes. y->(0Os) indicates that a nucleon 


contribution Vy is given by (1-6: 9), makes transition from y-state to the ground state 


es emitting one s-meson. 


_ _(@+BAR(O))" | RCO B-8 
Vo eUReey +9°R(O), (B-8) 


with abbreviations 

(L0|FG|00) =a, (00| 4/05, 0) =P(K—Kw) 9), 
(0s, 0| Fh? YO) =4(K—Koo) 9 (8) 

i and 


Ke Qo) = an 2, pee ares) 


x Koo 2 / 


In the process of the type II, we obtain contribution V,,,,., using an appropriate 


approximation, as follows : 
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‘ 
| 36 aa $ . 7 
Virsg = — SEF B AR Bela)” (92R, + 82R,) (B- 10) 
Ky (2,+2) A—4') 
with abbreviations 
3 (v,»,|H,|00) =a’, | 
? (00| Hyi!05, ¥») =P, (K—Ky) G(k), (00|Ays|Y;, 05) =3,(K—Koo) P(A) 
\ 
oh (0s, Yo | Fy |Y%) = (05, 05| Flee Os) =4 \(K—K) ¢ (k), 
| } (; Os| Hos? |¥4%5) oa (Os, Os| FS” |053, vy) =A, (K—Kwy) ¢(k) ? 
: R= R(Ky2,+22R(0)), = Ly 
A d= — (i; "Rot As ?R,) (Ky (2, +25) - 
i It is easily seen that (B-9) is a special case of (B-10). 
- | In V,, and V,,,,, the terms containing a are due to the isobaric transitions, and the 
: terms containing ° to the emission and reabsorption of the s-mesons. The cross terms 
, are due to the interference of these two processes. 
fs 
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The problem of the interaction between conduction electrons and the thermal vibration of the 
lattice ions in the metal is treated by a statistical mechanical method. We adopt the free electron 
and the phonon models as usual, us:ng the Bloch-Bethe type interaction Hamiltonian. By the method 
of expanding the grand partition function in powers cf the interaction parameter, we get a formula 
for the free energy of the system of conduction electrons in the presence of the interaction. A technique 
analogous to the renormalization method in the quantum mechanics is utilized in the calculation. 


§ 1. Introduction 


In 1950, H. Frohlich” put forward a basic idea concerning the important role of 
the interaction between conduction electrons and thermal vibration of the lattice in the 
fandament:1 mechanism of the phenomena of the superconductivity. Since then many 
discussions and calculations on this problem have been published by various authors.” ~~?” 
But the situations concerning the difficult problems such as the validity of the perturbation 
procedures that are used by Frohlich and others, the problem of the renormalization of 
the sound velocity and the role of the Coulomb interaction between electrons are now still 
very far from what can be said to be solved. In addition to this, only few papers have 
appeared in regard to the problem at the temperature above absolute zero.” 

In the present paper,* we want to treat this problem of the interaction between 
conduction electrons and quantized lattice vibrations (phonons) by a statistical mechanical 
method and show as clearly as possible the results of the adopted Hamiltonian in the 


thermal properties of the system of conduction electrons. Our treatment is essentially based 
f the interaction energy and we are forced to 


on the perturbation procedure in terms o 
In the course of the calculation we make 


stop at the second order terms for the present. 
f a method which may be considered as a modification of the renormalization method 


in the quantum theory of fields which has been applied to this problem at O°K by 
Frohlich” and other guthors.2’ We obtain the formula for the free energy of the system 
s in the presence of the interparticle interaction which is caused by 


To the order of our approximation it has a very simple 


use O 


of conduction electron 


the electron-phonon interaction. 
form and bears a close resemblance to the formula for the free electron gas. 


* The main part of this paper has been published in Japanese in Busseiron Kenkyu No. 76 (1954), 


and here some revisions and additions are made. 


é 
se 
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§ 2. Grand partition fuaction of electron-phonon system 


Following the method in the reference (7), we define the grand partition function 

= of our system as 
EF =Sp(I=" eH) 5 dae", B= 1/KT (2:1) 

where js is the chemical potential of the electron and « is the Boltzmann constant. H 
and S‘n, are the operators which represent the total Hamiltonian and the total number of 
the electron of our system respectively. = is determined as the function of the chemical 
potential jz, the volume V and the temperature T. The chemical potential for the phonon 
must be zero because these particles can change their total number even under the condition 
of the closed system. 


As our Hamiltonian H we take the following form.* 


H=H,+ J(H,+4,) 


: 2D 
Hy, =D) Ex ag ay. 4+- S3h5q 65 by ( ) 
he q 
=hk/2m*, k=\k|, q=!4| (2 33) 


H,=—i 17a Pee qQ (by di vg te — 56 aig th) 

Pg SA EGE N ee ce Ms? ay 

[p= b?/2m- (3N/82V)*!* 

H,=b (5,—5) 3}qbg bg +@ Dd} Ex ak ay 
q RK soe 


m*=m(1+a) 


Here aj, a), are the creation and annihilation operators for the electron field and satisfy 
the usual anti-commutation relations, and 6,, 6, are those for the phonon field which have 
the canonical commutation relations; k and q mean the wave number vectors of electrons 
and phonons respectively. For the conduction electron we use the free electron model, and 
the effects of the periodic potential field of the lattice ions and the Coulomb interaction 
between electrons are taken into account in terms of the effective mass m. In H,, this 
effective mass m is replaced by m* which is to be determined under the condition that the 
reaction of the interaction H, may be taken into account. For the longitudinal component 
of the lattice wave we use the phonon model. s means the sound velocity under the 
influence of H,, that is, the renormalized sound velocity, and s, is that before renormaliza- 


tion. In our treatment we neglect the dispersion of the sound velocity s or 5. H, 


represents the interaction Hamiltonian between conduction electrons and lattice vibrations as - 


usually adopted. In this operator, F, is the coupling constant which has been used by 


Frohlich ; N, is the number of atoms in the metal of the volume V; M is the mass or 


the metal ion; C is the coupling energy which is introduced by Bloch and Bethe; j is 
the energy of the Fermi surface of our electron gas at O°K with the effective mass m and 
we define the wave number k, by the relation 4,=b°k,2/2m. 


* We omit the zero point energy term 1/2-S) 


isq which makes only a constant contribution. 
q 
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H,, is the part of the Hamiltonian which has appeared owing to the introduction m* 
and s in H,. The parameter J has been introduced for convenience and should be put 
equal to unity in final results. 

In the quantum mechanical treatment of the electron-phonon interaction, two different 
techniques have been proposed. concerning the renormalization of the sound velocity; one 
is the method adopted by Frohlich” and the other is the method used by Kitano and 
Nakano.” In our statistical mechanical version of the renormalization method, we have 
taken Fréhlich’s Hamiltonian as the starting point, chiefly for the sake of simplicity, and 
obtained the results in § 4 which is equivalent to his formula in the limit of O°K. The 
method of Kitano and Nakano which is based on the Bohm-Pines transformation yields a 
different formula for the renormalized sound velocity which contains terms of higher orders 
in F, even in the first step. But if we stop at the first order term in F,, both methods 
give the same results.* 

With the above Hamiltonian we calculate our grand partition function = using the 
scheme of the representation in which the operator H, takes the diagonal form, that is, 


the operators aj; 4, and bj 6, which represent the numbers of the particles take the eigen- 


values 
de dy —=Nyn, 0,=0, 1, 
b bo=Ny, Ny=0) 1, 2,7 @- 
So the calculation of the trace in = is equivalent to the following multiple summation 
1 1 o co 
7 3, <i | . 
Sissy Site: ; 
ni=0 mi=0 M=0 N2=9 


To carry out this summation, we expand the operator exp(—@(H,+J(H,+H,))) in 
powers of 3J(H,+ H,) as in the reference (7) ; 


exp (—B Hy + J(H,+H,))) =>)" Os 
(O,) w= exp (— PHov) 
(O;) Vue B exp ( — PH),) (A, + H,) vy 
(0.) w= {1/2 exp(—AH,) (CH, +H,) 2)" 


—BHo, eB Hos — e— BH 

(to es AHP H,) (Hit, st (270) 
+ 3 gan=H,) ? PGB) yan 

where » or o stands for a set of numbers (n,, 1, --°3 Ni, No **:) and Hy, is the v-th 


diagonal element of H,. Then we can write 


ie Shy baie 2 ,=Sp= O;) 4 (2-7) 
k=0 
Setting A= 5 Fp, we get | 
Bee (Su) S3) : (2-8) 


i i i fery i | kano, 
* Concerning these points, the author owes very much to kind remarks by Dr. F. Nakan 
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We can show* that this power series in J may be cast in a form ‘ 


Fs, exp(S}J'C) (2-9) 
C= (1) 
m= SD (—1)2"-1(S}m—1) ! WE) ™ /m,! (2-10) 
Z Z 


| (Dl =i) 
where the symbol () means to take only the terms which is proportional to N (the 
number of the conduction electrons in the-volume V), the relation between 7, and ¢, has 
the same form as the formula which appears in the theory of the imperfect gas, and the 
summation in this formula means to take all terms which appear under the condition 
indicated there (the partition of the number i having m, sets of length /). 


The first several terms are 


p= Fg—F Sok 1/3 Foe Maha Sg — 12S hy Sg 1/4 f(a) 
With our form (2-9) for the grand partition function =, we use the usual formula 
N=/0 log 5/04 (2-12) 
to determine ys in terms of T, N, V and the Helmholtz free energy of our system is 
given by 
P=Np—xT log=. (2-13) 


§ 3. Calculations of 2, 
(1) &,: From the definition in (2-7), we have 


= ,=Sp A=" exp(—3H,)) 


= >) MI he PE) MSY I (eP89) Na 
M= qd 


m=0 ke =(0 


cee, do— BE —B8%sq\ — 
=JIA1 pe BRIAR ae Ts (3-1) 


This is identical with the grand partition function of the system of electrons and phonons 
without interaction except the fact that m and 5s, are replaced by m* and s respectively. 
(2) 2,: From (2:7) and (2-6) we have 


== —P Sp(d="> e— BHo(H,+H,)) . (3:2) aa 


Now we introduce the following notation for an operator A. 


(A) = SpE" eBoy /E, G3) 


Then it becomes 


= —f2,(H,+H,) 
and we get 


* In Reference (7), the relation between C 


‘ « and &; was not given in a general form, so we want to 
supplement it here. 


INSTT Ve 2s re 
i 


Se eS aca rae hy P,P 
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§,=—P<(H,4+H,). (3-4) 
As may be seen easily we have (H,)=0. Hence it becomes 
§,= —B(H,) (3-4’) 
and 
(H,) =R +R, (3-5) 
R= d1&% (a; ax) = D1 Ex fie 
oe Wer bor 
fea ete oe 
R,=b (5 —5) 34 (3 bq) =b (—8) DANY 
q q 
Pa 
i ape geayac ms Ie) 


R, and R, can be evaluated easily as follows. We can approximate the summation St 
c k 
and S} by the integral 2 dk/(27)" and v\dq/ (27°. The factor 2 in the first 
qd 
integral means the spin weight of the electron. Hence it becomes 


Rey \ ERY sy tao N(- 1 a ede 
. (27)* eB(ER—H) 4.1 2 Lo* (SEM 44 


3 (en Shey UCL ON ) 
Si eeNA SS Regret ( eae 2 Se ; 
at n(-H)" w(t a(-) + G-8) 
gt =b"/2m™. (3N/872V)*". 


The function f;, has the same form as the Fermi distribution function in the ideal gas, © 
ion function in k, because the 


but of course they have lost their meanings as the distribut 


mutual interaction between electrons is introduced through the electron-phonon interaction 
e compared with «I 


H,. In calculating the integral, we have assumed that pz is very larg 


and used the same method of evaluation as in the case of the ideal Fermi gas. Next, 
we have 
Im 
# Tawa eae Mike py ake | q'dq 
Ried Ge 3) (27)° | ef57__ 1, — Fier 5) (27)° yg 4 
Vo fel Mi ed 
Ai K (= x'dx 
Be gee ) | 3-9 
bs 5) (27)* bs | e*—1 ag 


v=hsqn/KT , m= 27 (3N,/42V)". 


At sufficiently low temperatures, we can assume that 7 is very large and the approximation 


T 
\ x°dx =| xd wen 


e’—1 
0 


may be used. Hence we obtain 


Ryo ( 5) dn (71/5) Na (eT /b5qm)° + (3-10) 


156 H. Ichimura 


Here q,, means the wave number which corresponds to the Debye maximum of the 


frequency spectrum of the lattice vibration. 
(3) ,: Using the notation given in (3:3), we have from (26) tand= 4227) 


SoS oe (3411) 
B= 1/2 Fa Hy (3-12) 


ly 


EP=- o( Nz) 
(N,) w= DO 7 hed feed PAT RS, 


o(=¥) 


Here we have utilized the fact that HM, has only the diagonal elements, and on the con- 


(3-13) 


trary, H, has only the off-diagonal elements. 
The contribution from the third te:m in O, turns out to be zero due to its anti- 


symmetry property concerning o and v. For =, we get the following relation. 


EP =1/2-PE5{{ (6 (5.—5) 3)q67 b,)7) + ¢ (a6), aj. ay)? 
7 - 


+24 (b(y—5) S1gbj by) (@S2Ex at ax) )} 
q ° ] 


—1/2-22, (6(5—s) StqN,)2-+ (aE fi)? 
q 7 


+2(b(—5) S19N,) (@ Ex fu) | 
q ke 
AO Pann ig (3-14) 
This relation is valid except the terms which give the effects of the order of magnitude 
1/N, or 1/N in the final results. 
For the evaluation of (N,), we know that we must calculate 
Te A,,,= 7 thy >> 2 vq (by dig a, be ehae a),) | 
A 6 yo 


i \ 


YAS Tr * 
x > 2 vq (6, Ay +q! Ayr — be ajt—y! a)1) 

i‘ q ov 
and we use the relations such as 


y= (n; mp, *-+3 Ny Ny), o= (n,’, On Ni, Ny’, i) 
fies , 
Ny =n, + 1 > Ng =NKig—1 ’ N,'=N,+1 


for non zero (6444444) vo: Then we obtain : 
(Nowa Piast Nae a a) 
k qa 8 \h'/2m*. (k°’— (k—q)*) —bsq 
¥ (N, +1) ty ql —n) 
b?/2m*. (k?— (k-+-q)?) +bsq_ Ct 

We can rearrange this as follows. Putting = 2m*s/b, we get 

(N2) .= use i ea >] é 3 (Not) tieg Ny Me-4 | 

pork “gh \h—(k-+q)*+oq | = (k=q)?—aq 
( N, a ail ) my, bq NK . N, NK-@ ny ; 
k— (k+q)*+ oq | ee pap bony 
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Since the summation x is equivalent to >) we can replace q by —q in the second and 


the fourth terms. Soe putting k+q=k’ (qa k’—k), we obtain 


Qe fe | N,-+1 N_ 
Ny) y= -— 3133] tt Se a | ms 
ee, Pk R—k?4+oq BK? —oq ) 


1 N., 
=U) - age +. s 1 - ny mn | . 
\ ke’ —k”+oq ke—k oq 
In the second waved bracket, we can transform as 
Ng nn Nr Pa N, WE Nr a arte. FN) x 
k?—k?—aq yeaa K’—k”"+0q 


So we get finally 


2m* I Net N_, 
i — gales S - TX ——_ a SS 
(Ns) wv Coe on a ek? oq. Kak? oy) 
el AN es Tp (3-16) 


Hence we obtain* 


(N,) =A,+4,+ A, (3-17) 
2m*["? q 
Ay= ; : (3-18) 

0 Bb > 23 k?—k’ +04 fh 
Oh ed Br ( iL 1 
ae ; aes = = ni GoM ia N, * 
pie ok ( k?-tog =k? —K—og ) Si 
by Sh EN (3-19) 
Bb aR Ge (= k?)?— 04? 
fe meee) 0 eee IIRL 


— am* D2 q ( Baler ig Mee ot ) oe) 
ae ore F Pas kh? Lk 4+ og lk? —k? +o fifi 


Dink [oe ea, q 3-20) 
Fe SIS wie 


> if 
These quantities can be evaluated in similar ways as in (H,). 


A, can be written as 


=(2mE0 ) 2( 9d | finds Omeer (3-21) 
i (are \3 2 k?—k’+ oq (27)* 
|k’—k|=q<q, 


where the factor 2 before V? in 2 is due to the spin degeneracy of the electron. We 
can calculate the above integral using ibe prcrerties of f, at large Gu and es the 
principal values when the denominator k’’—k°-+ oq becomes zero. (See Appendix Tape 


becomes 


* Here we interchange k’ and k. 
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A,= (2in* Te sb") i= 4 Fo ofo/3Nap- I, (3 3 21’) 
[= 8V?/(27)"(1/4¥) 1h hy! P 
2 Ay=8N (pte/(9) Fy (o/b) (R/ky) (1/42) P (3-22) 


where o,=2m*s,/b and yN,=N (v is the number of conduction electrons per atom) are 
used, and P is a dimensionless factor of the order of unity as shown in the Appendix I. 
k is defined by the relation p=h°k?/2m*. 
Similarly we obtain 
= (4m* 02 / Bb?) I= 42'N, (44/8) Fo (ok/q2,) (xT /bsq,,)* 
k?—-k? 
Peolned | up (3-23) 

oe 174 (kB) og! 
(Appendix II), and 

Ay= (2m*T' 0 / 98°) y= (Apo Fyo,/3 N48) le 


Fee Ol ai! apes ibe ie nner (3-24) 
& (k?—k*)?-o* 2 
q=|k'—k| Sq,, 


The evaluation of the integral I, is very ttoublesome, but, by an approximate evaluation 


in the Appendix IV, we know that this has the form 


A,=— BEE | 3 a tak (3-25) 
25 
Q is dimensionless and is given in the Appendix IV, (A4-5). 
Now we get 
Be oo {AE P+ 6 (N,)} (3-26) 
and then 


C= —{ Ny) = (A,\+4, +4,) . 


§4. Free energy of the system of conduction electrons 


From the results in the previous section, we know the expression for the grand 


partition function of our electron-phonon system up to the J° term. 


& =, exp(—8(H,) +8 N,)) 


=, exp(—8(R,+R,) + (4,4+.4,4.4)) (4-1) 
From this 5, we derive three equations by which m*, s and fe are determined. 
-—BRo+-FA,=0 , (4-2) 
—PR,+4,=0 ’ (4-3) 
fe) eS ee te See 
Nee log 2,. F=5) exp((?A,). Crs) 


Mares 
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Although these are simultaneous equations, we can estimate a (or m*) from (4:2), 5 from 
(4-3) and » from (4:4). 

We begin with the equation (4-3). This equation gives the condition that in 
— BH.) +((N,) all the terms which contain N, should reduce to zero and it corresponds 
to the condition in Frohlich’s theory which states that in the expression of the total energy 
the sum of the coefficients of each 66, other than those in H, reduce to zero. In con- 
sequence, the phonon field is separated formally from the electron field and the phonon 
part in = has the ideal gas form except that s appears instead of 5, In other words, 
the condition (4-3) plays the role of the renormalization condition of the sound velocity 
which has been used by Fréhlich® and other authors.” Although they have established 
that condition for each normal mode, our condition is established in an averaged form. 
Substituting (3-10) and (3-23) into (4-3), we get approximately 


(5) —5) [Sp 4F y (ok / G2) [o/ B509m = 2YFy (m*/m) (k/ko) - (4-5) 


Next, the equation (4-2) also states that the sum of terms which contain single fi, 
should vanish. By this equation the parameter a is determined, that is, the relation 
between m* and m is given. From (3-8), (3-22) and (4-2) we get 


a= (1/4r) "PF, (oo/ky) (to*/p)* +e) “P. (4-6) 


As will be shown below, the value of y is very near to that of 4. m* and s may 
be taken for the observed effective mass and the observed sound velocity. Naturally there 
will be some doubts on these interpretations, because the elimination of the terms other 
than A, in the exponential of the equation (4-1) can be effected in some different ways. 
But we think that the condition (4-3) and hence (4:2) are the natural extension of the 
idea of the renormalization method in the quantum theory of fields to the statistical 
mechanical treatment, and the fact that the order of the magnitude of terms in (4-2) 
are different from those in (4:3) (PRo 8A,» BR,, 4,) may offer some supports for 
the above proposition. 

Then, considering the fact that f4o* is the order of several electron volts and the sound 


--yelocity is the order of a few thousand meters per second in ordinary metals, we know that 


a is the order of 10°~10~* 
and the equation for 5) —5/5, is essentially the same as that of Frohlich, 
(5,—5) /59= 2¥F, - 
So we can introduce a new coupling constant F by the relation 
dsl aid GA (4-7) 


as has been done by Frohlich.* We use this F in all equations hereafter. 


* Following Fréblich we interpret this F as the really acting coupling constant which one can estimate 


from the conductivity at the room temperature. 
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The equation (4-4) becomes 


N=): de— Bek / (1 + 4e— BEr ) + #22 -A, ° 
Ie 
So we get 
N=N(p/p*)°? (1 +27/8- (kT /p)? +--+) +n(p) (4-8) 
n() =A & A, = (8Fo?/3N,4) yf Jo (4-9) 
4 


j= 9\ dk | dk'G(k, k’) fugu 


J 


G(k, k’) =q'/{(k?—h’)?—o'g},  q=|k’—k| <9, (4-10) 
fe) 1 

yah fran ee ee abd ee 424% 

ce OA 1 (1+ 8 (xr—2#)) (1+ eB (Ex — 4) ) ( ) 


If n() is zero, the equation (4:8) yields the ideal gas formula for ys. Here we can 


assume n(/t)/N 1 and solve this equation by the iteration method. To the first order 
in F (to the second order in /’,), we obtain 


[= po* — (7°/12) (KT)? /t)* — a(p*) (4-12) * 


a(po*) = 8 p)*n (*) /N = (16¥Fo*/9N?’) BJ.” > (4-13) 


where J,” means that in J,, 2 is replaced by .*. The evaluation of J,” is given in Appendix 
III and we obtain, in the approximation of low temperature, 


Jo = — 2(87°/3) (hy'/8iy*) (1/44) S, 
S,=14+3(1/4v)'? +3 (1/4) 784... (4-14) 


Then we have 
a ([)*) = — UF (o/ky)*19*5y. (4-15) 


After the above preparations, we can calculate the free energy P© of the system of 


the conduction electrons as follows. Because of the elimination of the direct coupling 


between the electron field and the phonon field, @° is given by 
@® = Nu—xT log =9—BA, 
k 


and for «T log 5{? we use 
Kl lop BO eScT Nie yee | tog (1+de**) V Edé 
0 


=ENu(H/ ps8)? (+ (Sx*/8) (KT /p)?+--) « (4:17) 


* In this formula, we have neglected the terms of the order (kT /po*)? + (o/ko)?. 


:) 


—" 
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Substituting the value of y in (4-16), we get to the first order in F 


> 


0 /N=$ = 818 — (22/4) («T)2/py* + Jo (4-18) 
Aj = — BA! /N= —4yFo*/N?- pl,’ 3 (4-19) 


where I," means to put “=/4* in I,. We evaluate this integral in Appendix IV, and get 
Io = — 247°kQ 


W5F 


i 


(4-20) 


Q=37°+7—-47 —7—log(1—7) +7'log 
ale 2y‘log (ky? / 9m) 


= mf 2h = (1/4») "1" se 
The largest term in Q is 27‘log (ky. /o9q,,)- The above value of I,’ is for O°K and later 


we will discuss the temperature variation of this quantity. 


Then finally, we get 
$ = 8y,*— (2/4) (kT) °/ po" +3F (o/h) "140Q - (4-21) 
In this formula, the influence of the electron-phonon interaction appears in j4* and the 
last term, as can be seen easily. 


§ 5. Discussions 


Since our method of treatment is essentially a perturbation procedure, the convergence 


of the series S\J‘C; is of essential importance. But, unfortunately, we cannot discuss the 


~convergency of this series here. The evaluation of higher order terms is very troublesome 


and we can only infer that C, is zero and C, will give terms of the order (F(o/k,))° and 
(F(o/k))*)* in ordinary cases. But, by our present treatment, one can clearly see the roles 
of various terms in the second order approximation. In the cases of superconducting 
metals, the above series will show some divergent characters as was pointed out by 
Matsubara’. 

In the cases where the convergence of our series can reasonably be assumed, the influence 
of the electron-phonon interaction on the thermal properties of the electron gas may be 
approximated by our free energy formula (4-21). The last term of this formula is 
positive and we see that to our approximation the interaction between electrons caused by 
the electron-phonon interaction is of repulsive nature. 

When we calculate the electronic specific heat from (4-21), the temperature depend- 
ence of m* and s must be carefully taken into consideration and we want to discuss it in 
the next paper. 

Frohlich? has skown that the above mentioned repulsive interaction could be converted 
to the attractive one if we used a chell structure distribution in k-space as a trial function, 
and obtained a criterion for the appearance of this special state at o°K. As he used the 


Hamiltonian in the second order perturbation approximztion, the questions on the convergence 
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of his procedure occured. But we think that the problem of the convergence of his 
variational procedure may have some different features compared with the problem of the 
convergence of our perturbation series in the grand partition function. Concerning the 
possibilities of deducing a phase transition in our system of conduction electrons by the 
present treatment, we want to make some trials in another paper. 

In conclusion, the author expresses his sincere thanks to Professors M. Toda, R. Kubo, 


T. Matsubara, T. Yamamoto, Y. Kitano and F. Nakano, and Prof. A. Harasima in this 


Institute for their valuable discussions and criticisms. 


Appendix I. The evaluation of A, 


A,= (2m* 1" / Bb") [, 


q=|k’—k| eS (Al1-1) 


Introducing the angle @ as in Fig. 1, we can transform 


the integral I, as 


“(Im seaet 
Th=272\ dkf.\ q7d A cle es Sc PS 
4 | fi\ 9 her are Fig. 1. 
=4ntOl"Adhf| gt log AST 26 (A1-2) 
: my 4 og to—2k| q - 


Then we use the usual approximational method in the case of large Py in fy, 


ig oe a f OD 
P(€) (e)de= | P(E) dé 3- — (xT) *{ — os 
\ f 0 (€) Fa ES rag 
and retain only the first term. Because our 34, is already small (of the order F(o/k,) 
compared with Ny) and the neglected terms are of the order F(o/k,) («T/j,*)*, they 
are smaller than the terms of the order F(o/k,)? and («T/*)*? which will be retained 
in our calculations. 


Hence we have 


h4n*o| g'dq(  klog |2Ata+o | 
"4 a\. 0B ee (A1-3) 


J 


Using the principal values where 2k—q—oa=0 holds, we get to the order of (o/k,), 


ea Ape 4, 5 |2k + a | ri 
3 5 o 1 2 
L=4nte| "(5 — 2 g-+o)*) og A494 + Rate) | aid 


|2k—q—o | 


0 


Im -_ \ be 
=4t0| dq | igh + 1 ((2k)? 2 gt) Io qt2k 
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eae Bar! } qb 2k Fn, A : 
+4 | iver pa te (abe 9 a Beets 


4, 14+7,4 fi 
Be LS | aS Seat hy | Wea ANE. eine | 
5 Gare te (8 f)+e+—7') 


a eas +2( log TT — 27) 
— (log 7 = 27— $1 *)—r'log 47} | 


— n/ 2k ; 
Putting 
T= 47°Qk -471-P 


and. expanding in powers of = n/2k=Gm/2hy* by/k = (1/4¥)"” <1 we get 
A,=44F, ae 8=3N(14/8) Fy (o/b) ies (k/k,) °P, 
Rete ay ++ (a/b) - 1/7: 4-2 +H) - 


Appendix II. The evaluation of A, 


A= 8Y UF o> L, 
3Nf 


# (kk) 
1.= 9 4X Ni4q | fad (Eas ke)? — og 


Using the relation 


oO 
Nee Se gre s 
a ee ? 
1 ent Anat 


we can proceed as in Appendix it. 


1,= 270 |" kfadkS3\ 4 2e-nvtoidg 


n=1 


| 
x flog PEATE + og tS o 


q 2k-+o 


o 


2270 03)| |" eetdg” kdk | ” | 
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)| 


g+2k q—2k 


(A1-5) 
(A1 -6) 


(A2-1) 


(A2-2) 
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o (Im 
=270)|" gerd ia 


n=1 


| (2k+q+o) (2k+q—0 o)| 
| (2k—q—o) (2k— qe) 


oes Lee | (2k-+-g-+0) (2k— Gero es ‘| 
| (2k+q— a) (2k— I a 


ee by ; 7 Wie L(A. o 
=27 “051\ — 232894 {2k as 1g _i 4 4...+0(<) . 
elt Te Sod m0 rt 


n=! 


| 2 (4 — go") log 


We retain only the first term in the waved bracket of the last member, so it becomes 


approximately 
1=220°26 (}1/n') kay gy (RT /54)' 


= 37 10s NG (k/ an?) (KT /b5qm) *, (A2-4) 


here the relation $}1/n'=7'/90 is used. Hence we obtain the equation (3-23) 
if 


A,= 4/5 7'N 4 (p46/8) Fo (Ok/G°m) (KT /b54m)* (A2-5) 
Appendix Hf. The evaluation of J,’ 
j= 9\dn| dk'G(k, k’)fidgh , 
=|k’—k| <q, 


9° 


GU, ) = Gaia” (A3-1) 


where fj., gj ate the functions fj, gy in which f= p* is substituted. 
Using the angle 0 as in Fig. 1, we have 


dcos@ 
josef esta 
8ndk | qedg Oe i ae shi: 
‘ hb. 2 . 
= 8772 =| 1 52 
22 My*- Tot os Bu* © g(x) de 
qm, 
x|"4 ‘dg 1 Ei he 
-1(q— ~ 2kz)?- —o o° 1+exp (Ba(k?— k,2)) 
8) =1/ Ore) Are) (A3-2) 


where Ba(k’—k,.”) =x, a=h?/2m*, and bk,” /2m* = * are used. 


NS . 
g(x) has the 0-function type property at the origin and —/,* can be considered as 
—o, So we get approximately, 
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h.3 (Im. | 
Ji=en2 | ag pee es ee (A) 
2PM -: ~ (q—2kyz)?—o? 1+ exp (Ba(k —kx’) ) 
er ue Lo 
2B %* 40 Jo 
Ua ak Gy 1 
q+ 2ke +o | 1 -+exp (Pa(q+ 2kx) q) 


ieee 1+ exp (3a(q—2kx) 9) 


here the neglected terms are of the order (xT /(*)* compared with the above. 


At sufficiently low temperatures, we can use the approximations 
1/{1+exp(Ga(q-+2kx)q)} = 0, 1/{L+exp(a(q—2kx)g)} = 1 
(0 <q <qm< 2k) 
So we obtain 
Jit — 802 ke atl Cece FN (A3-4) 


et AA ee Se ot ea ‘ 
= rae yee aeons ae )) 


2k, Im 1 Oe 
a) ( cae 2hy. — mn BE abst dn 2) (2ky — Fm)” 
ge 


hence 


Jf —8/3- PQ (by'/Bpo*) (1/44) Ses 
Sy= (1 4+3/4 Gn/2kx) + 3/5 (Gn 2k)? >>) 
= (143/4 (1/42) 43/5 (1/49 +) ; (A3°5) 


| From the course of our calculations we can easily see that the temperature dependence of 


J.) is of the form 
Jo= Jeo A+ CUT / py")? +) + (A3 :6) 


Appendix IV. The evaluation of A,’ 


ry fe} 
The evaluation of A,’ is very troublesome and we are forced to use its form at O°K 


from the beginning. 
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fF tps all). 


1 


ky “dm 
Oy ea Ba ak. *"dq\ ———— ; 
Gre 8h \ nab | of al (q—2kz)?—o* 


ky? =k +4? — 2kg% - 


After the zintegration, we perform the k-integration and next the q-integration. 


have 
hy (Im 
(Ie), = 4g >| kdk | q'dg 
E 20 v9 J0 


Mise | (2k—q—o) (R—ky" +09) 


(2k—q+-o) ky —o9)| 
1 9 9 1 4 Zhe — 9m 
== 7° _k i ng =f mn k S| 6 
ass | gate + beta te! log 2ky. 


> 4 3 k 3 Nis | hae i foe | “in| 
aie wae ee aes f O35 a ae + — mn og —r > 
30 Moai he 41 6F 8 ki? 


here we have used the principal values where 2k—q+o=0 and k—k,? +o0qg= 


Then we have 
(1,”) === — 47° Dk, 'Q 
BAN —8UF (o/h)? /4Q 
Q= (571+ 77-4777 —log(1—7) 
+7* log (7) /7) +27" log (he*/oGm)} 
1=mn/2ka=4m/ 2k = (1/4), 
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A method of regular fermulation of non relativistic quantum field theory is presented, using the 


well defined regular quantities and the rigorous analysis only. 


§1 Introduction 


The difficulties appearing in the ordinary quantum field theory seem to arise from 
the following two defects: the physical defect that we have no reasonable formulation in 
extended particle aspects and the mathematical defect that we have not any correct method 
to deal with ordinary singular functions at the singular points themselves. If one of 
these defects can be removed, the difficulties will be relieved to a great extent. 

About the mathemtical defect, the Dirac’s delta symbol, for example, has an extra- 
ordinary nature as a function and its mathematically rigorous meaning is a measure rather 
than a function. The distribution analysis, introduced by Schwartz", offers a rigorous 
method to treat such extraordinary quantities correctly. In order to formulate the field 
theory rigorously, it seems to be necessary to try its distribution analytical formulation. 
However ordinary products and definite integrals of distributions are not well defined in 


general. So a straightforward translation of ordinary field theory will be difficult, as pointed 
out in our previous report”. Recently Giittinger”, Stueckelberg and Petermann”” and Jordan” 
developed interesting methods by using the distribution analysis. But there are some 
obscure points which seem to arise from the lack of rigorous multiplications. Indeed it is 
shown by mathematicians’ that the products can be defined merely with respect to the 
ons and that if we use projections of products on the 


extremely restricted class of distributi 
roducts they are neither transitive, commutative 


distribution space as substitutes for the p 
nor unambiguous. 

About the physical defect, we must use the delta type quantization method in order 
to gain reasonable results, even if we cannot perform point type observations of any kind. 
all the theories based upon the point particle aspects seem to treat only 
They are approximations to the phenomena played by extended objects, 
proximated as a point in the classical dynamics. But such formulation 
if we use the ordinary mathematics such as the 


In our’ opinion, 
the limiting cases. 
as a planet was ap 
of the quantized field theory is not easy, 
function analysis. 


In the present report we will give a method of such formulation by using the dis: 
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tribution analysis. The physical laws are described by distribution equations. Observable 
quantities are described by the values of distributions at a certain function called a testing 
function and this will give an extension to the point concept attributed to the position of 
a particle. About the multiplication two sorts of products are introduced. By using them 
properly, it is shown that the ordinary theory can be reformulated exactly and all the 
results have the definite meanings of finite values, though in this paper it is restricted in 
the non relativistic theory. In the limit of the delta type testing function the whole 
system reduces to the ordinary one and all the usual divergence difficulties occur. 

This method will give a better approximation to the complicated structure of the 
nature at small distances, which may come from various origins such as non locality for 
instance, rather than the ordinary point particle aspect. Moreover this will mean a relief 
of the ordinary field theory in both physical and mathematical meanings, using well defined 
quantities and rigorous mathematics only without any manipulations such as cut-off, damp- 


ing factor or renormalization by infinity. 


§ 2. Distributional representation of physical quantities 


In the ordinary quantum theory of wave fields, physical quantities are represented by 
functions—involving operators, which operate on functions, and matrices, whose elements 
are functions—of space time point x. In our distribution formulation all physical quantities 
should be represented by distributions. The distribution is defined as a linear functional 
of the functions involved in a well defined class in the following way: the values of 
distribution F attributed to f at the function ¢ is 


Fl o|= \ f)¢)d>  (Lebesque integral), (2-1) 


where ¢ is an element of a certain well defined class, F is called as a distribution on that 
class and the distribution equation is a relation holding identically with respect to arbitrary 
y in the class. Thus in the case of distributions their values are determined with respect 
to the argument-functions, on the contrary to the case of functions where the values are 
determined with respect to the values of the argument-variables. In our case we must 
establish a method to assign a function to the point which was usually described by a 
number x and to assign a distribution to a physical quantity. 

We define a class of vy, involving a parameter x in such a way that all the quantities 
can be well defined as distributions on the class. In order to represent the quantity, which 


was described with function f(x) in the usual theory, let us assign to it the distribution 
F and interpret the value 


Fled=| f@9.()a8 (2-2) 


as the value of the quantity with respect to the testing function ¢,. The physical law 


described by a distribution equation means a sort of universal relation holding without 
regard to any kind of observation ,. 
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As pointed out by T. Ishihara and others”, the so-called singular functions appearing 
in the ordinary field theory can be treated as temperal distributions, namely distributions 
defined on the class § introduced by Schwartz’. So we can give a method to introduce 
the class of ¢,. The so-called carrier space is assumed to have the same structure as 
the space x. The class is defined as those composed of functions satisfying the conditions : 

(i) It is differentiable infinitely many times, 
(ii) . The values of itself and all of its differential coefficients converge to zero rapidly 
enough in the limit of infinite €, so that 
lim €"9 (€) =lim é"g’ (6) =lim "gy" (6) =... =0 (2-3) 
—>0 tao Epo 
The wave equations are given as distribusional equations on §, and the physical values are 
regarded as the values at the special testing functions ¢, (€). The class of ,(¢) can be 
defined as those composed of such elements of {} that satisfy the following conditions : 
(iii) It has an invariant meaning with respect to coordinate transformation of the space. 


(iv) It is normalized so that the value of the integration over the space becomes 1, 
| ¢.@)4?=1. (2-4) 


(v) It has a parameter, say /, and approaches to the Dirac’s delta measure in the 
limit of vanishing / 
licy (6) = O16 =X)e (2-5) 


An example of ¢, (€) for one dimensional x, & is 


OAs ies A {ap {— Pa? /4+i(§ —x) a} da 


27 
=exp{— (§—x)°/P}/vV zl. (2-6) 


An example for the three dimensional Euclidean space is 


¢,.(2) = coal exp { —P (ad tage pate) /4 +i (yee + mes + 504) } derydarde, 
ele —co 
exp (= (uj? tug? tus) /P} /( WT | == extn (¢—x)?/P}/(V Tale 
CREAS eats (2°7) 
A non relativistic example for the four dimensional space time is 


VAC (, 7) ==1G)) %,(t), (238) 
whece y,.(¢) is the same as that of (2-7) and ¢,(z) is the same as that of (2-6) with 


t, c, l/c in places of x, ¢, | respectively. Concerning relativistic cases we will discuss 
them in the next paper. Anyhow the quantity F[¢,(5) |] approaches in the limit of 
Y, (é) 0 F—x) to the original function {Oe 


Fly. @]> | £96 -94F =O). (2:9) 
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We will proceed in this way so that the whole system reduces to the ordinary one in such 
a limit. 

The products of two quantities which were described by functions f, 7 in the usual 
theory are represented in our case with products composed by some means from F, G 


corresponding to f, gy. This may be given in the following two ways. 
F-olgl=| Oi @4 (2-10) 


Pec G™| ope = | FE) 7 EC?) OG) GE) ds Ode™ (2: rr) 


These quantities approach both to the ordinary function products in the limit of gd 


F-Gle.J>| f@)9@)9E—) =f) 9), Se crty)) 


FXG ¢.¢,|> | FE?) 7G?) 8 EY —2) 8 E92) dF "dE =F) I), 


n 


Fx Gieeul>| FE) 9 E2)0 EY <2) aE —x) dE dE? =F) ge). 


About the properties of these products some consideration was given in our previous report”. 
Of course the existence of F-G is limited, but FXG exists always and it is a special case 
of the direct product of F and G. For example in the case of Dirac’s 0 the product 0-0 


has no meaning but the product 0X0 is meaningful : 


OX 0 ,¢2]=¢, (0) Yo (0). (2-13) 


The displacement character of 0 as an integral kernel, such as {0 (x—x’) A(x’) dx’ = A(x) 
holds for 0-A only, but not for dX A. However from a distribution equation F=0 we 
can deduce only 


ExXG=0 (2-14) 


but not F:G=0 in general. These circumstances require us much carefulness in the course 
of distributional formulation of the theory. 
The differentiation is defined as 


D,Fl¢]= =| F@) (89/98,) de. (2-15) 
For the products we have 
D,(F-G)[e]=—| 9G) (g/28) dz, (2-16) 


Del x G) sh eee (DP + D) (FOX GP) [ePo®] 
— (DOF 2) x G24 FY» (DEG?) }[ePe?] 


a " FEM) GE®) (dp /dF,0) +00” /0E,) di dé (2: 17) 
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These differentiations approach to the ordinary differentiations of functions in the limit of 


g-0,~" 
D,Fleel=[—-f@) ey }:8+ | af@ /2%. 9.64 


e 


>| Af (&) /A5,,0 (§ —x) dé =f (x) /Ox, 


_D, (F-G)[¢.J9 (f () 9) /Axy 5 
D,(FXG)[¢.¢.109 Ff) 9@)) /Ax, - (2-18) 


About the definite integral, we take, for it, the value of the distribution at the 
integrated testing function with respect to the parameter x. This coincides with the 
integration, with respect to x, of the value at a testing function involving x if exists. Of 
course such kind of integration exists only in the case where the integration of the testing 


function with respect to x has also the properties of convergence with respect to C's. 


§ 3. Non relativistic quantum theory 


In the case of non relativistic quantum theory for general field, our program to inter- 
pret all the field equations as distributional equations can be performed in the following 
way. In the usual theory the field equations can be derived in general from a Lagrangian 
function L, which is a function of field quantities Q(x) their space derivatives Qa:.= 
9Q, (x) /Ox, and time derivatives Q, (x). In our case the quantities are distributions with 
respect to the three dimensional x space involving the time coordinate ¢ as a parameter. 

The distribution corresponding to the Lagrangian function is introduced as the 
corresponding distribution to L in which the product is taken with X multiplication. For 
example the term corresponding to (Q,)” is OE) Os: (Ca 


Thus our variational principle is established as 


a LQ), By E), OP E) LOE) H'x=0, (3-1) 


= 


where ,3 indicates the various & arising from the X products and the notations (k) 
mean the distributional differentiations 
ne Mo P\=DP QL P| G2) 
and lastly 2.(¢) is defined as 
@,(§) =I1 go E) 96) 
8 


with arbitrary ¢(¢) 226 (Ey, eepten poe uit the class whose elements allow the convergence 
of L[@]. The derivative QS, has the same meaning as Q{"}, for the case of a continuous 
(3) 


The Euler equation of the principle (3-1) ts 
{aL /3Q2 — *'Dp(BL/PQw) — Dy OL/I QW) } [P21 =0. (3-3) 
k 
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This equation has a distributional meaning, and so we have obtained a distributional field 


equation. 
By introducing the conjugate momentum P{” of QS we can develop the Hamiltonian 


formalism in the usual way, and we have the canonical equation 


cD,Q9=0H/dP, DP = —0H/8Q®, (3-4) 

where 
=| HE) (Ie?) 4" (3-5) 
| 0H/0Q9 =3H/9Q?— S21, GH/IQE»)- G6) 


The quantization of the field can be performed by assuming the commutation relations 


between kernels Q(&, #) and P(é’, t) at the same value of the parameter ¢ 


[On Corie) ee | é’, t) ]=ibd,.,0, 30 (6—§'), (3-7a) 
[OS Ents aad ty |=, (3-7b) 
[Pare thor ora (eae = Os (3-7c) 


These equations have rigorous meanings as relations between kernels, for 7-symbol has a 


rigorous meaning as an element of kernels. The distributional meaning of (3-7a) 


Kone (t), « PS” (t) |= ib0 54/0q9/0 8)- BI 4 B)+ B") (3:8) 
where 0- and 1\*? are the delta symbol in the (¢°?— i‘) /2 space and the unity 
in the (§+E°)/./ 2. space respectively and the bracket means 

[4, x B]= (AX B) — (BX 4). (3-9) 


However the expression such as (3-7a) is more familiar to us, so we will use it always 
hereafter. 
In the physically meaningful cases H is a polynomial of Q and P, so we can derive 


the quantum mechanical equation of motion in the usual way by using the commutation 
relations and we have 


ieD.Q2 =[ QOH} (3-102) 
beD PSPC] (3-10b) 
where the bracket means 
[AM OBO] = (AMCBE? — BO AM) (3-11) ; 
A oBT  =1/ SH SY dM- OM 4G). Bond (312) 


. _ Vv . . . . . 
The summation being taken with respect to all 1’s permitting the meaningful 


multiplication 0?" 4B and n being the number of such 7’s. The relations as 
(3:10) do not hold with respect to the other sorts of bracket [*|. The fact that we 


have no means to obtain the equation of motion by using the X product and H is 
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consistent with the Lehmann’s investigation’) which shows that the propagator does not 
become less singular if such type of equation of motion exists. Indeed, Heisenberg” gave 
up such equation of motion of the so-called Heisenberg’s type in his trial of the non- 
linear field theory in the Hilbert space II. 

The Schrodinger equation for the state vector wot the quantized field is 


ib OF /Ot=HY. (3-13) 


The meaning of this equation is the usual differential equation with respect to ¢. In our 
treatment f¢ is a parameter involved in distributions and so the differentiation with respect 
to:t is the usual one in the ordinary function analysis. Since the products in H are 
taken always by means of the X multiplication, the effect of the qantization occurs as the 
X products of 0 symbols. Such products have rigorous meanings always, so we have no 
origin which might cause divergences in the Hamiltonian H. When the limit /— 0 is 
taken, the whole formulation reduces to the ordinary one or every equation becomes usual 
one and co all the ordinary divergence difficulties occur, the X and - products losing their 
peculiar meanings. 

For example all the terms of finite order perturbations converge in our case. Since 
our equations have the ordinary meanings with respect to t, we can develop the perturba- 
tion theory exactly in the same way as the usual theory. In the matrix elements of the 
perturbing Hamiltonian Hi’, the factors such as 9(3")9(¢™) ++: are involved and such 
factors become d(k')d(k”)... when the calculation of the matrix elements is performed 
in the k space. Since 6(k) has also the properties (i), (ii) in §2 when (¢) has the 
same property, this factor gives a convergent result to the integration in the k-space. 
However in the limit of vanishing /, ¢ approaches to 0 and so its Fourier transform @ 
approaches to 1, thus in this limit the integral turns to the ordinary one and the diver- 


gence occurs. 
§ 4. Non relativistic electrodynamics 
In the ordinary theory, due to Fermi or Heisenberg-Pauli, of the quantized electro- 
magnetic field interacting with electrons as point charges 
(FE y= = ne0 (E=—F,))s JO =e rr) (4-1) 


the well-known divergencies occur in the photon zero point energy S)\bw,/2 and the 
Coulomb- and the transverse-electron self-energies She, /2reys 1/137 aE (kdk (second order). 
In this section we will show how these cases can be formulated in our treatment and how 


these quantities gain definite finite values. 
The fundamental field equations in this case are the Maxwell equations 


(vb — 4p, (4-2) 
(JA=—4zj/c. (4-3) 


and the Lorentz condition 
D,A,=9 (Gz 0, i 2503) (4-4) 
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However it must be noticed that these equations in our case are distribution equations. 
The quantities such as A,=(A,, A), # and j are distributions and the differential Cortnies 
1) tend) |i D* Dj. are the distributional ones. The analytical meanings of these distri- 
butional equations may be obvious from the definition of § 2 and they can be described 
as relations between integrals involving ¢. For example the singular particle density 


?,=e0(r—r,) in the ordinary point particle aspect becomes a continuously extended density 


Pl Pr = | e,0 (r'—r,) ¢,.(9’) dr’ 
=e.¥, (Ts) (4 ee) 


in our treatment in the extended particle aspect. 
The solutions of our equations ere also distributions as a matter of course. For example, 
as a spherically symmetrical solutions of the electrostatic field due to a single charge at 


the origin we have, as shown by L. Schwartz, the distribution” 


Al ¢|=e/r¢] (4-6) 


corresponding to the Coulomb potential and its value at ¢,. is 


Ale,J=\ e/1'¢,(r!)dr’ (4-7) 


vu 


which has finite values everywhere on account of the radial part (r’)*dr’ of dr’; the value 
at the origin r=O being 


Al Q,|=2e/V zl (4-8) 


for the choice of ¢, given in (2:7). This solution may correspond to the so-called 
particle like solution discussed by Rosenstock” and Finkelstein’, and it is remarkable that 
such a solution can be obtained from a linear equation in the case of the distribution 
equation on the contrary to the case of the function equation. 


As a second example, in the case of chargeless field we have the solution 
Awle.J=| eee.(2)d5 (kk! =0) (4-9) 
corresponding to the plane wave. This solution satisfies the following orthogonality relation 
AY AP [pO dx= 0 (k—K) 6K) 6(—K) (4-10) 
for .($)=~(§—x), where 4(k) is the Fourier transform of o(é) 
PLC | ey (6) dE (4-11) 
and has the properties (i), (ii) in $2 as a function of k whenever ¢($) hae the same 


\ ra a # = 7 § : 
properties as a function of ¢. Since the quantity Ay (¢)=et*»'» is the so-called plane 
wave we have as the orthogonal <elation of kernels 
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Ay ©) AR» (3) dk=0 E—&). (4-12) 
Now let us consider the fundamental field equations. The field strength can be 
defined in the usual way as 
P= DiA,— DA, (4-13) 
The components of F,, are arranged as E and H as usual. The quantization of the field 
can be performed by assuming the commutation relations between the kernels A(¢, t), 
E(s’, t) 
[A, (6, t), E,(4’, #) |= 47ibed,,8 E —€') (4-14) 
the other commutators all vanishing. 


The Schrodinger equation for the state vector of the quantized field is 


ibov /at=HY, (4-15) 
with the subsidiary condition 

(D,A,) ¥ =0 (4- 16a) 

(Div E—47p) ¥ =0 (4-16b) 


which means the state vector is restricted so that the Lorentz condition holds always 


automatically. The compatibility of these equations can be shown as usual by 
[D,4,*H ]=[Diy E—47p*H |=[D,4, "Div E—47))]=0. (4-17) 
By virtue of the subsidiary conditions the term involving A, vanishes from H in the 


well-known way and thus H becomes 


H=H,+H, (4-18) 
fi 1/87| {(E)*+ (H)’} [¢,.Jdr + S),c(a,p + Bamc) (4:19a) 
H=—)d ¢.{aA[¢,,]} - ~ (4-19b) 
In order to separate the transvese_and the longitudinal parts of the field, we set as 
usual 
A=A"+A”", (4-20) 
Div A®=0, Rot AY’ =O. : (4:21) 


Among them we can choose the oscillating parts with kA{?, A? satisfying 


AA BAP =0 (4:22) 


and the corresponding potential 7; satisfying 


A® =1/k: Grad X;, (4-23) 


with the normalization conditions 
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1/ 2h)" A [5] A-nl¢r]dr=47c0 (kK) 6H) 6(—E), (4-24) 


1/ (27h) ' tn (8) 1x5" dk = 4700 FE"). (4:25) 


The notations J, Grad, Div and Rot are, of course, the distributional operators corresponding 
to the ordinary Laplacian, grad, div and rot, namely the ones arising after the subsutitution 
with D, for 0;. Using these quantities we assume as 


ep 


A=1/ (27hc)* 4 | wAldk+ | Qual? db} (4. 26a) 
E=—1/c: (2zbc)* ‘| prApedk +| P,,Apedk}. - (4-26b) 


The commutation relations can be transposed with 


[ga> Par |= ibd (A—4’) (4-27a) 
[Q,, Py, |= ibd (A—2’) (4-27b) 
as relations between kernels, all other commutators vanishing. 
Thus we can proceed exactly in the same way as Fermi’s treatment and we can arrive 
at the representation where the longitudinal waves are eliminated. Then the Hamiltonian 


becomes 


a 


H= 1/(2nbe)* | bckd (k) d(—k) dk 


+> iwee:/2|r,—T | “Lp, (Ts) Pp, 7) ] 


+ Dae (a, p, ti amc) ae ey, (2b) i | dk (qx4:Arnl¢,.}) = (4 i 28) 


The four terms in this expression mean the zero point energy of the radiation field, the 
Coulomb energy of electrons, kinetic energy of electrons and the interaction energy 


respectively. These are all convergent quantities. For example for the choice of ¢ in 
(2:7) the zero point energy becomes 


2/(xbc)*l', (4-29) 
the Coulomb self energy of the electron becomes 
2V2E/V 7. (4-30) 
From the interaction term the so-called transverse self energy of the electron arises and it 
becomes in the second order approximation of perturbation 
1/(137%m-412). (4-31) 


When we proceed in this manner, we see that all the results for any process in an 
approximation of a finite order perturbation procedure become finite unambiguously. Indeed 


we can obtain unambiguous results in the domains where divergences arose in the usual 


OE ee ape © ee — eee 
eer Ath 4 aoe 74S > ot a 
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theory and special manipulations were taken in order to obtain finite results. Thus some 
positive results are obtained in applications of the present theory to the non relativistic 
treatments of the phenomena where ordinary divergent processes are looked upon to play 
important roles, for example to the problems of electrons interacting with the lattice’. 
However these detailed results for special problems. will be reported separately and in the 
next report a relativistic theory in our method will be given where the S matrix theory 


can be developed in parallel to the ordinary theory”. 
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Note added in proof. On an application to the roton self energy problem ; We will notice an example 
that the convergent rigorous solution of our formalism can give reasonable results for the case where ordinary 
cut off method is doubtful. A result obtained by cut off is not a rigorous solution unless the following two 
conditions hold; (i) the restriction of momenta must be consistent with the formalism, (ii) the restriction 
of the cut off momentum must have a physical reason. Debye’s original cut off satisfies these conditions 
since each oscillator has an independent physical meaning. But they do not hold sometimes for other appli- 
cations such as the roton self energy problem in the quantum hydrodynamics, were Dirac’s 0 (involving all 
the frequencies) occurs, oscillators are not independent solutions (of the non linear equaticn) ard the sepa- 
ration into phonons and rotons is not invariant (this makes discussions using the number of freedom obscure). 
The self energy in the one-roton state was calculated by Ziman (P.R.S. 219 (1953), 543) and Allcock-Kuper 
(P.R.S. 231 (1955), 228), but the cut of used by them involves the above stated unrigor. We can easily 
reformulate them consis‘ently in our methed, by interpreting the hydrcdynamical field as a collective descrip- 
tion of the system and the non locality / as a measure of the colleccive corpuscularity (such as interatomic 
lution is obtained: 662(.7 )*/oo f° and 8062(1z )5/3spy2 9 for the 


distances), and the convergent rigorous so 
To get agreement with the experimental value 9°K 


one roton self energy corresponding to them respectively. 
for He HI, [ must be~4.3A° and <5.2A°. These values for 1 are reasonable, because the experimental 
> 


interatomic distance is—4A°. This shows that our treatment is a rigorous and practical method to introduce 


a kind of non locality. 
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On Solutions of He*® and He’ 
S. K. Trikha and V. S. Nanda 
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Delhi, India 
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In order to account for their vapour 
pressure measurements on dilute solutions 
of He*® in He’, Taconis, Beenakker, Nier 
and Aldrich’) have suggested that He’ dis- 
solves only in the normal part of He’. On 
the basis of this assumption, the statistical 
mechanics of these solutions has been deve- 
loped by de Boer and Gorter®). This as- 
sumption by Taconis et al., however, must 
be regarded with a due amount of caution, 
especially because the predictions of de Boer 
and Gorter’s theory are not in good agree- 
ment with the subsequent experimental 


0°) Moreover, their assumption ap- 


results 
pears too artificial because, taken literally, 
this would imply that the normal part of 
He’ is separated in space from the super- 
fluid part. This interpretation of the two 
fluid theory leads us into difficulties with 
the explanation of the basic properties of 
He II such as second sound, where the su- 
perposition of the two fluids is always taken 
granted for. 

We have, therefore, tried to develop 
a more consistent theory of He* and He! 
solutions on the basis of the following as- 
sumptions : 

(i) He* mixes with the whole of He! 


(normal as well as superfluid). 


(ii) The contribution to the entropy 
of mixing is due only to the normal part 
of He’. 

(iii) The solution of He® in He* is 
not an “ Ideal Solution’ even above the 4 
temperature. It obeys laws of a “‘ Strictly 
Regular Solution ”’. 

On the basis of these assumptions, the 
Gibbs’ function (G=U—TS-+ PV) for the 


solution can be written in the form: 
G= (1—X)G,+ XG,+ RT|X In X+ 
x(1—X)In(1—X) J4+xX(1—X) W, 
(1) 
where X is the concentration of He® in 


G, and G, are the Gibbs’ 


functions for pure He’ and He? respectively. 
P P y 


liquid phase. 


x is the fraction of the total number of 
atoms of He* which constitutes the normal. 
fluid, while »=W/N is the interchange 
energy”, and N is Avogadro’s number. 
When x=1, eq. (1) becomes identical 
with the Gibbs’ function of a ‘Strictly 
Regular Solution ”’. 


Following de Boer and Gorter, we apply 
the condition of equilibrium 


(OG/Ox) p x=0. (2) 


Further, we assume the following quadratic 
expression for G,: 


G,= — 4.5/13.0-S,T, (1—x* */5:5) 
—1/2+x555.T2(§,/T,), (3) 
where 
5,=1.622 (cal/deg. mole) 
and “T= 23182°R: 


Substitution of eq. (1) in eq. (2) leads 


_ mole. 
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to the following implicit equation for x= 


x(T, X): 


(8G,/9x) ».x+RT In(i— X) + XW=0. 
(4) 


| Using eq. (3) the /temperature for the 


solution, (T=T) x, when x=1) is given 


_ by 


ela). ,) — 6.896 (Tyx/T),) logy (1 =) 
(5) 


Using the experimentally observed value by 
Dash and Taylor of (OT) x/9X) x.0=— 
1.455, W is found out to be 2.406 cal/ 


/-temperature of the solution, as 


—1—0.6905XW=0. 
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calculated from eq. (5), is compared in Fig. 


1 with the empirical relation 


Tyx/T,=(1—X)", (6) 


proposed by Dash and Taylor for X up to 
10 per cent. It will be noticed that for 
X up to 20 per cent the two formulae are 


in excellent agreement.” 


*) We have been informed that the unpublished 
results of the Los Alamos Group give support 
to the empirical relation (6) even for higher 
values of X. We are thankful to the Los Alamos 
Low Temperature Group for forwarding to us 
their results -efore publication. 


Fig. 1. 


Present Theory, eq. (5). 
Empirical relation T,x/T,=( —X)2/5, proposed by Dash and 


The ratio of the A-temperature of He® —He! solution, Tax, 
to that of pure He’, Ta, as a function of the He’ concentration X. 


Taylor» for X upto 10 per cent. 
: Experimental results of Dash and Taylor.® 
@: Leiden specific heat result (Dokoupil et al.).” 
Ax: Earlier Experimental results of Abraham et al.9) and of Daunt 


and Heer! 
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We have also calculated molar specific 
heat of mixing for 2.50 per cent solution 
of He* in Het. 
agreement with the experimental data given 
by Dokoupil et al.” 


pressures of the solution and vapour-liquid 


It is found to be in good 
The calculated vapour 


concentration ratio for various He’ concen- 
trations ranging from 0.58 to 13.00 per 
cent are found to be in good agreement 
with the experimental results of Sommers”. 
The second sound velocity for 0.8 per cent 
solution in the temperature range above 1.0° 
K, is also found to be in good agreement 
with the experimental results of Lynton and 
(i) He! 
atoms partake in the motion of the normal 
fluid and (ii) the effective mass of He’ 


atoms im solution is 2.17 times the actual 


Fairbank” under the assumptions : 


mass. 

Details of the above work will be pu- 
blished elsewhere. Our grateful thanks are 
due to Prof. D. S. Kothari for his interest 


in this investigation. 
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Note on the Decay Interactions 
of Hyperons and Heavy Mesons 


Masaaki ° Kawaguchi* 
and 


Kazuhiko Nishijima** 


* Research Institute for Fundamental Physics, 
Kyoto University, Kyoto* 


epartment of Physics, Osaka City 
University, Osaka** 


December 22, 1955 


The nature of hyperons and heavy 
mesons is qualitatively well understood on 
the charge independence hypothesis’. In 
such a theory all elementary interactions are 
classified according to their strengths into 
three categories, i.e., a) charge independent 
interactions, b) electromagnetic interactions, 
For the 
former two, a) and b), the so-called 7-charge 


and c) weak decay interactions. 


is conserved, i.e., J7=0, but for the last 
one, c), the z-charge obeys the selection 
rule Jy=0, +1, which is also valid to de- 
cays involving leptons in the decay products 
provided that one assigns 7=0 to all leptons. 
In this note we propose a further speci- 
fied classification of decay interactions into 
two classes. 
c’) Charge independent decay interactions 
When all particles participating in a 
decay process have definite isotopic spins, 
we are naturally concerned with the trans- 
formation property of the decay interaction 
in isotopic space. In such a case the selec- 
tion rule Jy7=0, +1 can be rewritten as 
4TI,=0, +1/2, and we may assume in most 
cases that the decay interactions are spinors 


in isotopic space. This assignment is con- 
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sistent with the transformation properties of 
“stronger interactions in isotopic space, 1.€., 
a) (scalar), and b) (scalar) + (vector)., in 
the sense that weaker interactions cannot be 
composed of stronger interactions because of 
the difference of the transformation proper- 
ties in isotopic space. If we take this hypo- 
thesis for granted, the selection rule govern- 
ing such decays are given by JI,= ys 
which has previously been proposed by 
Gell-Mann and Pais.” We further assume 
here that such interactions lead to lifetimes 
of the order of 10~"° sec. for two-body decays. 
For three body decays the life time are 
considerably longer. 
c’’) Weaker decay interactions 

It is clear, however, that not all decays 
are governed by the above selection rule, 
e.g., decays involving photons or leptons 
cannot be covered. Hence, there must be 
weaker decay interactions which may lead 
to lifetimes of the order of 10~° sec. for 


decay processes. 


In what follows, we shall exhibit the 
results derived on the hypothesis of “ charge 


independent decay interactions.” 


(1) Hyperons 


Precess Ik Ty Remarks 
J vte (Apte) _, 
A o| v2 Fuarnte) 
\, n+7° 
p+n7° 
4 ; 1 | 1/2, 3/2) 4 
Nv ntat at (> =t(") 
Sinan 1 3/2 


I;: isotopic spin in the initial state. 
I;; Isotopic spin in the final state. 


All these hyperons must decay with lifetimes 
of the order of 107” sec. 


with experimental results. 


in conformity 


(2) @-Mesons 
The discussions differ drastically accord- 
ing to whether the (meson has even spin 


and even parity or odd spin and odd parity. 


(i) Case of even spin and even parity 


Processs | I; Ty | 
SA ete | | (Deere) 
Si m+ 0 1/2 | 0 (097° + 1°) * 


6+>7*+7° | 1/2 forbidden 
As seen in the above table, the decay 
of @* into two pions through c’) is forbid- 
den so that the decay of a 0° must take 
place through the weaker interaction c’’).* 
Hence the lifetime of #@* must be of the 


order of 10° sec. 


in accordance with the 
experimental data, whereas @” can decay as 
fast as in 10~!° sec. which is also consistent 
with experimental information. 


(ii) Case of odd spin and odd parity 


Process | q; | i | Remarks 
| SA 
Eee 
Purge Toe | ee, 
9° 1/2) | 
\, 79+ 79 forbidden mi ySranye 


6+>nt + 7° | 1/2 | ene 


| 
As is well known, the lifetime of @° 
is much shorter than that of #* in contradic- 
tion to. the above result o(0°)=2(0")s 
Thus the hypothesis of “ charge inde- 
pendent decay interactions > is reconciled 
with experiments only if the @ meson has 


even spin and even parity. 


* The decay interaction obeys the selection rule 
Ala 23/2, Alg=—2 Lj 20 this case. 

** According to Gell-Mann and Pais (Phys. Rev. 
97 (1955), 1387) we have two kinds of life 
times of 0°, the shorter one of which is T(4% 


here. 
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(3) 7-Mesons 


Remarks 


Process | TE alh wae Sate 
Re Fas ee | > ean tx") 
+ oye 1/2 | 1 | ~(rt>2nt+n7) 
\ 2729+ 7 | 


—1/4 


The branching ratio has ever been cal- 
culated by Dalitz for the case [,=I,=1 
and our result agrees with his one in spite 
of the different choice of [,. 

One of the authors (M.K.) is much 
obliged to the Yukawa Fellowship of Osaka 
University for the financial aid. 

1) K. Nishijima, Prog. Theor. Phys. 138. (1955), 
285. 
Earlier references are given in this paper. 

2) ™M. Gell-Mann and A. Pais, Proceedings of the 
Glasgow Conference, p. 342. 


3) R. H. Dalitz, Proc. Phys. Soc. A 66 (1953), 
710. 


Note on the Decays of S} Particles 


Masaaki Kawaguchi* 
and 


Kazuhiko Nishijima** 


Research Institute for Fundamental Physics, 
Kyoto University, Kyoto* 


Department of Physics, 
Osaka City University, Osaka** 


December 22, 1955 


In a paper by one of the present au- 
thors (M. K.) and Minami,” it has been 
shown that the unitarity condition of the S- 
matrix is useful to relate the phases of the 
matrix elements of the photo-pion production 
to the phase shifts for pion-nucleon scattering. 


In the present note we shall discuss the 


‘ 5 
application of this idea to the decays of — 


S? particles, especially in connection with 


the determination of the type of } particles. — 


Let us consider the decay processes 


J p+ (1a) 
sy 
\ n+7* (1b) 
and denote their transition matrices by R, 
and R,, respectively. 
convenient to reexpress R, and R, in terms 
of the matrix elements for decays of  S}* 
into eigenstates of the isotopic spin, i.e., R, 
for S}' >N+7(I[=1/2), and R, for $)°> 


N+2(I[=3/2). They are given by 


Ru= “2/3 Ry V 1/3 Rs 


R,=V 1/3 R3+ “2/3 R,- (2) 


From the unitarity condition of the S-matrix, 


one readily arrives at* 
246 L 246 =e 
ee Ry*=— R,,' e"* R*= — Ry, (3) 


where 0, and 0, are the phase shifts for 
the pion-nucleon scattering in [=1/2 and 
The parity and 


orbital angular momentum of the states are 


I=3/2 states, respectively. 


specified subject to the spin and parity of 
the S} particle. 
Combining (2) and (3), one obtains 


[Key G12 2a See, 


abe 2 ; 4 
|RiJ> 1+20V2 px+22 “) 


where x= +|Rj|/[R,| and pcos (8j—8,). 
The ‘branching ratio of (1a) to (1b) is 
determined by this equation. 


The >)" particle may decay at a small 
rate as 


St pty, (5) 


the tranition matrix of which will be denoted 


* For details see Ref. 1). 


It is sometimes more — 


aa oA del he a Mi : 
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by R,. The unitarity condition provides Sy n+27 (8) 
us with the following relation should be equal to “3 R, and we have 
M, R,*+M, R,* = — 2Re Vee (6) Ae 'R eR im 1+2x 
ee PAS) Ny [ee Rao 
where =(S1*) 3/R,)? 3 (9) 


M,= <7'p|R 


pr> and M,= <7*n|R|py>. 
In a similar way to eq. (2), M, and M, 


can be expressed in terms of M, and M., 
which satisfy similar equations to (3). 
Hence it is not hard to prove 
[Re R,| Pra, 
| R,|? 4 
|M, |?x? +-2|M,| -|M.|x-+ |M,|? 
14272 px+2x , 


(7) 


Fixing the type of >)", it is possible 
[Re R,|?/| Rol? 
|Ral?/| RP? by choosing x as a parameter. 


to draw a curve versus 
Since | R,|?> |Re R,|° the experimental point 
((1a) /(16), (5) /(16)) must fall above this 
curve. This criterion might serve to exclude 
certain choices of the type of S}*. The 
numerical values of 0;, 0,, M, and M, are 
given in Table I, and the curves are given 
in Fig. 1. 

If we take the hypothesis of charge 
independent decay interactions” for granted, 
we can propose another more favourable 
method to determine the type of >} rather 
than the above. 

According to the hypothesis, the transi- 


tion matrix for 


Fixing the type of >}, we can _ plot 
=(>)-)/e Coy versus fR,\?/R,\', cand we 
have many curves corresponding to the possible 
choices of the type of S). This time the 
experimental point should fall on one of 
such curves and one might determine the 
type of the hyperon >’. 

One of the authors (M.K.) is much 
obliged to the Yukawa Fellowship of Osaka 


University for the financial aid. 


[Re Rr|?/|Rol? 


Fig. 1 


0.01+- 


0.001 


1) M. Kawaguchi and S. Minami, Prog. Theor. 
Phys. 12 (1954), 789. 

2) M. Kawaguchi and K. Nishijima, Prog. Theor. 
Phys. 15 (1956), 180. ; 


Table I** 
Type of State of emitted | . Emitted 
>it pion-nucleon system os ei radiation Ms My 
pi $/2 = i259 11.0° El —0.03 —0.04 
1/2+ pile Basie. 24.50 M1 —0.01 —0.02 
3/2+ pale 38.1° 2.3° M1, E2 0.14 0.05 
3/2— d3/2 E1, M2 


+ Jt must be noted that the calculation of M’s, which are equal to a and 6 of Reference 1 including the sign 
from experimental data, is susceptible of some ambiguities. We neglect the contribution from Ez2. 


a, se, os ae 
BS AL fo 
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On the Energy Dissipation of 
Conduction Electrons uadergoing 
Elastic Scattering by Impurities 


Tsunenobu Yamamoto, Kensuke Tani 


and 


Kenkichi Okada 


Quantum Chemistry Laboratory, 
Chemistry Department, Kyoto University, 
Kyoto 


December 28, 1955 


The origin of the residual resistance 
has been ascribed to the presence of impuri- 
ties by which the conduction electrons undergo 
elastic scattering. It goes without saying 
that the electrons cannot lose their energy 


On the other 


hand, when a steady current is flowing in 


through elastic scattering. 
a metal, the conduction electrons are con- 
tinuously accelerated by applied electric field. 
In order that a current flows steadily, there- 
fore, some mechanism must be acting to 
throw out rapidly the additional energy sup- 
plied by applied field.” 


a mechanism responsible for the energy dis- 


We shall propose 


sipation in question. 

The motion of electrons is considered 
to consist of the following three processes : 
First, the equilibrium Fermi sphere is dis- 
placed by the field, a p-type distortion being 
produced on the electron distribution in 
momentum space. Secondly, due to the 
elastic scattering by impurities this distor- 
brought 


tion is to the 


effect that the net momentum of the electron 
Final 
ly, the s-type distortion relaxes through the 
interaction with the phonon-field and the 


into an s-type, 


gas vanishes (momentum dissipation) . 


original Fermi distribution recovers (energy 
dissipation) . 

If the relaxation time 7, of the third 
process is sufficiently short, the electron gas 
can quickly give the part of its energy sup- 
plied by the field to the phonon field. In 
this case, we can expect that a steady current 
will flow. Therefore we must find the value 
otiae 

In order to know the order of magnitude 
of <,, we calculate the relaxation time of 
a Fermi distribution which corresponds to 
a temperature, a little different from that 


of the phonon field. 
t, is given by 


PU hae a 
47 ‘| 2m 


In this approximation, 


<— f(s T+4T) dk 


* phonon 


SCOT, (1) 


where f, C, and JT stand for the Fermi 
distribution function, the electronic specific 
heat and the temperature difference between 
the electron gas and the phonon field, res- 
pectively. Here we have assumed electrons 
are nearly free and the phonon field has an 
infinite heat capacity. 

Making use of the formula (34-40) 
in Sommerfeld-Bethe’s text”, we can easily 
carry out the integration of the left-hand 
side of (1). The result is, when OST, 


)*(T/6)*, 
(2) 


same as in 
reference 2 (7 is the Sommerfeld constant). 
As a numerical example, we cite the data 
M=3.84X10~* gr, 
O=202°K, n=2.37X 10"c.c., C=5.25X 
10°" erg, u,=2.3X10> cm/sec. For this 
metal we have 


1/t,= (180C*/3zu,Mny) (km/b*) 


where the notations are the 


of metallic sodium: 


Eo OMe eRe ey ee 
ws “Sar Raglai ey o aas  e Rapiak, a 
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7, — 2:5 X 107": (1/T*). sec. (3) 


We can now ask whether t, found 
here is so short that the electron gas can 
quickly deliver the work done by the electric 
field to the lattice. For this purpose, sup- 
pose an electric field F be applied to the 
Then we should 


generally expect that a temperature difference 


specimen under discussion. 


AT is set up between the electron gas and 
the lattice. Denoting the residual resistance 
by R, this difference will obey the follow- 
ing equation of motion : 

AT es aM Ail AT 


a Pie de 4 
dt R nyT or ) 


After a steady state is established, the tem- 


perature difference becomes 
AR= FE / Re/nyT. (5) 


In order to take a general view of this 
situation, it is worth-while finding the tem- 
perature at which ATT for a given F. 
This is given by 


T=F?/R-t,/nyT. (6). 


Foughly speaking, Eq. (6) means that under 
the influence of the electric field F, the 
electron gas can no longer be regarded to 
temain in a steady state with the same 
temperature as that of the phonon field, 
unless the temperature is higher than that 
given by (6). This critical temperature 
versus field curve is drawn in Fig. 1 for 
Na. It is seen that for not very large field 
the critical temperature is of the same order 
as the liquid helium temperatures. Therefore 
it may be possible to detect the temperature 
difference experimentally. 

The authors would like to express their 
thanks to Mr. H. Matsuda with whom they 


have had many fruitful discussions. 


ek 


10-* 107° 10-2 iki i 
F volt/cm 


1) This question was first raised by Professor R. 
Kubo ina recent Butsuri-Gakkai-Shi (in Japanese) 

2) Sommerfeld-Bethe, Handb. d. Phys. XXIV-II, 
Chap. 3. 


Interaction of Antinucleons in 
Matter, I 


Junji Iwadare and Shigeaki Hatano 
Department of Physics, Kyoto University, Kyoto 


December 24, 1955 


The development of high energy ac- 
celerator physics is making it possible to 
get informations about the properties of 
antinucleons. Since the production processes 
of antinucleons have been attacked from 
various sides”, we shall summarize here our 
knowledge about the properties of antinu- 
cleons other than the production processes. 

i) Selection rules on annihilation The 
conservation laws of angular momentum and 
parity forbid the 27-annihilation of nucleon 
(N) and antinucleon (N) in singlet states. 
The invariance under charge conjugation 


and charge symmetry transformation gives 


186 


further restriction. The results are shown 
in Table 1”. 


pions in the annihilation is estimated by 


Probable number of produced 


Fermi’s statistical theory” with conservation 
of isospin. It is found to be ~3.6 in both 
(p-P) and (n—p) cases. Annihilation to 
two pions seems not to be the most probable 
one statistically, therefore selection rules will 
operate mainly on the number of pions 
(even or odd) produced. 
i) Nuclear forces 


between N-N pair will have different charac- 


The nuclear forces 


ter from that for N—N pair at short distances 
of the order of b/Mc, since many processes 


through annihilation of initial pair will 


While, the 


outer potential for N-N pair will be obtained 


contribute to the former case. 


on the same basis as that for N—N pair. 
A potential due to pion exchange is 


obtained from the following interaction 


Hamiltonian : 
H! =1/2 {iG($ (x) 7,74 (x) ba (x) dx 
—iG| fl! (x) 7579!’ (x) ba (x) dx} «--Ps(ps) (1) 


or 


H! = 1/217 (B®) grates (x) 2-4 (x) dx 
Lt Ox, 


i LD (x) rorya! () 2 be (x) dx} 
pt Ox, 


+ (normal dependent term) --:Ps( pv) 


where #’(x) and ¢’(x) are obtained from 


Table 1. 
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(i(x) and ¢/(x) by successive operations ot 
charge conjugation and charge symmetry 


transformations, i.e., 


p=( Pp iY o=( Y ), 
Pn Pn 
dh 
i’ a fe oy ) oy! =( a ) (2) 
aa of — VY pe 


One finds that the n-pion exchange potential 


for N-N pair is the same as that for N- 
N pair except the factor (—1)”. 

The signs of ‘‘no pair” potentials are list- 
edin Table 1 for two cases of Taketani-Machi- 
da-Onuma (T.M.O.) and Brueckner-Watson 


(B. W.) approximations”. There are eight 


states in N—N case compared with only four 
states in N-N case. The possibilities of 
nuclear (not electrostatic) bound states are 
conjectured assuming that inner potentials 
(r<0.7/4) are not so strongly attractive. 
Scattering experiments of p-p and p-d are 
desirable to check the outer potentials pre- 
dicted above. 


We 
considered competition among various processes 
supposed to be possible in matter (say liquid 
It takes about 107° second for 
a p of several Mev to be slowed down 
and trapped into the K-orbit of Coulomb 
potential”. On the other hand, the cross 


section of 27-annihilation of slow p-p pair 


iti) Behavior of slow antiprotons 


hydrogen) . 


is estimated in the lowest order, as"? 


Potential for NN of T.M.O. (B.W.) 


Possibility 


___ central 


of nuclear 


tensor bound stat 


orbital 2n number 

T S angular annihi- of pions 

momentum lation | produced 
even No even 
aa ed odd No | odd 
1 0 even No odd 
odd No even 
0 1 even No odd 
odd J=L+1 even 
1 1 even | J=L+41 | even 
odd | No odd 


@ | Gt | GS GT G | ww | wn 
—9 |+(+)/+ (4) None 
+3 |=(-)|+(4) Noa 
43 CUI CH] 43 COSC) Naming 
Th |) Gd ie ee 


2 
q 
' 
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o(p+pon* +27) =n( C 1 M. Taketani, Y. Fujimoto and S. Machida 
AT Mv for their continual encouragement and stimula- 
- ting di ions. 
Cie s g discussions 
SF = 0.08 (3) 
4m 2M 
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In Fig. 2, Curves C (de Boer-Gorter theory) and D (Heer-Daunt theory) have been found to be in 
error on account of the wrong value put for the specific heat of He* in a mixture. The values for Curve C 
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best result for the specific heat of a He*—He! mixture. 
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On the One Pion Exchange Potential 


Kichiro HIIDA 
Department of Physics, University of Hiroshima, Hiroshima, 
Junji IWADARE* 
Department of Physics, Kyoto University, Kyoto, 


and 


Shigeru MACHIDA 
Department of Physics, Rikkyo University, Tokyo 


(Received December 9, 1955) 


It is shown by a general argument that the one pion exchange potential is not changed but the 
unrenormalized coupling constant must be replaced by the renormalized one, in the region far from 
the origin, where the static approximation is allowed, by the inclusion of the radiative effects. 

It is found in the analysis of two nucleon problems that the one pion exchange potential given 
in the meson theory of nuclear forces plays the main role in the low energy region and gives excellent 
agreements with experiments). 


The importance of the one pion exchange potential in the low energy phenomena 
may be attributed to its long force range. The range is longer than the ones of the 
potentials obtained by two or more pion exchange processes. Therefore the one pion 
exchange potential has the most decisive effects on the behaviours of the loosely bound 
state such as the deuteron as well as on the phase shift of higher partial wave scattering 
where the centrifugal force pushes the wave function outside. 

Accordingly it may be desirable to examine if higher order radiative corrections to 
the one pion exchange potential are appreciable in the distances far from the origin. In 
the present paper, using a general argument, we would like to show that the one pion 
exchange potential is not changed but the unrenormalized coupling constant must be replaced 
by the renormalized one, in the region far from the origin, where the static approximation 


may be plausible, by the inclusion of the radiative effects. 


Let us consider the process which is illustrated in A r . FE A 
Fig. 1, where A and B are the self-energy part of nucleon = Ae a 
and pion line respectively and C is the involved vertex y 


part. We consider the problem in center of mass system 
and assume both incoming and outgoing nucleons free, Fig) 1 sDiagmain/ok the ene pion 


whose momenta are represented as (p,E,), (—p, Ee exchange process 
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and (p’, E,) and (—p’, E,), where E, is (p?+M)'” and M is the mass of a nucleon. 
The corrections due to the deviation of nucleon states from their free states may be taken 
into account in the course of evaluating the two or more pion exchange potentials,” so aes 
they result in the modification of potential with range shorter than (2/4)~', where / is 
the mass of a pion. 

First we consider the effect of the insertion of self energy parts in nucleon lines. 
Each insertion simply supplies a factor Zj/, which will be incorporated into coupling 
constant renormalization. 

Secondly, concerning the vertex correction the general form of the renormalized vertex 
operator is given in the symmetrical pseudoscalar meson theory with pseudoscalar coupling 
as follows” : 


ie : 2 Ri M » + M”*) 
Psa Pn Ps) = 75% 2 44h th) f+ = ) ft iets f.| 


a: Grp, tees (i po+M) fi 


ar et rstafst jr ) fos (1) 
where the functions f,,------ fs are scalar functions of p+, ps +M? and (p, — Ps)", and 


are finite in the limit p,—p, and iyp,+M=0. In the present case the nonvanishing 
contribution is 


Ae ND 
Poa ( Ps Eps £p/ Bp) rere] 1+P PY |, (2) 
where we have used the fact that this operator operates on the free states of nucleon. 
Finally we shall consider the self energy part of pion line. By the insertion of the 
self energy part the propagator of pion J, becomes to the modified propagator J,,. The 


form of the renormalized Jy, can be expressed generally as follows” : 


dy (K) == 21! aie) . (3) 
where 
pe) =0 (8/2) +0 (2). (4) 
On account of the pseudoscalar property of pion o (x) satisfies the following conditions : 
o(k*) =0 for (34)? > >0, (5) 
o(e)20 for 2 (3p)* (6) 


In fact, if we calculate the lowest order correction in the symmetrical P.(ps) theory, the 
following expression for a(x) is obtained and it satisfies the above conditions : 


CAG 4M) Oe aM 
T c—lM 


OP) (*) =2 
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where 


1 for i 0, 
@ (x), = 


0 for x<0. 
Consequently the R matrix is given as 
a G’ 


(Pep kip, = py=— = Cony (Pret alu(P)) (u(—p’)lrstelu(—p)) - 


; (p’— \; Sarr 0 Fe 
(+f pp ee eee (7) 


where G is the renormalized coupling constant, G=Z;_ Z24;,'°C,,-G, being*the unrenormalized 
coupling constant, and u(p) is the spinor wave function of the free nucleon with 


momentum p. We can construct the one pion exchange potential as 


ia 


V(r) =4n/i- | (p’, —p'|Rip, — p)exp {i(p’—p) -r}d(p’— p).- (8) 


For large values of r, the appreciable contribution of the integrand of (8) comes only 
from the small values of |p/—p| due to the rapid oscillation of the exponential factor. 
Hence we can neglect (p’—p)°f,/M° in (7) for the large separation r. Then we obtain 
the potential 


V(r) oe. { ay (re). oO dk ek” | d(x?) ee -k) 0(«) (9) 


2 yesh PaO { i 
at 


+(" (Zo) {(o?:9%) +51 +2422 eae) |, Cao) 
Jsp \ ps Kpee tice 
where we have invoked the interchange of the order of x and k- integration. The second 
term of (10), which is the contribution from B part, has the range shorter than (3/4) ~* 
so that its effects are negligible when r > (3/4) a 

We have shown above, by a general argument, that the one pion exchange potential 
is not changed but G,” must be replaced by G in the region far from the origin, where 
the static approximation may be plausible, by the inclusion of the radiative effects. This 
conclusion is unaffected by the coupling of the nucleons to heavier bosons or fermions. 

The above argument holds also in the case of the pseudovector coupling, although 
the cut-off prescription is necessary to avoid the divergences. 

Adding to our conclusion we would like to make a remark on Henley and Ruderman’s 
result.» They have calculated the nuclear forces taking inte account the mass and coupling 
constant renormalization which comes from the self energy part of nucleon only. According 


to them, the one pion exchange potential has the following factor besides the renormalized 


coupling constant, Ip» 
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| kdk 


FE +4(95//) (1/27)? = {= (1+0.07)*. 


However, this extra factor corresponds to Z,~ so that it can be absorbed into the correctly 
renormalized coupling constant as we have shown above. This fact can also be shown by 
Chew’s nonrelativistic renormalization theory.” 


The authors are grateful to the members of nuclear force group in Japan for their 
stimulating discussions. 
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Theory of plasma oscillation developed by Bohm and Pines is extended to involve the coupling 
between longitudinal and transverse oscillations. The coupling arises from the quantum fluctuation of 
electrons interacting with electromagnetic field. The coupling energy is found to be bkv approximately, 
where bk represents the recoil momentum of an electron due to the absorption (emission) of a longi- 
tudinal quantum with wave number & and v the velocity of the electron. This coupling may account 
for the solar outburst of radio waves, if the plasma oscillation is excited in a stream of electrons 
injected into corona with high velocity. 


§ 1. Introduction 


It is well known that an electron gas of high density undergoes an organized oscilla- 
tion. This oscillation, the so-called plasma oscillation, results from the effects of the long- 
range correlation of electron positions brought about by Coulomb interactions. In a metal, 
for instance, the energy of a quantum of the plasma oscillation is so high that this will 
not be excited at ordinary temperatures. However, it may be highly excited in the solar 
atmosphere due to a strong disturbance. It has been suggested that the plasma oscillation 
excited in the outer layers of solar atmosphere is responsible for the observed outburst of 
radio waves received from the sun. Several authors’? have been concerned with this problem 
and explained the growth of the plasma oscillation from various points of view. However, 
no satisfactory explanation has been given of the radiation of electromagnetic waves. A 
difficulty lies in the problem of how the energy of plasma oscillations can be converted 
into the radiation, since such oscillations are irrotational and therefore do not radiate 
electromagnetic waves directly. In the present paper we would like to point out that the 
plasma oscillation, the collective oscillation of an electron gas as a whole, couples with the 
electromagnetic field through the agency of individual electrons. 

The collective or medium-like behavior of the plasma has extensively been discussed 
by Bohm and his collaborators”. They were able to show the origin of organized motion 
of the electron gas, expressed by longitudinal waves like sound waves. They also considered 
the transverse oscillation that is nothing but an electromagnetic wave modified by the 
field arising from collective response of a large number of electrons. However, the coupling 
between these two modes, the longitudinal and transverse oscillations, has thus far been 
overlooked. It is the purpose of the present paper to derive this coupling and to see if 
this can play a role in the outburst of solar radiations. 
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In the way of derivation we use the technique of quantum electrodynamics. The 
plasma oscillations can effectively be redescribed in terms of longitudinal photon variables, 
since there is a close parallelism between the behavior of the density fluctuation of the 
electron gas and the longitudinal field variables. The field variable oscillates with a frequency 
equal to that of the plasma oscillation. The electromagnetic waves in the electron gas are 
described in terms of transverse oscillator and the plasma waves of longitudinal oscillators, 
as if they would consist of lonoitudinal photons. With these collective oscillations are 
associated quanta which we call collectons, for short. These collectons interact with one 
another through the intermediary of electrons, since successive collecton processes (emission 
and absorption of collectons are mutually correlated owing to the recoil of electrons. In 
other words, for example, the absorption of a longitudinal collecton by an electron gives rise 
to the recoil of the electron. The uncertainty (fluctuation) in the motion of the electron due 
to the virtual absorption (emission) of longitudinal collectons already present produces, in turn, 
an uncertainty in the transverse field which the electron radiates, that is, an extra radiation. 

The coupling energy for this process can be estimated as follows. Since the coupling 
of longitudinal waves with an electron is proportional to the momentum of the latter, the 
coupling with recoil is proportional to bk, where k is the wave number of the longitudinal 
collecton absorbed. The coupling of the electron with a transverse collecton is proportional 
to the velocity of the former, v. Consequently, the coupling energy becomes bkv with a 
dimensionless factor which will be found to be of the order of unity. The fact that 5 
appears indicates the importance of quantum fluctuation of electrons. If electrons were 
treated classically, the amplitude, for instance, for absorption of a longitudinal collecton and 
subsequent emission of transverse one would be cancelled by the amplitude for emission of 
the transverse collecton and the subsequent absorption of longitudinal one, because energy 
denominators for two processes appear with opposite signs. 

Our way of derivation is close to that in the third paper of Bohm and Pines”. 
Their method is recapitulated in Appendix, except that longitudinal and transverse components 
are treated on the same footing. Then the coupling between longitudinal and transverse 
collectons is derived by means of the canonical transformation in the same way as Bohm 
and Pines. The result is summarized in § 2 in connection with the radio emission from 


plasma oscillations. Application of our result to the solar outburst is discussed in § 3. 


§2 Outline of the radiation mechanism 


The detailed theory of deriving the interaction between longitudinal and transverse 
waves is worked out in Appendix. The interaction Hamiltonian neccessary for us is given 
in (A-25a). For our practical purpose, the angular frequencies of longitudinal and_ trans- 
verse waves, w,(k) and w,(k), are only slightly larger than the plasma frequency w, which 
is of the order of 10° sec™’. Hence the wave number of these waves, k, is of vig order 
of w,/c, so that the recoil momentum of an electron, bk, 


is negligible compared with the 
momentum of an electron, P 


i: Therefore, we can safely neglect the recoil terms in the 
denominators of (A-25a). Terms like k-v,, where v;=P,/m is the velocity of the i-th 
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electron, are also negligible compared with w, and «,, as we are interested in the velocity 
of one hundredth of the light velocity at most. Hence we can also neglect such terms 


that express the doppler effect. Thus we obtain the interaction Hamiltonian as 
f= > (6/4 (ae, "”) (478 /m) {k/a,+k/ew;} >) (Ens Di) (apbh, + bk 4a) (1) 
a q 


where &;,,(/4=1, 2) are the polarization vectors of transverse waves. 

The summation over the velocities of electrons in (1) vanishes, as far as the motion 
of electrons is random. If a group of electrons with density / have essentially the same 
velocity v,, however, there arises a considerable contribution from the summation. This 
happens when a stream of ionized gas is injected in another ionized gas, say corona. 
The physical reason for this may be understood as follows. In the coordinate system in 
which the stream is at rest, the electrons in the corona have a common velocity component 
v, that is equal, but of opposite direction to the velocity of the stream. These coronal 
electrons are scattered by the crest or trough of the electric potential caused by the plasma 
oscillation excited in the wave front of the stream. Thereby the electrons pick up a 
momentum bk with slight deflection and make their way by a distance, /, from the front 
with velocity v,, until they suffer collisions with individual electrons in the stream. The 
layer of thickness I forms a shock front, in which the electrons can radiate electromagnetic 
waves due to the interaction with plasma waves. 

In the new coordinate system we observe that the group velocity, Ow, (k) /Ok, of plasma 
waves in the stream becomes small. This means that the electrons in the stream carry 
disturbances barely from one region of the stream to another. Hence excitations remain 
nearly localized near the front. In the original coordinate system this will appear as a 
shock front of thickness / traveling upward through the corona. 

The magnitude of | may be estimated as substantially equal to the mean free path 
for electron-electron collisions, /= (7d*N,) -! where N, is the density of electrons in the 
stream and d is the Rutherford radius given by d=e'/2m". If the stream has a cross 
section in which its physical conditions are isolated from the surroundings, /X (cross sec- 
tion) is the effective volume in which the conversion process ta'ses place. 


With the above considerations we can put 
25 (€,, hy" v;) a N. (Er : v.) > (2) 
where N, is the density of electrons in the corona. On account of that the plasma frequency 
in the colliding medium is given by 
Wp= (47 N/m) se (3) 


where N is the density of electrons in the medium consisting of the stream and the corona, 


the substitution of (2) and (3) into (1) gives us 


Haba) Ot Oe bE yy 0.) (tba + adh) - (4) 


“ANp in 4 (wo,) he 
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Now one can see that the electromagnetic waves radiated are linearly polarized. However, 
the polarization could not be observed because the Faraday effect due to magnetic field 
would destroy the polarization. 

As we are concerned with the order of magnitude of the conversion probability, both 


w, and «, are approximated by w,. Then (4) is reduced to 


Ay= (N./2N) >3 bk (EnyPs) (4x6, + 4,b%,) - (5) 
ad 


This is what we have expected in §1 on the basis of a qualitative consideration. The 
probability per unit time and volume of converting longitudinal collectons into transverse 


ones is obtained from (5) as 
w (N2/32N?) (v,/0)*ak'nty (6) 


where n‘, means the number of longitudinal quanta excited per oscillator with wave number &. 


§ 3. Application to the solar outburst 


We shall now apply the above result to the interpretation of the solar outburst of 
radio waves. The transverse waves generated as described in § 2 will escape into free space 
as radio waves, since the plasma density decreases as one leaves the atmosphere of the sun. 
We have, therefore, only to ask how much energy is converted into transverse waves by 
the mechanism described in § 2. 

The energy of transverse waves radiated per unit volume is given by bw, where w 
is given by (6). The effective volume in which the radiation takes place can be obtained, 
if the thickness of the shock front, /, and the cross section of streams are known. The 
latter may be assumed as equal to the area of active sun spots that is the fraction, f, of 
the surface area of the sun, f:47Ri, where Ry is the radius of the sun. The intensity 
received on the ground surface of the earth is obtained by dividing the radiated intensity 
at the sun by 47R,_,, where Rs_, is the distance between the sun and the earth. Thus 
the power received per frequency band is obtained as 


dP/dw,=d {honwfl (Rs/ Ry-x)*} (do, =2 (NZ2/32N?) (v/0)*ba,fl(Rs/Ry_p)?n'. (7) 


For the density of electrons, N,(~N,)™~10*cm~*, and the velocity of electrons, 


2210" cmisec™ 


[= (ad’N,) = (2mv;/e) /t7N,107cm. 


The fractional area of active sun spots may be of the order of 107%. The density of 
whole electrons, N, seems to be about twice of N,, so that Wp~6 X 10° sec. Since ow 
is nearly equal to w,, k=2X107 cm. 
Substituting these figures into (7), we have 
dP/da,~10~™ ni’, watt meee (8) 


This is compared with the observed power, ~107'* watt m~*cps-’. Thus we have n’~10!! 
or the equivalent temperature | 
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T*~nihw,/K~10" deg, (9) 


where « is the Boltzmann constant. 

That this is not unreasonably high may be seen in the following manner. In the 
coordinate system in which the stream is at rest, although the major part of the coronal 
electrons move past at the velocity of the stream, some ones will, for instance, stay at rest, 
and others will travel at lower velocities. Hence some electrons will be trapped by one 
of the troughs of the electric potential resulting from plasma waves already excited in 
the stream, while others go over the crest and move across the potential wave. A con- 
siderable amount of the kinetic energy of the trapped particles will be exhausted to further 
excite the plasma oscillation, oscillating back and forth many times inside the trough, 
until individual collisions throw them out of the trapped region. As the plasma waves 
ate excited higher in the stream and larger electric potential is built up near the front, 
the electrons of higher velocities (in the moving system) will come to be trapped. The 
energy of plasma oscillations thus increases until equipartition of energy 1s accomplished 
between excitations and electrons. The maximum amount of available energy that can be 
derived from the kinetic energy of the coronal electrons which enter the space occupied by 


the stream is given by 
(47/3) bo, Mnax (kp /27) Peal 2) N.mv:, 


whete 1/k, is the Debye length. Since k,;~1 in our case, we have mnax~10"%, larger 
than required in (8). 

The observed higher harmonics of the outburst is to be implied in the spectrum of 
n,. Our theory, however, cannot answer the spectrum of radio waves, but merely tells one 
the conversion of the plasma energy into the electromagnetic energy. 

Our theory may be applied to other phenomena, such as the scattering of two beams 
of radio waves. Such problems will be discussed in later occasions. 

We express our thanks to Messers Kawabata and Takakura for their helpful comments 


on our work. 


Appendix. Derivation of interactions between electron 
plasma and electromagnetic waves 


The Hamiltonian for a set of N non-relativistic electrons interacting with electromagnetic 


field is written as 
Ny - \2 
H= (1/2m)S\ P,+—A(x) ) + Hy, (A-1) 
i=1 Cc 


where x, and P,; are the position and the momentum of the th electron, respectively, 


and A the electromagnetic potential. The Hamiltonian for electromagnetic field, H;, con- 


sists of the transverse (_L) and the longitudinal (||) parts as 


H,= if (BE), + H*)dx+ el E*dx, (A-2) 
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where E and H are the electric and magnetic field strengths. As we adopt such a gauge 


that electrostatic potential is set equal to zero, the subsidiary condition acting on the state 


vector for the whole system 4, is given by 
Lp=0, 


with Q=div E(x) —4zeS)0(x—x)). (A-3) 


Now we split H into three parts : 


How tHe HAHA | (A-4) 
where 
H,= (1/2m) 3 p’ 
ja alee Toes Ai )de+ >| (E2+ (c,/0)2A?,)dx, (A-4b) 
H,= (e/mc) >\(P;A (x;) + A(x) Pi) (A: 4c) 
and 
Ja (sa (x) —F at A*(x) dx). (A- 4d) 
2mc \ i 


Here w, is the so-called plasma frequency defined by 
Wp= (472 N/m)*”, (A-5) 


where N is the density of electrons and the volume of a cube in which our system is 
enclosed, L', is taken as unity. Three terms in H, represent a set of free electrons, the 
electromagnetic wave in a medium and the longitudinal plasma wave respectively. 

In extracting the medium-like behavior from this system, only the Fourier components 
of long wave lengths are taken into consideration. As we are mainly interested in this part, 
the field quantities, A, KE and H are understood by such that contain longitudinal waves 
of wave lengths longer than the Debye length, 7», which is of the order of distance traveled 
during the period of an plasma oscillation by an electron moving with the mean thermal 


speed, (P/m),4,/@, and that contain transverse waves of wave lengths longer than /,=c/Wy. 


Namely, 


A(x) = SF Cis ps fs 24) rr ST 3, SenTuie | 9 (A-6) 
1,2 


212» eom/d, p= 


where €, and &,, are the unit vectors parallel and perpendicular to the wave number 


vector Kk, respectively. q, and q,, are the coordinates of the longitudinal and the transverse 
waves, respectively. The canonical momenta conjugate to them are given by 


Pr=49 Pix = qi (USI, Za) (A:7) 
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In terms of these canonical variables an assembly of harmonic oscillators can be 
obtained as 


Fe —k > (pep + rgg-w) 
D 
+32, (Pi P—m + (CR + Wy) Qin d— my) + (A: 8) 


Hereafter the restrictions k< kp, k. where kp=1/Ap and k,=1/2,, are always assumed, if 
not specially mentioned. The first part of the right hand side represents a set of longitudinal 


oscillators and the second part transverse oscillators, with angular frequencies 
ie __ 7,2 1 2p2)1/2 
Gro, O(a, rck)” (A-9) 


respectively. 
Next, 4 defined by (A-4d) is written as 


dee (27e/m)[ oy E,Eq ge er ae oe Enea. Ot] : (A: 10) 
4 Z,\L,Vv 
kl kel 


The restriction, k, [< kp, k., allows us to use the random phase approximation which makes 
Ad vanish, because J tends to average out to zero. 


Now, let us introduce, in the usual way, the annihilation and creation operators by 


4, = («,/2b)*” (qu—iwzp—1) > te = — («,/2b)"” (q_x-+ ior 'Pr) > (A- 11a) 
for longitudinal oscillators and 
big = (@,/ 26)? (Gay Fier Pay)» bi. = (,/26)"” (Gay — i107 'p—m) (A-11b) 
for transverse oscillators. They satisfy the commutation relations 
[ay ah |=Orw, [bins BF | Oe Oils (A-12) 


all other commutators vanishing. Unspecified frequencies «; and w, are those of longitudinal 
and transverse oscillators, respectively, which will be determined in what follows. 


By use of (A-11) H,, is now separated into two parts: 
Fyto= Hse + W. (A: 13) 


H,,. tepresents sets of longitudinal and transverse oscillators, which we call collectons, with 


proper frequencies «, (k) and w,(k) of disperse character, respectively : 


OSC 


H. = 2 ho; (a,ai + az d,) +4 > bw, (bib, tbiO i) . (A: 14) 


W is an unwanted term and will be eliminated owing to the dispersion relations ;_ other- 
wise this would give rise to unharmonicity : 


W= d1b(40)~ (w,—@;) (azat + ak d,— djd_p— Ab ax) 
k ' 


(Aus) 
+ Se b (4a) 3 (w, a ods as wi) Gib ity ce BiB ie + Bib Av + eS a * 
& 
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Beside the above two parts, the Hamiltonian contains an interaction Hamiltonian 


HS (¢/m)>} (2b /an)"") 8 Pi _ bk *) :. ee trate, P, —*)) 


- (A- 16) 
+ (e/m) Pa (276 /0,)¥? {Ep, » Phyo +e bt E,, Pi} . 


i,k 
In the transverse part of H, the order of factors is unimportant, because &,,,-P; commutes 
with k-x, due to the transversality condition. In the longitudinal part, on the contrary, 
the order of factors is essential, since &,-P; does not commute with k-x; This gives 
rise to terms containing bk which brings about the coupling of the zero-point motion of 
electrons with longitudinal collectons even at zero temperature, whereas the transverse 
collectons couple with electrons only at finite temperatures. 
The wave function of our system in the interaction representation with unperturbed 
Hamiltonian H,,.+->)P;/2m satisfies the wave equation 


bog (t) /Ot= (H(t) + WO) ) 9), (Ariz) 
where 
va Pz 
1/2 2 ons “yi he  s 
H,() = (es ee) 8 mL : ') 
m W, L 2 
P, 
—ik a —2 vig = 
peg ‘ate, (te —) bias >> (= myx 
On 
P, P, 
=, ihe ej eee SF - . ie A : 18 
{Eu oP oe oa Lh (x6+ x NK ib x, aa re ‘Nee ¢ £2458 P, ( a) 
and 
W(t) =>}6 (4) (@5— 0) (aa + af a,—apa_pe 102 For(—B)t_ 
— ak ak, f(r ®) +02(—#)ty +375 (4@,) (a2 +2R — 02) X (A- 18b) 


X (binb*, +b% Bip +b rub e (mek) tae(—k) ty px px i(we(k) +04 (—k))¢ 
pe Te pe pe — Ky +57 uo”; kwe )» 
x and P standing for x(0) and P(0) respectively. 


Now, following Bohm and Pines, we pass to the representation in which the bare 


electron carries its accompanying cloud of virtual collectons by redefining the wave function 
by the relation 


aly with s=—|' H,(t)d?’. (A-19) 
The wave equation for ¢’ now becomes 
bod’ /Ot= {|W +i/2b-[H,, S]i i", (A- 20) 


retaining only quadratic terms in the field variables in the right hand side. In the 
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t=0 
commutator | H,, s=| [H,(t'), H,(0) |de’ are involved terms describing the interaction 


of the electrons through the agency of virtual collectons, including the self-action of in- 


dividual electrons. They are written in the approximation of small velocities of electrons 


or small ((KP;/mow)*) 4, as 


=s ome Ss. (€,: P,) (Eh -P;) elk (xi —*5) 


+ (A: 21a) 
m 5 Wp RK p/m ar 
—_ ges. (Cis P;) ) (Eny P;) oki) (A-21b) 
m 4 14 Wp 2+ eR — (k- P,/m)? 
and 
— (1/N)S}- (Ey P)?/2m=S\(P?/2m*) —S(P2/2m), (A216) 
i,k a a 


where m* is the effective mass of the electon with its associated cloud of longitudinal 
collectons, i.e., quanta of collective oscillations. 

A simple identity concerning the exponential function of operators enables us to easily 
evaluate the commutator, | H;, 5]. Let A and B be any two operators whose commutator 
commutes with either of them. Then exp(4+B) =exp(—3[A4, B])exp A exp B. Applying 


this, one has, for example, 
AA) P- 
[ole tac MOH (oleae 
2 2 
kP be 
— (ota ele oi 
=| (P—> ave i(o-, Lee alte . Beye (P=). a. |e 
; bk - (oe <> 
Sifraibyere cae eo aan’ ae ie mt aa jdt 
2 


=-i hk 2 ee ky 2) fat 
i” ker PART (o—kP/m— bk? /2m) 


=] >| : Ws 2 1a Gob 
le (IP e027) aia tae 


In this way we have 
ib E [ H, (t) H,(0) |d¢ —(A-21)—(A:25)— (terms which are quadratic in field 
2b 


variables multiplied by a phase factor with nonvanishing argument) 


=a) te (w,—kP, ae (bk /2m)* — as 


x (4,4¢ + dfpay— apd_p,— ad;,) (A; 221) 
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b ) —Ate (E,.°P:) 7h /m* | 
> noah Af 
D2 Oem 7 m (w,—kP,/m)?— (bk /2m)° 


x (bry, on + OR Ory +6, moe + b%,b* 42) : (A . 22t) 


Combining this with W in (A-18b), we obtain the dispersion relation : 


4me 4.13 hates: Ds eS, YB (A- 231) 
m ~@ (a—kP,/m)?— (bk’/2m)?* 
47é. 


2 yee ane en (En, Pi)?B/m* =0. 
“ras Cte 2, k-P,/m)?— (bE /2m)? 


(A-23t) 


The new subsidiary condition which now acts to reduce the long wave density fluctua- 


tion of the electron gas reads* 
exp (15/b) 2 exp (—iS/b) ff’ 


= y —___“!___ exp (ik) f/=0, (A-24) 
2s K<hpy wi — (k- P,/m—bk /2m)* P 


where use has been made of the dispersion relation (A-23). 
The remainder of the terms in |H;, S] are: 


(bf EW CPI gl) EyP)/m 
ie 4(w,)'?7 m Ts (@,—kP,/m)*— (bk /2m)*? (a, —kP,/m)*— (bk /2m)? 


X (afbn, +62, 4,) (A: 25a) 


+ 3K b Wissl (Ek) (Ex P,) /m oP ee, ee (E,k) (Ex,.2P;) /m = + Z 
iw \4(0,0,)127 m @ \(a,—KkP,/m)?— (bE /2m)? (a, +kP,/m)?— (bk /2m)? 


X (dpb ap + 48% mp): (A-25b) 


(A-25) describes the coupling between the longitudinal and transverse collectons through 


the intermediary of electrons, as exhibited, for instance, in such processes as the absorption 
of a quantum of plasma oscillation initially present in the plasma by an electron and the 
subsequent emission of a transverse quantum, and as the annihilation of a pair of transverse 


and longitudinal collectons, the energy thereby liberated becoming the kinetic energy of 
the electron. 
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The purpose of this paper is to show that the mixing of the configurations can successfully be 
applied to deuteron stripping reactions when the angular distribution is characterized by two orbital 
angular momenta, and conversely that the percentage of mixing of the configurations can be determined 
from the observed relative heights of two peaks in the angular distribution. 

The calculations are based upon the perturbation theory. The agreement between the calculated 
and observed angular distributions is good. For the reaction F'(d, p)F%, the unexpectedly small 
reduced widths are reasonably explained from the standpoint of configuration mixing. Through the 
investigation of Mg*°(d, p)Mg***, we found that spin assignment of the first excited state of Mg* is 
favourable to 2. 

Finally we discuss the relations between the type of mixing of the configuration used here and 
other types introduced to explain the quadrupole moments of odd nuclei. 


§ 1. Introduction 


It has been pointed out by many authors’ that the angular distributions of certain 
(d, p) and (d, n) reactions should give a sensitive measure of the accuracy of the nuclear 
shell model in ascribing definite orbital angular momentum states to nucleons in nucleus. 
This possibility is due to the facts that such a reaction proceeds mainly through a stripping 
process and that its angular distribution is characterized by the orbital angular momentum 
1 with which the captured particle can be accepted into an appropriate final state. The 
theoretical expression of the differential cross section” for the deuteron stripping reaction 
includes the summation over all possible values of 1 which are allowed by the angular 
momentum and parity conservations. Therefore, for each allowed value of / one may expect 
a peak in the angular distribution without interference with different |. The first peak at 
small angles, which comes from the smallest allowed J, is in general higher than the others. 
The height of the peak decreases rapidly and its position moves progressively towards larger 
angle as I increases. These features facilitate us to investigate the validity of the nuclear 
shell model by deuteron stripping reactions. 

It is well known that many properties of nuclei can be interpreted quite successfully by 
the nuclear shell model with strong spin-orbit interaction. It is, however, expected that 
different configurations become intermingled with that predicted by the simple shell model 
in the presence of a short-range attractive force between nucleons. Recently the idea of 
mixing of the configurations has been applied with good success to magnetic moments of 


odd-A nuclei,” quadrupole moments,” and the beta decays and gamma transitions of for- 


bidden. types. 
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The aim of this paper is, first of all, to show that the mixing of configurations can 
successfully be applied also to a certain type of the deuteron stripping reactions. The 
reaction is such that its angular distribution is characterized by two values of [. This 
evidently shows the presence of mixing configurations in addition to the one assigned by the 
shell model. 

The following selection rules seem to be very useful to determine uniquely the type 
of mixing of the configurations. Namely, the stripping process can not occur unless there 
is any overlapping between parent states of the product nucleus and the ground state of the 
target nucleus. The conservation of angular momentum and parity gives a further rest- 
riction. For example, if the target and the product nuclei have the same parity, the orbital 
angular momentum of the captured particle must be all even, and if different parity, all 
odd. Furthermore, the centrifugal force makes the heights of peaks smaller for larger value 
of /. Therefore it is sufficient to take account of mixing of such configurations that the 
orbital angular momentum corresponding to the mixed state is smaller by two units than 
that predicted by the simple shell model. 

The general formula for the stripping reaction is given for any type of configuration 
interaction. Numerical values of the coefficients of mixing can be obtained by this formula 
from the observed relative heights of peaks in the angular distribution. On the other hand, 
such mixing of the configurations is considered to be due mainly to the presence of short- 
range attractive forces between nucleons. We assume here, for simplicity, that the radial 
dependence of the interaction is of 0-function type, and calculate the coefficients by making 
use of the perturbation method. 

It is expected that the coefficients of mixing are large enough to cause the observable 
two peaks in the angular distributions when the numbers of proton or neutrons in the 
target and product nuclei lie between eight and twenty. In these nuclei the order of levels 
is in general d5)o, 51), dsj, but the ds). and s,). levels are only slightly separated and oc- 
casionally cross one another. These are the cases in the reactions F'°(d, p)F”, Mg” (d, p) 
Mg"**, P* (d, p)P® and Cl (d, p) Cl" in which the mixing of the configurations includes 
!=0 and /=2. The angular distributions calculated on the basis of the above idea are 
compared with experimental data, and they are found to give a good fit. Particularly, the 
unexpected small reduced widths found in F'’(d, p)F°’ are reasonably explained as well as 
its angular distribution. This reaction is particularly interesting because there is a vanishing 
contribution from the reaction matrix element between the main configurations in F'® and 
RY, 

It is hoped that the results which we obtained here give a support to the presence of 
the mixed configuration and enhance its success on the interpretation of various nuclear 
properties. 

Finally we discuss the relation between the mixing of configurations used here and those 
adopted in other examples, especially, that introduced to explain the quadrupole moments of 
odd nuclei. It is suggestive to see that the same configurations are responsible both for 
the quadrupole moment and (d,n) reactions. Thus it is possible to verify the mixing by 
observing both quadrupole moment and angular distribution of (d, n) reaction. 
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§2. The derivation of the differential cross section 


For the sake of definiteness we consider A(d, p)B. Before derivation of the differential 
cross section 1s attempted, it seems relevant to do some comments on the approximation 
adopted here, which is obtained by neglecting both Coulomb repulsive forces for charged 
particles and the formation of “compound” nucleus. What these neglected terms bring 
in the angular distribution has been investigated by many authors.) Their conclusions are 
such that these terms do not change the essential shape of the angular distribution which 
predicted by Butler’s theory, particularly in the case of nuclei with the deuteron bombarding 
of large kinetic energy and with large Q value. This is the reason why the attempts to 
explain the angular distribution consisting of the two peaks by taking account of these 
correction terms have resulted in a failure. As pointed out in § 1, this should be interpreted 
by taking account of nuclear structure. If proton-nucleus interaction contributes to the ex- 
citation of the target nucleus, it is expected that such an excitation is negligibly rare because 
the proton passes far away from the target nucleus, while the neutron is captured. For 
the purpose of this paper, therefore, it is not neccessary to include the terms above mentioned. 


The wave functions of the initial state M,, and of the final state @, are expressed as 


DF= Vi (A, Jams 5 ¢) Ya (Tp— Tn 3 Tp» oe) exp [ik (Fr + Tp) f2\, (1) 
D7, (B, JaMp 5 &, Ta On) exp [ik, ‘ Tel ep (Fp) ’ (2) 


where Y, and 7, are the wave functions of the ground state of A with total angular 
momentum ;,, and its z component m4, and of a certain state of B characterized by quantum 
numbers j;, and m,: A and B denote possible other quantum numbers of the respective 
states, € stands for the coordinates of all particles in A. Yy, 1s the spin wave function of 
the proton with component //p. Tn» Ony Tp and o, are the spatial and spin coordinates of 
the neutron and proton respectively, measured from the center of mass of A, while 
7,' is the spatial coordinates of the outgoing proton from the center of mass of B. 


Following the assumption made by Butler,®’” the transition matrix element to be 


evaluated is given by 
(%,, Veg ) =|a dn dp exp [—ik, é anal Ve (B, jen > & tes on) Ge (oy) Vg 


x exp [ike (Tat Tp) /2] Xa (Tp—Tn > On Tn) eA (A, Jam 3 £) > (3) 


where n and p stand for the coordinates of the neutron and the proton respectively. In 

order to evaluate the integral we find it convenient to introduce the new variable r=r,— Tp 
5 : = 

in place of T,, and to make use of the fact that V,,, is a function of r only. Then, the 


integral is separated as 
Son (1/2 1/24hul4| 14) | AFP ap (0) 2a 


x ja a Le (B, [nM > i On. S) “A (A, Ja Ma > §) Kun (oy) urn 
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where %,,(r) is the internal wave function of the ane in the S-state*, Lun (Fn) the spin 
wave function of the neutron with component /t,,. K= S128 —k,, and k=k,— (M. . /M,) kp 
respectively, where M, and M,, are the masses i A and B. If the axis of quantization 
Ofme 
of the recoil momentum k, we easily obtain 


(P,, Vip Pa) =G(K)>> » in [47 I, = 1) One. 0 (1, /2 1/2/hyrM» |1f4a) ([,1/2m,, “n inM,) 
x CGajnmaM,| jm») (B 5 jr\|A4 3 fate (,1/2) Ds (4) 


the orbital angular momentum of the participating neutron, is taken in the direction 


where G(K) = \dr'7a( Ya(r) exp (iK- 7), and the last factor (B;jx\|A3jsj,(h.1/2) ) is. just 
the reduced matrix element of the unit operator. 

From this reduced matrix element, it can be seen that the stripping process can not 
occur unless there is any overlapping between parent states of the product nucleus and the 
ground state of the target nucleus. This fact very much simplifies our discussions on che 
the mixed configurations. 

There are several possible configurations for the state A of target nucleus. We write 
them as |[i]j4> for +th configuration. Then the wave function of the state A can be 


expressed as 
|4j.)= pa a, \[i] japs 


where @; is called as the coefficient of mixing of configuration [i]. In the similar way, 


the state B of product nucleus in question is, 
Bin) = 28 slLi] iz 


Each configuration of the product nucleus |[j]j,,) can be expanded in terms of the 


parent states, 
[7] jn) = pa Li] galls) pastas si af2)) Als le, pla abe 


Here the factors ¢[j]jx|[t] ja, jn(l,1/2))> are the coefficient of the expansion and_ are 
usually given by the weighted c. f. p. of the product nucleus, where the weighting factors 
are Racah coefficients which take account of the recoupling of the various spin involved in 


the transition. 


Then the reduced matrix element for a pair of configurations concerned is given by 


CLV nll is jn lu 1/2) >= D3 CCAD jal LED jas jel Ga! 1/2) Cjul lal lintad= (8) 


Bras « ; 

The last factor ¢j,’l,’\|j,/,) is called as the l-dependent dynamical factor, and is the same 
as derived from the standpoint of the single particle picture. As is well known, it shows 
the angular distribution characteristic of the deuteron stripping reactions. 


Its explicit form 
is given by 


In the stripping reaction the D-state of the deuteron does not play any essential role 8) 
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eee Oh (itr) 
Or h\ (itr) Or 


Anes B : 
Lillinln? =  oOM* R, () re =" jy (kr) 18,01, (6) 


where P=2M;*/h?-|E,|: M,* and E,, are the reduced mass and the binding energy of the 
captured neutron respectively, j,(r) and h{?(r) are spherical Bessel and Hankel functions of 
the first kind, and R,(r,) is the value of the radial wave function of the neutron at the 


nuclear surface, of which the explicit expression is given in Appendix I. 


Now, the reduced matrix element between two states A and B can be obtained. It is 
{B3 jell 3 jar jn ln 1/2) 2= 32 Sinlbn'llintn? Dee; (Lil jel Le jas jn! Gn! 1/2) > (7) 
We define the last summation as §?-factor 
R jas jajn 3 &P) az Bs<(ilinllél ja jn Cn 1/2) D. (8) 


It will be seen that §-factor above defined is closely related to the intrinsic structure 
of the nuclear states of the target and product nuclei. In fact, it is related to the ‘ coefh- 
cient of fractional parentage ” overlapping and the coefficient of mixing of the configurations, 
as pointed out in our previous report.” 

We are now in a position to write down the complete expression of the differential 
cross section for the deuteron stripping reaction. From Eq. (4) we obtain, by performing 


a statistical average over initial spin states and summing over final spin states, 


dc M*M* & ~ 1 2 
Se a ew — 1 D,, Vy Q, ’ 9 
dQ (27) aie ky ne Ba 3 (2-2 1) | ( b p ) | ( ) 


which is reduced by virtue of the orthogonality properties of the Clebsch-Gordan coefficients to 


de Me MF kp 2jzt line REE mee a eats : 
a = : an G K ss K >> on 5 a n Ve le > (10) 
Pe ot Zt) (K) 2 Czy jaja! S&B) FC juts UIfnlns) | 

Voll! 


where M,* and Mx is the reduced mass of the outgoing proton and the incident deuteron 
respectively. 

We are interested in the angular distribution characterized by the presence of mixing 
of the configurations in nuclei concerned. Particularly it is interesting for us to determine 
the relative heights of two peaks : let us describe by (j,, /,) the peak predicted by the 
Merleatisnell model and Bye (jn. te) ache other peak which is allowed for the selection rule 
alone, but essentially results from the presence of the mixed configurations. Then the 


relative height of the peak (jms lm) to the other (j,, /;) is given by 


{Sim jain $B), $GR)* jn ll ran) Fon ay 
R’ (fas fafex er? {G(K)?+ | jell! jsls) 7} 005 


where 0 is the angle of the outgoing proton with respect to the direction of the incident 
deuteron in the c. m. system: 0, and 9,, are the angles at which the peak (js, /s) and the 


other (jm /m) locate, respectively. The second factor in (11) is easily determined provided 
that the (j,, /,) and Ginr Im) ate given, while the first depends on the configurations 
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adopted. When the value of [,, is smaller by two units than /,, the second quantity is in 
general very large, and therefore it amplifies the first quantity very much even if it is 


small. 


§ 3. Applications of the theory 


The assignment of configuration given by the simple shell model is assumed to be 
correct in zero-th order. The deviation of the interaction from the average potential, due 
to the individual short range interaction between two nucleons, may cause the mixing between 
various configurations. We take into account as the first order such cohfigurations which 
contain at most two nucleons in different angular momentum states from the original one 
of zero-th order. In this way, we can define configurations of higher order. 

According to this idea, the reaction matrix element is also decomposed into that of 
zeroth, and of first and higher order. We shall analyse the following reactions in such 


terms. 


a) F» (d, p) Fe 


The angular distribution” 


of the protons associated with the ground state of F” in- 
dicates the admixture of /,=0 and 2 transitions. Consequently, since the ground state of 
F” has spin 1/2 and even parity, the conservation law requires that the ground state of 
F” has spin 1 and even parity. Configurations of 0-th order are 


(5, po) Pr { (do) : (0) } y and (5;/2) P» { (d5 0) HEH I N 


for the ground state of F"’ and F” respectively. It is evident that the above configurations 
give a vanishing reaction matrix element, since they can have no common parent state at 
all. Hence, in this case the stripping reaction must occur through some mixed configurations. 
This idea is also supported by the fact that the reduced width obtained from the experi- 
ment is unexpectedly small. We will come back to the discussion on this problem later. 


The pronounced peak corresponding to /,=2 transition results from configuration 
{ 2 
(s:)2) Pd { (dso) dso} x 


of Ist order in F. While, the forward peak correspoding to /,=0 transition is found to 
be the same magnitude as the peak /,=2 in the experiment. Configuration (5,)) p, { (dsj)? 
(0) 5,)o} y of Ist order in F*’, however, can not mix with the configuration of 0-th order, as 
far as the short range force between two nucleons is concerned. 

This, therefore, suggests that the configurations which contribute to the /,=0 transi- 
tion are not only the mixed configurations of F", but also that of F". Such configurations 
of Ist order in F' is divided into the two types of the form: 


(5, po) Pd {ds jod's/0\ N 
(ds) Pd { (d;/) \ y and (d5)») P> { (d5)») Ne 


Since the configurations in F*’ which contribute to the [,=0 transition must have a com- 
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mon patent state with the configurations in F"’, possible configurations of Ist order in F°° 
ate 


(5 j2) ps {d5 10 ds) 54/0} No 
(dso) ps { (ds 0) *51 pt» and (572) ps { (dsj) 7540} aye 
Even if we should take into account further configurations, the reaction matrix elements 


arising from such configurations are of the higher order, the order of the secondary effect 


on /,=2 transition. Such configurations little affect the feature of the angular distribution. 


Table I. Configurations of F! and F° which contribute to the reaction matrix elements 


; FOCL+4) 0-th Ist 
FI (24) ag DEG YY | Ue ach | Centerecan (EC Stiw EQS inady 
oth |(sue)rrf(dejs)2(0)}n1 i= = en ee + 
Gaeidsidsehe iy [=2* | i | * * 
1st Cenlcn z halle, | Z | [=0 ; * 
Gane ag cae ae aa ala ee ee [=0 
BUnotovetepping: 
+ higher order contribution 
The wave functions in which we are interested have the forms for F” 
jsf") 3 jad + DI Cyr, line i” Hi) 3 jaa+ 2 OF0|fs{j1" jos Jo) sjads (12) 
and for F” a is 
lh (Jo) 3 ja) +1 Proljs tg sok )s iad + >) Bayr jes List I)3 jn? 
EDRs Lief] 0s 0) (13) 
The reduced reaction matrix Aceh is given by 
(B 5 jnll4 3 jajn) = Baepsfabliinle) 
+39 a57, Bae (2jat 1) (2041) W Cjrhiind 3 jad) 
ptt 
+ a7, 2 7. (2jatl) (2+) W GJejnis iat) KIM lida) (14) 
Jo 5 


2 

b) Mg (d, p) Me™ | | ; 

The angular distribution” of the protons associated with the first excited state of Mg 
shows two pronounced peaks corresponding to the orbital engular momentum fe=2 and 

s Pa4)} Q re 26) se 

=0 state. From this fact, we can conclude that the first excited state of Me” is of 
spin 2 or 3 and of even parity. 

The 0-th order configuration in the state of Mg must be expressed as 


(dsj2) ‘dso. 
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The configuration of 0-th order, however, predicts only the peak [,=2 resulting from ds)09 
in spite of the presence of the clear-cut peak /,=0 in the angular distribution. The ex- 
periment, therefore, enforces us to conclude that there must be configuration of 1st order 
which contributes to the peak /,=0, in addition to one of the 0-th order. It is taken to be 


(d5)2) "S12 
for such configuration in Mg”. 
Wave function for the ground state of Mg” is denoted by 


Qs fap (15) 
while one for the first excited state of M* is described in the form 
i Diss ind +B" GQ) ies te? (16) 
Then the reduced reaction matrix element is given by 
(Bs pall A 3 jajnd=Cirhallinbn)d + BC jolellinbn)- (17) 


The first term and the second in (17) contributes to the peak /,—2 and 0 respectively. 


cP (d, p) P* 
According to the selection rules, the allowed values of /, are 0 and 2. Configurations 
of 0-th order in both nuclei 


(51/2) P { (5, ) ‘i wv and (5, ) P> { (s; jo) *dsjs} No 


however, predict only one peak /,=2 corresponding to dy). 

Although the observed angular distribution’ can not deprive us of our hope that 
there might be a considerable forward scattering which results from the admixture of [,=0, 
this forward peak is not so distinct as in the other cases. If it is the case, the reaction 
must be of the first or higher order. 

This is particularly interesting, since the orbit S12 in which the neutron is going to 
be captured to make a peak /,=0 is already filled up in the configuration of 0-th order 


. 31 . . . 
in P*. Therefore, it is evident that the presence of the peak /,=0 comes from the mixed 
configuration in P*. It is 


(5:2) Pd {5 2432} N: 


Any other mixi i i i: in P® i i i 
AM y ixing of the configurations in P™ and in P®, which gives rise to con- 
tributions to the respective peaks, is all of the magnitude of the higher order 
The wave function for P* in which we are interested is 


[js ir" (0) jo” (0) } (0) jad Dy aerljtjee dj") PC) sjapaw 6B) 


where the summation over J is restricted by the relation ii — fol SJ Sjitje. On the other 
hand the wave function for P® still remains as, 


Ij Lis" (0) jo"? (jo) } Cfo) 3 jn) (19) 


Then the reduced reaction matrix element is given by 
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AOS E. 


as ih iaD 


Re len pre Wer xy i COE Se ey En 2 avcalaegs tw eladaa hy 
RE 2jot1 Cishallin’n) Du / a te JN) W Cj Finis s jie) <jrlillintn). 
(20) 


The first and the second terms in (20) contribute to /,=2 and 0 respectively. 


age GF (dp) Cl* 

The angular distribution” of the protons associated with the ground state for the 
reaction Cl (d, p)CI” was measured at 6.90 Mev. The observed angular distribution of 
outgoing protons was characterized by two values of /,=0 and 2. 

According to the selection rules, the allowed values of /, are 0,2 and 4. The expeti- 
ment indicates that the ground state of Cl has not only the configuration of 0-th order 


(ds,2) Pd { (5, 1) . (d;/) * No 


but also that of Ist order which contributes to the peak corresponding to /,=0. Such 


configuration in Cl” must be 
(ds/o) ps {51/2 (4/2) } 


Any other mixing of the configurations in Cl and those in Cl” gives rise to higher 
contributions to the respective peaks also in this case. 

Ic turns out that this reaction is found in the same situation as in the case of the 
last reaction P* (d, p) P®, except the difference of the value of n, and j. 

In this reaction, therefore, the wave functions and the reduced reaction matrix elemcnt 


are given by Eqs. (18), (19) and (20) respectively. 


§ 4. Comparison with the experiments 


In order to compare the theoretical angular distributions with the observed ones, it is 
neccessary to determine the coeflicients of mixing of configurations which appeared in the 
last section. 

The coefficients are calculated with the short-range attractive forces between two nucleons. 
We assume, for simplicity, that the radial dependence of the interaction is of 0-function 


type as the short-range limit 
Bii=lVo+V, (G;-6,) ]-6 (7,1) «8 (cos w— 1) /rer;. 
Here Vi= (3V,4V,)/4, and Vi= (V,—V,)/4, where V, and V, are the interaction 


strengths in triplet and singlet states of two nucleons respectively. It has been assumed 


that the attractive force between two nucleons in the triplet state is stronger than in the 


singlet state so that | Veh Lede 
The calculation is performed by making use of perturbation method. Matrix elements 


of the interaction contain the factor V,[ and V,I, with [= \ Ri, (r) Rig (1) Ri/ (7) Ru’ (7) rdr. 


They are evaluated using the relation V.J5—= —50/A Mev (Iy=\ Ri) Pdr), which is 


deduced from the argument of pairing energy." The radial wave function is < pproximated 
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as an oscillator wave function. ake 
Another quantity which we must estimate here is the energy difference JE between 


the configurations concerned. This is assumed to be equal to the wanes ie 2 oe the 
single particle levels. Possible corrections which may come from the romania between 
nucleons are neglected as high order. Only in the case of F'® (d, p)F", they are taken 
into account, since the reaction is caused in higher order than in other cases. The energy 
difference between single particle levels is estimated by using empirical information with 
the aid of theoretical considerations. In what follows, the numerical values of the energy 
differences adopted here are given for respective reactions. 
a) F'*(d, p)F” 

There have been five types of the coefficients of mixing of the configurations: two for 
the target nucleus and three for the product nucleus. For example, the coefficient ay, for 


the target nucleus is expressed in the form 
as,=—{j, ji" (0) sfal ties rik @ Fy) 3 ja)/4Es, 


=—/ @NFI=) CLAY SVP Gifs oi) /4Ery (218) 
Qj) Qt) Qt) * 


where 


TK? (iis jgf:) = (—) Soft ti pya_(2 f+ 1) ¥ (2j+1) (2j,+1) 
Pai4 J Gh Ivf) ( )7P P 4(2J,41) 


GF 121 f2) 50) Chis 1/2—1/2|J.0)| {1+ (—) pid ag VioI— iL (—)?*Fe7a} 


Shae) Cheat IF (2), 1) ny’ Even 3 : == )\ Pte o; e 
SSRIS Ae ee see ape (CHRD RS (2jy+1)} 2710] 
(21b) 


The other coefficients are also given by the similar ones, and tabulated in Appendix II. 

The energy difference between d5. and dy. is taken to be 5.08 Mev from the doublet 
splitting in O". The splitting energies between 5,j.—dsjy and S\j2—d5). are determined in 
the same way as 4 Mev and 1 Mev, respectively. 

In F” it is more difficult to estimate the energy differences between the 0-th order and 
the 1st order configurations than in the case of F'°, because the configurations of the 1st 
order in F" contain the excitation of two particles. It is assumed that they are ap- 
proximately equal to the two particle excitation. For instance, the energy difference between 
(5172) ps {Cds 2)* (3/2) } » and (51/2) ps {54/0510} y is estimated asd E[ (ds)o—>ds0) + (dsp 51)0) 4. 
The excitation energy of the single particle is determined by referring to the splitting 
energy of O” as before. According to this procedure, however, the energy difference 
(512) ps { (dsie) (3/2) } n— (dso) 5 { (dso) °5; 0} y is zero. While, the difference due to the 
Coulomb effect is found to be about 1 Mev using the harmonic oscillator wave function. 
We consider the latter estimation to be more reliable and adopt the value. 


The calculated values of the coefficients of mixing of the configurations are listed in 


Table II and III. 
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Table II. Coefficients of mixing of the configurations in the ground state for F'9 


SE ESSEC? 


Configuration | (51/2) ps4 (d5/2)2 (0) ty | (4/2) Pt (ds/2)* (Ni) sw | (ds/2) p,{ (d5/2)? (Si) bw | (51/2) pAdsjodajo} y (Je) 


| Ji=2 | Ji=2 | Jo=1 
ec ele : an —-_ : ate = 
1 | =o153 | 0.124 | —0.0125 
Table III. Coefficients of mixing of the configurations in the ground state for F% 
A (si/2) Ps (51/2) prt (dja)? (ds/2) pA (dja) * (d./2) ps{(ds/2)? (51/2) psAd;/2d3/o 
Confi | f | 
eee euree} | { (d.j2)°(3/2) $m | (0)ds/2}.y (Js) syjatn (Jy) sijatw (Jy) | (1) 5/2} (Js) 
| | Ja=3/2 | J4=312| Je=512| Jo=3/2 | Jy=512 Tea3i2 
B | - ze - — —| eS ee = = ot Patan cor = 
| 1 | —0.163 | 0.093 | 0.032 | 0.198 | = 0.053 —0.019 
| | | 
0 F” (d, p) F* 
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Scattering Angle (C. M.—System) 


Fic. 1. The angular distribution of the protons associated with the ground state for “Be serie 
[19(d, p)F. The incident deuteron energy is 3.6 Mev and the Q-value of the reaction is 4.3 


Mey. The theoretical curves were calculated using value of R=5.4X10-15 cm. The calculated 
ratio of two peaks A is 1.37. 
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Fig. 1 shows calculated and observed angular distributions in an arbitrary scale. Judging 
from the good agreement, the calculated values of the coefficients of mixing of the con- 
figurations can be concluded to be correct in relative values. Furthermore, we find that 
the calculated reduced widths, taking account of the coefficients of mixing, are in consider- 
able agreement with those obtained from the experiment. Hence, it may be said that their 
absolute values are also of adequate order. 

In unit of Wigner sum limit, the calculated reduced widths are 0.96 and 0.075 
percent for /,—=2 and 0 transitions respectively. On the other hand, experimental ones'” are 
0.66 and 0.042 for the respective transitions /,=2 and 0. 

It is interesting to note that the calculated reduced width consists of the two factors : 


one is the single particle reduced width, and the other is determined only by the §-factor. 


rim| a ole Qj: PI4 = (2j4+ 1) (2J,+ 1) W (CjpJijrj 3 Jada) 
2r,M,; IpTiT 4 


+ Sa7.8s,~ (2ja+1) (2+ DW (jJojnjsjaJs) P- [ar 7 Ro? (rn) J 


J27's 


b) Mg” (d, p)Mg"** 
The coefficient of mixing of the configuration is given by 


B= Dirs jal Bl 7” jes iny/4E 


hee Fie alee St ea Se r 
= peepaieui nea z ASTD WY Cijijei s ix5) v.1f || (—48), 

= mi Vie: s x 
(22a) 


where 


SWF? Gis ij) = (—) irate ts_QiFD) ¥ Qj +1) Qjet1) 
x 4(2jn+1) 


x Gh 1/2—1/2|j,0) Gifs Lyd 172/90) {1 + C=) fal ek (22b) 


It has not been determined whether the spin of the first excited state of Mg" is 2, 
or 3. Hence, we shall consider the both cases. Assuming that the energy difference JE 
between the 0-th order configuration { (d,).) *dsjo} and the 1st order one { (dsj) *s. 1} yw is 
to be taken to be 0.4 Mev, which is the energy difference between the first excited state 
Sj. and the second one dij. of Mg”. 

Calculated cofficient of mixing is 0.267 and —0,638 for Jx=2 and 3 respectively. 
As one can see in Fig. 2, the agreement with the experiment is fairly good. Our results 
are more favourable to j,,==2 rather than j2=3. 
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Mg” (d, p) Mg** 


Differential Cross Section (Arbitrary Units) 


Scattering Angle (C M.—System) 


Fig. 2. The angular distribution of the protons associated with the first excited state for the 
reaction Mg”>(d, p)Mg%®.* The incident deuteron energy is 8.0 Mev and the Q-value of the 
recction is 7.05 Mev. The theoretical curves were calculated using value of R=5.27X10-!8 cm. 
The calculated ratio of two peaks A is 1.7. 


<) P*(d, p)P™ 


The coefficient of mixing of the configuration is given by 


azy= —<{j; {79 (0) jo? (0)} (0) 5 jal Bl fs Ge Gis & Med ()) sjay/4Ez 


_—(-)i,/_m@atinm) GAD SVL? (jis ii) /SEn (23a) 
Pet titi =e te 


where 


al hy find iio) Sas jad (21) Y Qj. +1) 2het+) (55 1/2—-1/2| fo 
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X24 {(2je$1) + (=) HY Bje$ I} HAT]. (23b) 
4] iti) 

For the resultant spin J of the neutron configuration, it is not allowed for any values ex- 
cept J=1, because of the triangle relation of the angular momentum and the fact that the 
ground state spin of P® is unity. As one can see from Eqs. (23a) and (23b), however, 
the coefhicient corresponding to J=1 vanishes. This comes from the assumption of the 
0-function type as the inter-nucleonic interaction. The higher order contribution to /,=0 
is negligibly small compared with that of the 0-th order to /,=2. 

It has been pointed out’? that there must be about two percent admixture of the 
configurations corresponding to /,=0 transition. But, our result shows that the coefficient 


of mixing, if any, would be very small and probably could not be revealed by the experi- 


Pp" (d, p) p” 
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Fig. 3. The angular distribution of the protons associated with the ground state in the reaction 
P"!(d, p)P*. The incident deuteron energy is 7.20 Mev (c. m. system) and the Q-value of the 
reaction is 5.5 Mev. The solid curve was calculated from the Butler theory using value of R= 
5.7X10 cm. Butler and Austern h 


ave obtained an interesting curve which is shown in the 
dotted line, 


taking account of the Coulomb force between the deuteron and target nucleus. Their 


case involves the capture of /=2 protons, an 8 Mev deuteron beam being incident on a nucleus 


of Z~15, with the outgoing particles having 12 Mev, approximately corresponding to this reaction. 
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ment. On the other hand, the Coulomb correction estimated by Butler and Austern’) is 
found to make the width of a peak wider, so that the presence of /,=0 transition becomes 
unncessary to account for the distribution at very small angles. Therefore this example 


may be regarded to ensure that our approximation on the inter-nucleonic interaction is approxi- 
“mately correct. In Fig. 3, the Butler curve and the curve with correction of the Coulomb 
effect are plotted in order to facilitate the discussion. 


a) 3 Cl” (d, p) Cl* 
For the energy difference between the 0-th order configuration (dso) ps { (51/2) ° (diye) *} 


and the 1st order one (dsj) p, {5 jo (dy) *} y, we refer to the energy splitting between the 


ground state dj). and the first excited state sj). of S*, 0.84 Mev. 
Then, calculated coefficients of mixing are a,=0.061 and a,—0.389 respectively. 


Comparison of the calculated angular distribution with the experimental one is shown in 


Fig. 4. As mentioned in the previous report”, the agreement is very good. 
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in the reaction 


4. The angular distribution of the protons associated with the ground state 
The incident deuteron energy is 6.90 Mev (c. m. system) and the Q-value of 


Fig. 
The theoretical curves were calculated using value of R=5.5X10738 cm. 


C155 (d, p) Cl. 
the reaction is 6.3 Mev. 
The calculated ratio of two peaks A is 0.67. 
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§5. Concluding remarks 


In the deuteron stripping reaction, the Butler’s formula for the differential cross section 
has been obtained, neglecting both the Coulomb repulsive forces for incident deuteron and 
outgoing proton and the effect of ‘compound ” nucleus formation. These neglected effects 
have been investigated by many authors. According to Tobocman and Kalos, Coulomb 
force has two effects on the angular distribution: one is displacing the peak towards larger 
angles, and the other broadening the width of the peak. It has also been pointed out 
that, as a rule, compound nucleus formation plays a role to compensate the Coulomb effect, 
and these effects are negligibly small in the cases where the bombarding energy of the 
deuteron is large. Therefore, these effects do not affect the essential feature of the angular 
distribution which was investigated in this paper. 

When the angular distribution has two peaks corresponding to different /-values due 
to mixing of configurations, we can classify the reaction into two types. One is the case 
when the contribution comes from the mixing of configurations in target nucleus. Cl” (d, 
p)Cl*® belongs to the former group. In general, the case occurs when the particle orbits 
corresponding to the mixed / value of peak are already filled up in the zero-th order con- 
figuration of the target nuclei. On the other hand, the other case is found in general 
when the orbit of mixed value is vacant in the zero-th order configuration of the target 
nuclei, such as Mg” (d, p) Mg*®*. 

F'°(d, p)F° is found to be rather exceptional, because the reduced reaction matrix 
element vanishes at zero-th order. Since the reaction occurs through the higher order 
terms, contribution comes from mixing of configurations both in target as well as in product 
nucleus. 

In our investigation on Mg” (d, p)Mg**, we find that the spin assignment of the 
first excited state of Mg” is favourable to two rather than three. It still remains, however, 
not conclusive for this assignment, since the coefhicient of mixing for the latter assignment 
is rather too large to justify the use of the first order perturbation theory. 

Horie and Arima” have introduced a different type of the mixed configurations from 
ours in order to explain the quadrupole moments in odd nuclei, and have shown that the 
agreement between the calculated and observed values are fairly good. They have mainly 
concerned with mixing of the configurations for proton, while we concern mainly with those 
for neutron, and these two types of mixing of the configurations little affect each other on 
the calculated values because of the different operator for each cases. Their type is responsible 
to the (d,n) reaction rather than the (d, p) reaction. Therefore, it is very interesting, in 
this connection, to investigate the relation between the angular distribution of (d, n) reaction 
and quadrupole moment of nuclei participating to this reaction. As already stated in § 1, 
such a relation could be verified by the observation of the angular distributions in the most 


favourable cases. The further investigation on this point will shortly be reported. 
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Appendix I 
The explicit form of R,(%) is expressed in the form 
R,(%) =A, by (itr) 


for the square well potential in which the captured neutron is bounded. Here, 4, is the 


normalization constant and is given by 


Nae 
A; = =e 5 z as ) Z — Ss 0. 
(aa t’) ae (itr) : be, (itr) 
5 2a? 


i(a? +) r,h0 (itr,) BE? (itr) | 
where a? =2M,*/#(E,+V): V is the well depth. 


We are interested in the relative ratio of two peaks corresponding to [=2 and /=0. 


A useful ratio is given by 


| ene ih (itry) 
Rz(%) — hy» (itr) 


Even if we adopt the harmonic oscillator potential instead of the square well, this ratio is 


not so much varied as to affect our conclusions. 
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. . € 20 
The mixing parameters a,, B, of the mixed configurations of F'® and F” are expressed 


as follows : 


Ob, = —C jy jr (O) 5 fal Bl, {iP feh CHa) 5 f4)/ AE» 


Dot 2 CE ED Sy The G7, ; jj.) /4En- 
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a Hf 2a EI) ChAT 8.553 (2x+1) 
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X34 (28+4 DW Girjed 3 SY Geiivh 3 Ja) 
Xa fe Gis 3 inf) (AEs. 
Br5= = fav (Jae sel Bly [4 ii Cis) jo} (Jo) j] Che) 3 fa) /4Es., 


ay] ch) Chic a (2h+1) 9, <3 (25+1) 
2) —1 


XGrv=z2, x)flbje > v=3, Tod ish Joh: 3xS)W (jrjoJoj 3 JoS) 
XSL A Gifs 3 jaf) (Ease 


Here, (j? (v=2, x)j,|}j""', Y=3 Jy) is the coefficient of fractional parentage, and tabulated 
by Edmonds and Flowers. 
The general expressions of DV, Th} ( Jifos fifo!) etc. are expressed in the form re- 


spectively : 


4(2A+1) 
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The binding energies of H® and He’ are calculated assuming two-body forces of exponential type 
with hard cores, radii of which are taken equal for both the spin singlet and the triplet states. The 
outside potentials are supposed charge-independent, and are chosen so as to fit the nuclear two-body 
data in the low energy region. The following results have been obtained concerning the effects of 
hard core: 1) it diminishes the binding energies of H* and He® considerably, and 2) the wave func- 
tion is pushed out so that the Coulomb energy of He*, which is too large without hard core, is 
reasonably reduced to the experimental value for the difference between the binding energies of H® 


and He’. 


§ 1. Introduction 


A large number of works have been performed about the deuteron in order to get 
the knowledge concerning the properties of nuclear forces. H® and He*, which are the 
simplest nuclei next to the deuteron, are also investigated by many researchers) for that 
purpose. However, the work before 1949 is hardly reliable for quantitative results, because 
the accurate ranges of nuclear forces were not known at that period. 

When we try to study the nuclear forces with the data of H® and He’, the most 
important experimental values will be their binding energies,” ** 


B.E. exp (H*) =8.49 Mev, B.E. exp (He") =7.72 Mev, 
4B.E. exp=B.E. exp (H") —B.E. exp (He*) =0.764 Mev. 


On the other hand, the results of the theoretical work until now show that: (i) if we 
assume two-body central forces of ordinary type (without hard core) whose depths and 
ranges are adjusted to fit the low energy two-body data, the theoretical binding energy of 


H® is too large; e.g., B.E. (H*) is more than 10 Mev for the exponential potential and 


more than 12 Mev for the Yukawa potential" ; (ii) if we take the same p—p and n—n 


forces as usual, so that the difference between B.E. (H’) and B.E. (He) is due mostly to 
the Coulomb energy of He’, the theoretical values for this difference ate too large for both 
the exponential and the Yukawa wells. Pease and Feshbach” took into account the tensor 


* The preliminary or of this work was published in Phys. Rev. 101 (1955), 509 
** Abbreviated as B.E., hereafter. eae : s 


} The name in the census register is “ Takashi OHMURA”. 
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forces, and could choose a reasonable range of the tensor force so as to give the experimental 
value of B.E. (H’) ; yet the Coulomb energy of He’ still remains too large (about 36%). 

According to the recent investigation on nucleon-nucleon scattering by Jastrow,” it is 
highly probable that the nuclear force in the spin singlet even state is strongly repulsive 
at short distances within 0.6X10~"cm. The repulsive hard core will be favourable for 
the nuclear saturation,” though it seems difficult to discuss this effect on quantitative bases 
owing to the complicated nature of many-body problems. 

Recently B.E. (H®) has been calculated by Feshbach and Rubinow” using a hard core 
interaction. However, their computation is performed only with a special type of nuclear 
force, the central part of the Lévy potential, so that the effect of hard core is not clear. 
The purpose of the present work is to investigate the effect of hard core on B.E. (H’) 
and B.E. (He) and on the difference JB.E. between them. It is expected that the theo- 
retical JB.E. will be reasonably reduced to the experimental value by the existence of hard 
core which prevents the nucleons from approaching each other too closely. The following 
calculation will show that this expectation is correct, so that one of the difficulties in the 
theory of three-body problem is removed by the introduction of hard core. 

In the present paper, the calculation is performed assuming only two-body central 
forces of exponential type with hard core, which are charge-independent. The radii of 
hard cores are taken equal both for the spin singlet and triplet states. The ranges 
and the depths of these forces are chosen so as to fit the nuclear two-body data in the 
low energy region (§ 2). Tensor forces are neglected to avoid too complicatd calculations, 
expecting that this neglect will not lead to too serious trouble for the effects of hard core. 
We calculate the binding energy by the standard variational method for various preassigned 
values of the radius of hard core (§ 3). The numerical results are summarized in § 4. 
Precision of the results is discussed in § 5. Conclusions are given in § 6. We give in 
Appendix 1 a method of integration whose region is complicated by the introduction of hard 
core, and give in Appendix 2 the explicit formulas of normalization, kinetic energy and 
potential energy involved in the variational expressions (5) and (6). In Appendix 3 the 
detailed numerical results are given, which may be useful for the calculations employing force 
parameters other than used in the text. In Appendix 4 we give the relations between force 
parameters with and without hard core, which enables us to adjust the parameters of hard 


core potential from the results of Blatt and Jackson” without laborious calculation. 


§2. Adjustment of the force parameters 


As the nuclear force we assume only two-body central force which is expressed by the 
potential 
V5= (346,65) Vir) /4+-1—%9)) V(r) /4 » (1) 
which is charge-independent. V,(7,3) and V,(r,;) are potentials for spin triplet and singlet 
states, respectively, and contain in general the Majorana exchange operators. In the ap 
proximation used in this paper, we need V,(r;;) and V, (7,3) for even states only, which 


are assumed to have the following forms : 
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yer (7) = (Aen ee—P) e>D 
leo ie dae 8A 
(even) Sie Ab —a,(r—D) : >D 
V, (r) ( $ e A (2) 
{co TR ge D . 


The force parameters 4,, A,, a, , are adjusted so as to fit the following low energy 
data of two-body system : 

Binding energy of deuteron=2.226 Mev, 

Triplet scattering length of n—p system=0.5378 X 10 ere 

Singlet scattering length of n—p system=— 2.369 X 10>~'cm, 

Singlet effective range of n—p system (7.) 

=0.27*10-" cm or 0.24107” cm. 

It is well known that the nuclear forces are not strictly charge-independent. We use the 
potential parameters determined by the n—p data throughout this paper. Since the singlet 
effective range of n—p system is not yet determined exactly, the calculation will be carried 
out for the above two different values of r,,. As for the radius of the hard core, we 
take four values D=0, 0.2, 0.4, 0.6X10~cm. The force parameters are shown in 
Table I, together with the depth parameters s, and s, defined in Reference 8. 


Table I. Force parameters appearing in (2). 


D: in 10-!8em, A: in Mev, @: in 10" cm-’. 


De 0 | 0.2 0.4 0.6 
Ania 192.606 | 286.246 475.044 | 947.023 
me 15.060 18.946 25014. | 36.765 
se 1.41707 1.33061 1.24683 | 1.16907 
7 ‘ i) 5 J Rib 
A, 109.466 155.046 235.414 397.307 
1, =0.27 X 10-2 cm eee 14.0385 | 16.608 —| 20.3435 26.272 
Ss 0.92682 0.93791 0.94913 0.96048 
A; 137.727 | 203.895 330.794 623.411 
75 =0.24X 10- 2cm as 15.686 18.972 24.021 32.780 
Ss 0.93399 0.94523 0.95659 0.96808 


§ 3. Variational approach 


The best way to solve the three-body problem will be the Rayleigh-Ritz variational 
method. The potential (2) is rather complicated, so we calculate with a simple trial 
function. The variation-iteration method used by Svartholm” seems too complicated to be 
applied in the present case. 

We use the same coordinate (Fig. 1) and notation as Pease and Feshbach” except 
for r, which is written as in their paper. As the potential used here is of the central 
type, both the total spin and the total orbital angular momentum are conserved, and they 
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oa are one half and zero respectively in the ground state. 
The total t-spin is also conserved for H’*, but we do 
" not use the ct-spin formalism here. Then, the wave 
function must be antisymmetric between the like nucleons. 
; 7 Therefore, the wave function is a linear combination of 
? 79 7 two wave functions, one of which is spin-symmetric and 
Eee Coorditete system for be the other is spin-antisymmetric with respect to like nu- 
cleons. The wave function which has 1/2 for the z- 

component of the total spin can be written as 


yp =Ya i), + vs Pa 5 


where 


Ya=[a@(1) B(2) —@(2) B(1) Ja(3)/V2, 
and 


4,=[@ (1) (2) +a (2) 81) ]a(3)/V6 —¥2/3 a(1) a(2) 8(3). 


(’ and ¢, are the space wave functions which are symmetric and anti-symmetric respec- 
tively in regard to the like nucleons. They must satisfy the following simultaneous equa- 


tions for H®. (For He’ it is necessary to include the extra Coulomb energy terms.) 
{K+V, (15) +V (11) /4 + Vo (12) /4 + 3V. 04) [44+ 3Vi (me) /4—-E} fs 
+ (V3 /4) (V(r) —Vo(r2) —Viln) + V2) } ba=0 » (3) 
{K+ (153) + V(r) /4 + Vi (1) /4 +-3V (71) /4 +3V (12) /4—E} a 
+ (V3 /4) {V.(n) —Vo (2) —Virs) +e) } Ge= 0, 


where 


pec Sas ype opsilar waa (Celt eats open ENG 


—— ie a So = = 
1 
Di ate Or, Or, 


M cyaic\ r Or, Or, 


If the nuclear forces were spin-independent, een) ae) a gushould be azero, 
and @, should be not only symmetric between the like nucleons but also totally symmetric 
in three nucleons. In the actual case, V,(r) is somewhat different from V.(r) as shown 
in Table I, so that, strictly speaking, 4, is not zero and ¢, is not totally symmetric. 

In this paper, however, we take a totally symmetric function 4)? as the trial function 
and ¢), as zero, which, therefore, should be regarded as the first approximation. ‘This 
approximation will not cause much etror (see, also §5). So we take the trial function 


as 


fO= (Mle Aes P) eV s—P)] zs all n> D, (4) 


0 : otherwise, 
Os 


Then, the binding energy can be written as 
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B.E.=—E=—(K+U,+U,), (5) 
where 
Os (3/2) (ee Fe ee NG (6) 
Uy= 372). (ak iy) ee Ne 
K= (¢9, K¢?)/N, 
with N=(GPP ery: 


ye and v in (4) are variational parameters, and they are adjusted so as to give the minimum 


value of E. 


§ 4. Results 


a 


The binding energies of H® calculated by the method in § 3 are summarized in Table 
II, and the adjusted values of # and » are given in Table II]. From Table II we can 
see how much the binding energy is reduced by the introduction of the hard core. 


Table II. Variationally computed binding energy of H’. 


Hard core radius o- i (A) im Me aie 
ea Tee Oe 3 em. Te = 2.4 X10-'!* cm 
0.0 10.26 11.38 
0.2 7.86 8.88 
0.4 6.49 7.65 
0.6 4.78 6.19 
Experimental value 8.49 
Table HI. Adjusted values of ~# and y in 10!%cm-!. 
geese eee 
7 - 
% j 103 =2.7 X10-™ cm 103 =2.4X 10-13 cm 
D in 10-18 cm - - ; — —___- 
Le y 7, y 
0.0 0.4787 ec) 0.5033 fee) 
0.2 0.4444 5.004 0.4672 5.128 
0.4 0.4415 4.100 0.4811 4.230 
0.6 0.4385 4.279 0.4846 4.407 


He® is the mirror nucleus of H*®. The binding energy of He® is somewhat smaller 


than that of H", and this difference will be caused mainly by the Coulomb force between two 
protons in He*. This Coulomb energy is calculated by the perturbation method, which is 
given in Table ITV. It is very remarkable that the hard core of rather short range reduces 
the Coulomb energy to the experimental value. 


For very small values of hard core radius, the binding energy of H*, the adjusted 
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Table IV. Coulomb energy of He’. 


Hard core radius Coulomb energy of He* in Mev 


D in 10--? cm ; is : é 2 
Mia aL Ole ani 103 =2.4X10-!8 cm 
0.0 0.986 1.037 ; 
0.2 0.810 0.845 
0.4 0.729 0.777 
0.6 0.676 0.723 
Experimental value 0.764 ; 


values of 2 and 1/y, and the Coulomb energy of He®* can be expanded into power series 
in D(in 107" cm). 


B.E. (H’) (in Mev) = (10.26 —80.9D +2012D' + --- S t= 2.7 X 107% cm, 


(11.38—93.5D+2451D°+--- : m=2.4X10-" cm, 
mii VO) ema )== (0.4787 = 2.097 D1 => ; eet kl One Cini 
055033222 VOSD sooner aie 24, 0 cm, A) 
(1/2) (in 107" cm) = Y2D+-+- + ry=2.7X10V cm, 2.4107" cm, 
E..(He*) (in Mev) = (Tore Sep RPP se oie 27 x LOngcnt, 
(1.037 —4.734D4 +: 1.=2.4X 107" cm. 


Convergency of these power series is not good except for very small DiD=20-01 a0, cm): 
The series, however, show the rapid decrease of B.E. (H°) as the range of hard core in- 


creases. 
§5. Discussion about the precision of the results 


i) Errors in B.E. (H’) 


Since we have used the simple trial functions, some errors will be included in the 
results described in § 4. In order to estimate these errors, let us compare our results with 


the accurate calculation by Rarita and Present.” The potential used by them is of the 


form of (1), (2) with 


-1 


D=0, a@,=a,=11.56 X10" cm™, 
A,=123.61 Mev, A,=70.31 Mev, 


(8) 


and the odd parts, VOD Cr) = = Ver) and VE (r) = —Ver™(r), Their potential 
deuteron, but its range 1s about 202% larger than ours. 
with D=0 to the potential (8), we get B.E. (FP) =7.49 
Patitaeand= Present 1s) B.E) (Hy) = 8.25 Mev. “As the 
we can not say for certain but the effect of the 


and then the error in. B.E.(H*) for D=0 will 


gives the correct binding energy of 
If we apply zune trial function (4) 
Mev, while the accurate value by 
odd part of our potential is not specified, 
odd potential will be small in this case, 


be about 1 Mev. 
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One of the origins of the errors is the omission of the anti-symmetric state of the 
orbital wave function ¢,, and the non-totally-symmetric part of ¢), which are nearly propor- 
tGomalitouthe difference. between oj 7) eendiG ee ee ee the hard core radius 
increases, this difference does not seem to become appreciably large. While the difference 
between their ranges gets larger, the difference between the depth parameters becomes smaller 
(cf. Table I). Therefore, the error in D=0 from this source will be of the same order 
of magnitude as that in D=0. 

Another source of the errors is the too simple form (4) of totally symmetric space 


wave function. In this connection, it may be interesting to solve the deuteron problem 


with the trial function whose space part is 
r= a alee rbeD 


lo “pe geen Be 9) 


where r is the distance between two nucleons. The potential of §2 is used, and the 


results are given in Table V. 


Table V. The binding energies of deuteron with the trial function (9). Accurate 
calculation should give the correct binding energy 2.226 Mev. 


Hard core radius D in 10—'® B.E. (H2) in Mev 
0.0 | 1.947 
0.2 1.972 
0.4 1.905 
0.6 1.649 


If we expand the binding energy of the deuteron in the power series in D(in 107" cm), 
B.E. (H’) (in Mev) =1.947 —11.97D+387D°+-:--. 


According to Table V and the above equation, the trial function for D==0 (4) will have 
comparable accuracy to that for D=0, except in large D. 
ii) Errors in the Coulomb energy of He’ 

The Coulomb energy of He®* has been calculated by the perturbation method in § 4. 
If we compute B.E.(He*) by the variational method, (trial function is of the form (4)), 
including the Coulomb energy from the beginning, we get the value of B.E.(H*) —B.E. 
(He*) about 12% smaller than that in § 4. 

Larger errors than the above will arise from the omission of the anti-symmetric state 


of space wave function 4, and the non-totally-symmetric part of ¢,, and also from the too 


* Considering from the view point of permutation group, our trial function (4) has the symmetry 
character S(3), (e.g., see, F. Hund, Zeits. f. Phys. 43 (1927), 788). Generally ¢, includes not only S(3) 
but S(2+1), and qq includes S(2+1) and $(14+1+1). If we use the space function of character S(3) or 
S(1+1+1) only, the total r-spin is conserved automatically, but a symmetry relation is necessary between 
the functions of character §(2+1) in ¢, and gy. This relation will be useful if we want to improve the 
approximation. 
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simplified form of the totally symmetric trial function (4). The latter effect is difficult 
to estimate, but the former effect will certainly diminish the Coulomb energy as will be 
seen from the following argument. When we use only the totally symmetric trial function, 
the potential between the like nucleons is V,“"", and the one between the unlike nucleons 
is 3/4 Vern 41/4 Ve". As is known from Table I, the former is weaker and has 
longer range than the latter. Therefore, the like nucleons have a tendency to separate 
from each other, and the unlike nucleons to approach each other, this fact is the main 
reason to mix ¢,, and the non-totally-symmetric part of ¢,. From the above discussion, it 
is obvious that these omitted parts of the wave function reduce the Coulomb energy. 

In the case of D=0, we can discuss more definitely by comparing our method with 
the accurate calculation by Rarita and Present.) Their Coulomb energy is 0.756 Mev, 
while our trial function (4) gives 0.805 Mev when it is applied to their potential (8). 

From the above arguments, it is inferred that our Coulomb energy is over-estimated 
by several per cent. 

The arguments 4 i) and ii) of this section are consistent with the results obtained 
by Svartholm” in the case of the Gauss and the Yukawa potentials. 

iii) Errors caused by assuming the interaction (1) 

Our arguments have so far been based on potential (1). This potential, however, 
deviates certainly from the actual one, though the latter is not fully determined yet. 

The largest difference will be due to our omission of tensor forces. They are very 
important in the triplet state of two-body system. As pointed out first by Gerjuoy and 
Schwinger" and recently by Pease and Feshbach,” the tensor forces reduce the binding 
energy of H’, and the magnitude of reduction depends sensitively on the range of the 
tensor force. For this reason, the absolute values for B.E.(H*) in § 4 have no serious 
meaning, only their relative values are useful to know the effect of the hard core. Effect 
of the tensor force on the Coulomb energy of He’® will be smaller than that on the B.E. 
(Hi). (cf. Reference’ 4). 

The radial shape of our potential is of the exponential type. Generally a potential 
which is deep near the origin gives a large value B.E.(H*). A calculation with the 
Yukawa potential whose short-distance part is replaced by a hard core is now in progress. 
The qualitative results will be probably as follows. If D is small, the Yukawa potential 
plus hard core will give a considerably larger B.E.(H®’) than the potential (1). As D 
increases, this difference will become smaller. 


Our potential is charge-independent, but, strictly speaking, the actual potential is 


apparently not charge-independent. We have used the singlet potential determined from 


the n—p data. From the p—p data the following values have been obtained for D=0,™” 
eae Oy oe erg = 2.07% 10-3 cm. 


As this potential is somewhat smaller than ours, if we replace the n—p data by the p—p 


one only for n—n pair, the diminuation of B.E:(H*) will be about 0:2 Mev. 


There may be various other effects; e.g., those due to three-body forces, relativistic 


corrections, etc., may be small though their estimation is difficult ac the present stage, and 


hence they are omitted in the discussion in this paper. 
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§ 6. Summary 


The binding energy of H® (B.E.(H®)) has been calculated by the standard variational 
method assuming the central two-body interaction (1) for various radii of hard core. This 
interaction is adjusted so as to give correctly the two-body data in the low energy region: 
the scattering lengths of the triplet and the singlet states in the n—p system, the binding 
energy of the deuteron, and the effective range 7, of the singlet state, which is chosen as 
2.7107" cm or 2.4107" cm. The charge independence of nuclear forces is also assumed. 
We can see from Table II that a rather small hard core diminishes the binding energy of H?* 
considerably. Tensor forces are not taken into account to avoid too laborious calculations. 
However, we believe that the relative decrease of the binding energy of H’* shows the 
effect of the hard core clearly, even if tensor forces are neglected. We expect that this 
investigation will also serve for the explanation of the nuclear saturation. 

The Coulomb energy of He® has also been calculated as a small perturbation using 
the adjusted trial function of H’. The hard core interaction pushes out the wave function 
so that the Coulomb energy decreases to the experimental difference between B.E.(H*) and 
B.E.(He*), (See, Table IV). Owing to the crudeness of our variational treatment, the 
exact values of B.E.(H*) will be larger than the values in Table II by the order of 
magnitude 1 Mev, and the Coulomb energy in Table IV may be several per cent larger 
than the exact value. Taking into consideration these errors we can adjust the radius of 
hard core so as to explain both B.E.(H’*) and the Coulomb energy. Such a radius is 
about 0.2X107"cm for r,,=2.7 X 107" cm and is about 0.4 X 107" cm for 7,,=2.4 X 107" 
cm. From this fact it is inferred that the diminuation of the Coulomb energy is not due 
to the behavior of the wave function at large distances, which is mainly specified by the 
binding energy, but due to the vanishing of the wave function at short distances. Thus 
we are able to attain to the following conclusion: The hitherto inexplicable discrepancy 
betwen the experimental and the theoretical values of the difference between B.E.(H") and 
B.E.(He") may be attributed to the existence of the hard core. 

The authors would like to express their sincere thanks to Professor S. Tomonaga, 
Professor S. Nakamura, and in particular to Professor T. Yamanouchi for their kind interest 
to this work. They are also greatly indebted to Miss R. Saito and Miss T. Ohmura for 


numerical computations. 


Appendix I. Method of integration 


When hard cores are introduced, the domain of integration becomes very complicated. 


We have used the following separation of the domain of integration. 


ee, a if f 
\\| r, drydr |r) dred 


i 


fos) o io) fos) co 
(° i* (° 


-- \ dr | dr, | du— \ dr, | dr, {do \ar \ dn te (Al) 


D D 1) D D i) D D 
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with U=1,—-%—% 7 O=H—%— WHEN 


When the integrand is symmetric with respect to r,, r, and r,, (Al) is reduced to 


WG ener a Te male \¢ |, (A1’) 
|) drdredre= | as | |r eee) 1 Al 


with W=Ta— Tita. 


Appendix 2. Explicit formulas for normalization, kinetic energy, 
potential energy and Coulomb energy 


We use the following abbreviations : 


AQ) ae a 
Ce AACE ya (<= 2u)* 
2 2 2 
hee pL = +¥ vy 
(x+24)" 9 (xte+y)™ — (x+2)" 
C,@)=—__# ____P* _4__ 


G+2u)” (REMY) +2)" 
i) Normalization 
N= \\\ ON AY r,797,dr,drdr, 
= {DA,(0) +4, (0)}*—N’ (24) +2N’ (e+) — N’ (22), 


where 


N! (x) =3 (44,(x) + (4D+1/x) A(x) + (2D?+D/x) A,(3)} 
 {4,(x) +DA, (x) pe"? /x. 


ii) Kinetic energy K 


2 t — x2) 82a 
ene yo | 18 2 Ogi? (19° +15’) 5 | 1, %o1,dr, dry dr. 
NR — ‘\\hs a Br, ry ar, )+ 2191, Ar, Or, 1°2 Me Ai ele) 


— — (3#*/M)[{4,(0) +DA, (0)}? {B,(0) +DB, (0)} 
— PK! (2) + (+) K! (e+ v) — RK! (2”) 
— K!" (2p) +2K" (u+¥) —K""(2»)], 
where 
KI (x) = (44, (x) + (4D41/9) 4) + 2D+D/Y A$ 
x {A,(x) +DA,(x)}e"?/ 
K" (x) =— {A,(x) +DA, (x) }%e°” 
o- NOB zy (DFP 1x) By Co) “P (2D? + D/x) B, (x)} 
x {A,(x) + DA, (x)} 2e°*?/x 
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+ {B, (x) +DB,(x)} {24, (x) +DA, (x)} 20°? /x 

+ {4C, (x) + (6D—6/x) C, (x) + (D?—16D/x—8/x) C, (x)} 
X {A,(x)+DA, (x) }e™*?/2 

+ {(4D—12/x) A,(x) + (SD°—4D/x+2/x*) A, (x) 

+ (3D? +2D?/x+2D/:2) A, (x)} C,(x)e7*?/2 

+ {2A, (x) +DA,(x)} C,(x)e"? 

— {(4D+4/x) C,(x) + (7D? +10D/x+6/%) C, (x) 

+- (2D? + 5D?/x+6D/% +3/x*) C, (x)} Cy (x) e-7?/x 

— {4C,(x) + (4D+3/x) C, (x) — D°C, (x)} Cy (x) e77”/x 


iii) Potential energy U;(i=#, 5) 


pp 


NU,= — (3/2) A | ogi? e-ee—P) 2,5 1,dr dr, 
= — (3/2) A,[ {DA, (0) +4, (0)}*{DA, (a@,) +4, (a,)} —U/ (2p) 
+2U/' (u+) —U/ (2»)], 
where 
U;! (x) =2[ {2A,(x+a;) + (3D+1/x) A, (x+a;) 
+ (2D°+D/x) A, (x+4a;)} {4,(x) +DA,(x)} 
+ {A,(x+a,) +DA,(x+a;)} {2A4,(x) +-DA,(x)}] e-*?/x 


+ |44,(x+a) Tee )Aj(xta,) +(2D* + ee )A4 (+a) 


—(x+a;)D 
x {A, (x+ a) + DA, (x++a,)} = ——-. 


x+a; 


z 


iv) Coulomb energy of He’, E, 
NE,=¢ | | | GO*pe op) r,dr,dr, dr, 


=e, (0) {4,(0) + DA, (0)}*—E,’ (2) +2E,! (u+-) —E,! (24) ], 


where 
E,! (x) =2 {2A,(x) +DA,(x)} A, (x)e7*?/x 
+ 134s (x) + (SD+2/x) A, (x)} {4 (x) +DA, (x)} 07"? /x 


Appendix 3. Details of the results of calculation 


The adjustable parameters “2 and v in (4) can be determined in principle by 


OE/ou#=0, JE/dv=0. 
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However, this procedure is so complicated that we avoided its direct application by using 
the following technique. We calculated N, U,, U, and K in Appendix 2 at more than 
ten sets (/4, ¥)’s near the stationary value of E. They are given in the following tables. 


Near the stationary point we assume E as the quadratic function in / and », 
E=aP+2by+c*42du+2eu+f, (A2) 


whose coefficients are determined from the combination of six sets of (4, v)’s. If we take 
various combinations of (4, ¥)’s, we find that there exist only small differences less than 
0.1 Mev for B.E.(H®*) and about 1% for # and v. The values in Tables II, III and 
IV has been determined by the combination of sets, for which the approximation (A2) 
seems best (indicated by asterisks in the following tables). When the hard core does not 


exist, we only have to put »= 00, because the following inequality can be obtained, 


Table VI is expected to be useful for the calculations using somewhat different force 


parameters from ours. 


Table VIa. No hard core. 


, ; ‘u, ea ier lake | ‘BE.(H®) in Mev 
in in | = = i. 
Sane pr |) te ley 2710-8 ei | FAO tes aig aed 39 oe ten | Die een 
0.5 co 33.42 ZIM) 22.39 | 44.42 *10.18 *11.38 
0.4835 co 31.67 20.12 2709 41.54 *10.25 *11.33 
0.45 co 28.15 | 17.96 18.79 35.98 Sa OLD *10.96 


Table VIb. Hard core radius D=0.2%10-" cm. 


_—U, in Mev ‘Sn B.E.(H®) in Mev 
B y = | an - <i | On ; » " 
in in = ae =< 

Eeigeeng LON cme He ey Dai, Sosues 2.4 wpe | we a Bf pee | 2.4 io. Wem 

gas, | 450-] 41.92 28.12 29.79 64.04 5.99 7.66 0.005945 
0.5 6eenl405i 27.04 28.79 61.44 6.11 7.87 0.011327 
0.5 55) 38.77 26.02 DUDS) 57.69 *7.09 *8.62 0.010975 
0.5 5 37.63 DSS 26.74 55.60 07.37 8.77: 0.010723 
0.5 4.5 | 36.26 24.53 25.77 53.33 *7.47 ¥8.71 0.010393 
0.5 35 © (32.53 22.27 23.11 47.93 6.87 7.72 0.009344 
0.45 5.5.0) 32:60 22.09 23A7 46,93 VT; 8.85 0.020033 
0.45 5 31.70 21.55 22.53 45.40 ¥7.85 8.83 0.019672 
0.45 4.5 | 30.60 20.89 21.74 43.73 *7.76 £8.62 0.019194 
0.45 4 29.25 20.07 20.78 | 41.86 7.47 8.18 0.018546 
0.4 4.5 | 25.01 17.11 17277 34.87 *7.26 *7.92 | 0.037981 
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Table VIc. Hard core radius D=0.4*10-!% cm. 


ree — er Se ————_—_——L—— 


‘ . wearien iE in Mev q K B.E.(H*) in Mev “ 
in in i]: | = | s= irs | Os = ng 
10!3cm—'/10!¥cm~"| in Mev re ee 2.450 10- end /in Mev | 2.7%¢10-"2em | 2.4X10-"em 
| | —_ : 
Oe ll oss | 4g04 | S406 et oneeae. | ve Ray 3.28 5.68 | 0.017722 
0.5 4.5 43.73 31.42 33.21 69.44 *5.71 *7.50 0.016515 
0.5 3.5 37.64 27.70 28.75 59.17 *6.17 *7.22 0.014507 
0.5 3 33.77 25.25 25.89 53.53 5.49 6.13 0.012975 
0.45 3.5 31.65 23.58 24.24 | 49.02 *6.21 *6.87 0.026619 
0.4 4.5 29.72 21.93 22.70 45.31 *6.33 *7.11 0.055483 
0.4 4 27.92 20.82 21.38 42.49 |  *6.24 *6.80 0.05462 
0.4 3.5 25.73 19.47 19.80 39.50 *5.71 *6.03 0.05208 
0.4 3 23.22 17.82 17.90 | 36.24 | 4.81 4.89 0.04851 
0.35 4.5 23.09 | 17.30 17.70 | 34.75 | 5.64 6.04 0.11764 
Table VId. Ward core radius D=0.6X10-"* cm. 
3 Ar eres —U, in Mev xk __BE.(H®) in Mev 
in fel | re | a aes ; N 
dp sgssncal i dalle sanaent aA sihetiven eden anual 27x 10— vem} 2:4 10-!emn 
0.5 4.5 51.18 39.70 41.89 | 86.93 3.94 *6.14 0.025025 
0.5 4 46.75 36.98 38.53 | 79.32 | *4.40 *5.96 0.023497 
0.5 3.5 42.03 34.03 34.93 71.95 *4.10 *5.00 0.021423 
0.5 3 36.42 30.32 30.57 63.75 | 2.99 3.25 0.018909 
0.45 4.5 42.60 33.56 35.04 71.56 |  *4.60 *6.08 0.04371 
0.4 55 39.17 30.43 32.04 65.97 | 3.64 525 0.08576 
0.4 5 36.88 29.07 30.33 61.62 | 4.33 5.59 0.08382 
0.4 4.5 34.32 27.50 28.38 57.19 *4.63 *5.51 0.08132 
0.4 4 31.42 25.68 26.16 52.69 *4.41 *4.89 0.07815 
0.35 4.5 26.49 21.62 22.03 44.01 4.08 4.51 0.16429 
0.3 5.5 21.88 17.65 18.11 36.42 3.12 3.58 0.38152 
0.3 5 20.67 16.92 17.20 34.34 3.25 3.53 0.37685 
0.3 4.5 19.30 16.06 16.15 | 32.22 3.14 3.23 0.37085 
0.3 3.5 15.97 13.88 13.58 27.71 2.15 1.84 0.35203 


Appendix 4. The effective range theory with hard cores 


The definite informations which can be obtained from the experiments for two-nucleon 
system at low energies are the values of scattering length a and effective range r, of nuclear 
force. We must adjust the intrinsic range 6 and the depth parameter s of nuclear potential 
for every shape so that this potential fits these experimental data. This can be done 
according to the tables and graphs in Reference 8, when the potentials are Yukawa, ex- 


ponential, Gauss and square well types with no hard core. Here we shall show that it is 
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also possible to adjust the force parameters s and b easily by the aid of Reference 8 even 
when the hard core interactions are taken into consideration. For this, we have only to 
notice that the wave equation with hard core is reduced to the equation without hard core 
by translating the coordinate r by the radius of hard core D. Let the index ° denote the 
quantities after translation. The effective range r, is expressed by 7, as follows* (for 


notation, see Reference 8) 
rp fos} 
n=2{\ drt A—ad)*|"T@@)*= @ O)AA} 
=2D—2aD*+2a°D*/3+ (1—aD)’r,, (A3) 
where 
GG) =1—<ar,' ¢ 7) =l—a'r, “a =1/(a—D), 
u(r) 9(r), u(r) (r), 1 > (force range), 
ry =2 | [iv (r))?= Wr)? Jr. 
when a@=1/a tends to zero, (A3) is reduced to the intrinsic range, 
b=2D+6'. (A4) 


The depth parameter s is common to both cases with and without hard core. Then in 
order to express the potential by 6 and s, we have only to replace 6 and r in the Blatt- 
Jackson’s formula (4:5) by 6° and r—D respectively. To obtain the values of s and 
from a and 1, we first calculate a’ and r, by (A3). These a” and 1, should be con- 
sidered as @ and 1, in Blatt-Jackson’s paper. Thus we can get the values of s from their 
Table V, and get b° from their Table I. 

In the spin triplet S-state, we should adjust the force parameters to the binding 
energy of the deuteron and the scattering length rather than @ and 7. To do this the third 
“shape dependent” term P is necessary, if we want more accuracy than that of ‘‘ shape 


independent” approximation. In this approximation the effective range is written as, 
Rhee 2 Gas a) hie Dee fas 
7?= (Nucleon mass) X (Binding energy of deuteron) Ti 


Then P must be expressed by the quantities with °. Generally the relation between 


quantities with ° and without ° is expressed in the following way, 
d=0—kD, (A5) 


wher e 


kcot0= —atyr k/2—Proki + sty) 
kcot&’=—a’ ty, F/2—P ry tk +: (A6) 


* If we notice the effective range p of the devteron rather than rm, we get a simpler relation : 


o=[1—exp(—27D) ]/7+exp(—2rD) 0”. 
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Comparing (A5) with (A6), we get, e.g., 


1) 


Pr3= {P’r,?—1r,?D/4—1, D?/2— (1-@ r, )D*/3—2a” D’/15 
+a’ D*(r, /2—a’ D’/3)*?/ (1+a° D)} /(1+a'D)’. 
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On the Use of Feynman Amplitudes in the Quantum Field Theory 
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A set of Feynman amplitudes (connected Feynman amplitudes) with no irrelevant dependences 
due to vacuum effects is introduced systematically in conjunction with the definition of connected 
parts of Green’s functions. Coupled differential equations of these amplitudes are derived, and as an 
illustration of the method, equations for the anharmonic oscillator are studied. Detailed investigations 
on the asymptotic behaviour of Feynman amplitudes show that only the connected F. A. provides 


S-matrices for arbitrarily complicated processes in unambiguous way. 


§ 1. Introduction and summary 


Various theories on the description of interacting quantized fields based on the over- 
all space-time point of view have been developed by several authors. Most of these investi- 
gations, especially as to the theory of Feynman amplitude, seem to have been motivated 
by two inherent problems in present approach to the theory of elementary particles. 

One is to explore such a new method of relativistic approach that would be powerful 
even in the deeper analysis of, e.g., pion-nucleon system. Thus, starting from this point 
of view, Matthews and Salam” developed a theory of so called ‘“ Covariant Fock Equations ” 
which was also proposed independently by Freese and Zimmermann.” The other problem 
is to construct a general theory of quantized fields capable of treating the full problem of 
many particle system, that is, to construct the S—matrix for arbitrary reaction processes 
including bound states on the one hand, to evaluate the expectation values of physical 
quantities in any quantum states on the other. This program has been pushed forwards 
by Nishijima®”*” in his excellent theory which skillfully avoides the explicit use of adiabatic 
switching hypothesis between particles and surrounding fields. 

In any of these theories, relativistic wave functions of the system (Feynman ampli- 
tudes) play an essential role as the basic concept of the theory. There remains, however, 
some arbitrariness in the definition of Feynman amplitudes (F.A.). In fact, three types 
of F.A.’s have been introduced; (a) Feynman amplitudes in original sense, making use 
of which Matthews, Salam et al. have formulated the system of covariant Fock equations, 
(b) “covariant components ” in Nishijima’s theory, and (c) F.A. recently suggested by 
Freese and Polkinghorne.” The last type of E.A. differs from above two in vanishing 
property of “ wave functions of the vacuum.” 

Accordingly, it seems to be desirable to investigate interrelations among these F.A.’s 


* Now at the Institute for Theoretical Physics, Nagoya University, Nagoya. 
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in order to clarify merits or demerits of each F.A. as the basic tool of the theory. 
Throughout this paper, our main intere-t shall be concentrated upon the properties of the 
F.A. of the last type (c), since few are known about this amplitudes. In the next section, 
we introduce the connected F.A. in somewhat different manner from those of Freese and 
Polkinghorne. Our intuitive definition gives compact and explicit expressions for the con- 
nected F.A. together with the introduction of the generalized Wick’s contraction. S$ 3 is 
devoted mainly to compare the asymptotic behaviours of the F.A.’s, and we shall show 
that only the connected F.A. provides unambiguous asymptotic forms (or S—matrices) for 
most complicated processes such as pair-wise productions of composite particles. In the last 
section, we give an elementary application of our theory to the anharmonic oscillator and 


discuss in detail the properties of connected F.A. and generalized contractions. 


§2. Definition of connected F.A, and equations of motion 


We begin our discussions with the survey of usual definitions of F.A. Let |) be 
the state vector for given stationary states, specifically (0) denote the actual vacuum, and 
A(x,), B(x) etc., (or briefly A(1), B(2), etc.) be field operators in the Heisenberg 
representation, then 


F.A. of type (a) is expressed by the wave function 

fC, 2, +5 2) =(0|N,(A(1) B(2)-Z(m)) |), (2-1) 
where N,, is the normal-product defined as 

N,(AB::-Z) =T (AB---Z) —S}(0|T (AB) |0) T (€---Z) 

+3133 (0|T (AB) |0) (0|T (CD) |0) T(E---Z) 

See ; (2-2)* 
Signs of terms in the right hand side of (2-2) are to be properly chosen, when A, B, 
etc., contain fermion field operators. If we use simply T-products instead of N,—products 
in (2:1), we have Bethe-Salpeter’s amplitude : 

1(1, 2, «+, n) =(0|T(A(1) B(2)--Z(n)) |), (2-3) 


this, however, may hardly be regarded as a kind of F.A. because it does not reduce to 
: ; Reale x. 
the Schroedinger-Fock’s wave function in the limit of non interacting cases. 


F.A. of type (6) is obtained by introducing 4°B'—=(0|T (AB) |0 instead of Wick’s con- 
traction” A°B'= (0|T(AB)|0) in (2:2): 
91, 2, ++, 2) =(0|N,(A(1)B(2)---Z(n))|), (2-4) 
N,(AB.::Z) =T(AB:---Z) ‘ 
—3i(0|T (AB) |0)T(C---Z) 
Jauiiie ‘ (2-5) 


* Thin letters 4(1), B(2), etc., are free field operators and |0) denotes the free particle vacuum 


On the Use of Feynman Amplitudes in the Quantum Field Theory 239 


Now, we may represent the B—S amplitudes y(1, 2, -:-) in the interaction re- 
presentation by the block diagram such as Fig. 1, for example, in the case of one nucleon 
problems of interacting meson-nucleon system. Then, it is easy to see that the wave 
functions of the type (a) correspond to the diagram 
obtained by removing those parts of Fig. 1 in 
which bare particle lines (Fig. 2) are disconnected. 
In the same way, the “ covariant-components ” 
g(1, 2, -::) are represented by the diagrams in 
which all graphs including disconnected propagators 
(Fig. 3) are removed. 

We will now turn to define the F.A. of the 
type (c) as the connected part of original Feynman 
graphs which is obtained by the subtraction of all 
diagrams including not only such as Figs. 2 and 3 


but also such as Fig. 4 as isolated islands. Fig. 5 

indicates one of the simplest connected parts of t=—00 

Fig. lve Fig. 1 
F.A. of this type may be most conveniently 


o——__»____ 
formulated as follows. First, let us define “ con- 
tractions” of arbitrary number of operators by 
e--------- ~ 
A'B:...K’°=(0|T,(AB---K)|0), (2-6) Fig. 2 


where (0|T,,(---)|0} is the connected part of the 
ordinary Green’s function* (0|T(---)|0). Then oe Za 
our F.A. is represented by the following wave 
function : 
w(1, 2. Bor n) —) {0|N.(4 (1) B(2) ---Z(n)) \S, -LQB- 
(2:7) 
where the normal product in this case means 
N,(AB:::Z) =T(AB.:.-:Z) 
Bee KT (LZ) 
451914'B:.- KL. PT (QZ) 
(2-8) 
which is quite a natural generalization of Wick’s 
S—product into the case of interacting fields. 


It should be noted that the T,—product in 
(2:6) as an operator obeys the identity Fig. 4 


* The notion of connected Green’s functions is of course not new ; several authors have already employed 


; a9 itn y 
these functions as a basis of e.g., covariant Tamm-Dancoff approximation." :1);1) 
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T,(AB.--K) =N,(AB..-K) +4 B..-K (2:9) 
which completely determines connected Green’s functions 
in cooperation with (2-7) and (2:8). Eggs. (2-7-9) 
give an explicit formula for our F.A. We may call this 
“connected wave functions.” 

It is possible, conversely, to express all T—products by 
suitable combinations of N,-products and contractions : 

T (AB..-Z) =N,(AB.::Z) 
+A B..- KT (L---Z) 
ewes ees (2 . 10) gorel 


from which we see the number of basic vectors (0) N,(--:) Fig. 5 


is sufficiently large to represent arbitrary state |), in so 
far as we are concerned with canonical systems. (2:10) is expressed equivalently in the 


form 
T(AB-:-Z) =N,(AB---Z) +3\(0|T (AB---K) |0} 
XN.CL-::Z), (2-11) 
by which Polkinghorne has defined his N’—products. An essential defect of this form 


may be, however, in that it is hard to obtain, in general, explicit formulae for N.—products 


without introducing intractable complications. 
By (2:9), we have 


(0|N,(AB--Z)|0) =0 (2-12) 


as it should be, or, in other words, wave functions of the vacuum always vanish. Vacuum 
wave functions of type (a) and type (b), on the contrary, do not always vanish ; these 
amplitudes still contain the irrelevant dependence due to the vacuum fluctuation effects that 
have better to be separated. 


Equations of monion. 


In contrast to the ordinary F.A., coupled equations of motion involve, in this case, 


not only connected F.A.’s themselves but also contractions as unknown functions to be 
determined. 


For definiteness we confine ourselves to the case of the meson-nucleon system with 
neutral pseudo-scalar interaction. Our wave functions W(x XY yj|Z eek) and contrac- 


Py cg eee | wee eee yo 1 Py 
tions ¢(x,-++x,|y,---y,|z,+++%) are then represented as matrix elements of corresponding N,— 


or T— products of nucleon- and meson-feld operators P(x), ¢(y) and $(z) : 
W(X X| Mo HG Zp = (0|N. (9 (x) P(x) 5 2 (y,)--P(y) > $(z) ++ O(z,)) |S, 
Cm mila ¥41R Se) = (OTP) D(H) 5 OC) PO) 5 $(Z) Ble) I) 


From the field equations for the Heisenberg operators 
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(7,9, +M) .P (x) =97,0 (x) O(x)., 
i(—7470, + M) 9 (y) =99 (9) 7360) , (I) 
—i(O—#").9(%) = (9/2) [9 2), 7592] 


we obtain two sets of coupled differential equations of motion for the wave functions and 
for the contractions respectively. The former set of equations for the wave functions 


depends on the state in concern. For instance, the one nucleon Feynman amplitudes obey 
179 y+ M) 2a (x||) = 97s (x) ma (x| |x) 
17 9p FM) (| |Z) = G75 (%) [wa (x||xz) +e (| xz) wa (x1) ] 
—1(O— 2") 4 (*||2) =975(%) [wa (xz|z]) +(x] 21) ma(z||) +e(zlz]) waa] |)] | 
17 uOp + M) a(x! |y|) = F752) [wa (xx |y|x) —c(x]y|) Ha (x’||x) 
He (x’|y|x) va(x||) ] 


See eee ewe aee 


(2-13) 


making use of the usual convention, i, 7;(x)[--P(x)---J=[--7,6(x)--] and 


re (y)[- . -P(y) --J=[- . P(y) voor |<) The coupled equations for the contractions, on the other 
hand, are independent of the required states : 


i(7p 9p +M) .c(x|y|) = (x—y) +975 (x) ¢(x]y]x) 

i(—7y" 9, +M),¢(xly|) =98 (x—-y) +975 (MeClyly) 
—i(O—$").¢(| |x) =8 (2-2) +975 (2) c(glelz’) (11) 
ip Ou +M) 2c(x|9|z) =975 (x) Le (al ylzx) +e (x]y|) (| |zx) ] 


er 


: 12 
as was given also by Freese.” 


§ 3. Properties of connected F.A. 


In this section, we compare general properties of our amplitudes with those of usual 
amplitudes. Solutions are obtained, if necessary, in terms of corresponding B—S amplitudes. 

A. Evaluation of the connected F.A. in terms of corresponding B—S amplitrde. 

It would be instructive as a first step to investigate formal solutions of this amplitudes 
by simple examples in which differences between our amplitude and conventional one could 
be most clearly manifested. | 

Example. The wave function with two virtual nucleon-pairs produced in the one nucleonic 


proper field. 


Our wave function 
W4(123|45) = (0|N, (9 (1) 9 (2) 9 (3) ; $(5)9(4)) Ia), (3-1) 


where |a) denotes a single nucleon state, can be obtained most easily by the gr:phical 
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investigations on the integral equation for B—S amplitude 7,(123|45). 
We start with the integral equation for the three body Feynman kernel 


K (123/456) = (0|T (9 (1) 9 (2) 9 (3) s $(6) 9 (5) 9 (4) |0), (3-2) 
K(123|456) =S;,/ (123|456) + (SAA, 2) et (isan) 
x K(123|456), (3-3) 
where S,,/(123|456) denotes a “Slater determinant - 
Sy (lo 4)oese (i, oh Sy tae OT 
S5{ (4231456) =| 55 C4) Srl) Ss CO, Ore. (3-4)* 
[Sxi(3s4 ey Sof (Bs 5) 0 Ss‘ (3,.6) 


and (1,2), 4(1, 2,3) are integral operators which introduce two-body and three- 
body forces between nucleons : 


Bek 2) = | dxy'--du/Sy!(1, 1') Sp! (2, 2") G,(1'2'|3/4’) X , (3-5) 


Shara, 3) == | da! de S2/C, V/)S4!(2, 2") Sp! (3, 3’) 
x G,(1'2'3'|4'5'6") X . (3-6) 
Now, taking the limit ¢(6)—>9'" (6),** 
Ss! (123/456) Sy! (123| 456") = D3 7a"(123|45) Ja(6), (3o7 
where 


Ya = 215p' (12/45) Ja(3) : (3-8) 
Ja(1) =(0|P(1) (2) ) 
Ja(1) =(alp(1)|0) } 


and means the summation ov 1 i iol 
> er single nucleon states. The other states in the original 


(3-9) 


summation do vanish by the requirement that (3-7) should satisfy the free nucleon equa- 
tion in x, Similarly, 


K(123|456) >K(123|456™) 
=Z0|T A) P2)PCB) 5 (5) 9 (4)) |s1/J.(6) 
= 21 %a(123/45)7a(6). (3-10) 


Thus, we find the integral equation for the amplitude y,,: 


* Sp’ (1, 2) =(0|T(P(1) $(2)) |0>. 
** The chronological ordering operators “ in” 


and (6). 


Aap ob ee 
and “out” are those of Nishijima, see references (5) 
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c 


%a(123|45) =y,°(123|45) + EA (1, 2)+ 4 (1, 2, 3)] 
X Yu(123|45). (11) 


Since y,, and Ya correspond to diagrams Fig. 6a and 
Fig. 6b respectively, we see immediately that those terms 
which should be subtracted from Y%. in order to obtain 
required w,(123|45) are, besides Ya’ itself, terms which 


correspond to the diagrams indicated by Figs. 6c and 6d. 
The amplitude with one virtual nucleon pair produced 
in the one nucleon cloud is obtained in much simpler 
way, that is, Vj, 


wq(12|3) =9,(12|3) =y.(12|3) — yx." (12|3) 
=o (1,2) ¥, (1213) (3-12) 


thereby, however, no distinction occurs between w, and 
the covariant component /,,. 
Now, the terms which correspond to the diagrams 


Figs. 6c and 6d are evidently 
SAG, 2) +401, 2)4(, 2) 
a yt es 49) 
a aer Quast (hig) Jon 
x 728 (123|45). (3-13) 
Therefore, the required wave function reads 
Wq(123|45) =7.(123|45) 
+[1+3)4(1, 2) Cisne (2) | 
XV. (123145), (3-14) 


or, after some calculations making use of the integral 


equation (3-11) we finally obtain 
Wq(123|45) 
=A (1, 2) (1—A(1, 2)) (A 2,3) +A (3-1)) 


| Oe 28145) 
Be eet, 2) (P= F(1,'2)) FU, 2, 3) 


cycl. 


X Ya(123|45) 


t=>-oo 


+F4(, 2, 27 (123) 49)- Seth ) Fig. 6c 
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The first line in r.h.s. of (3-15) represents contribu- 
tions arising from the existence of two-body forces, the 


second line is due to three-body forces, and the rest is 


explained as the crossing effects. (/; 
On the other hand, in order to find the covariant 
component ¢, from the 7,, one must be careful not to i 
subtract those terms represented by the Fig. 6d. Then, 

after similar prescriptions, we get 


GJa(123|45) =7%_(123|45) 
= Sie (1, 21 — (1, 2) ) (=a 


eycel. Fig. 6d 
+4 (3,1) (—A(3, 1)) 7] 
XS (23149)0.(1). (3-16) 


The covariant component seems to have rather intricate structure than that of the 
connected wave function in that we could not find a compact relation to the original 7, 
nor a simple interpretation such as for (3-15). 

B. Asymptotic behaviours of wave functions. 

Once F.A.’s were settled, we could construct the S—matrix for various reaction processes 
by means of taking appropriate asymptotic forms of wave functions which are responsible 
to the process in question. As was stressed by Nishijima, the present theory can be 
applied, in principle, to deal with even the most general reaction processes involving bound 
states, since our method of constructing S—matrices does not involve the adiabatic switching 
hypothesis between particles and surrounding fields. It is, however, the important require- 
ment for the consistent application of our S-matrix theory that each member of the F.A. 
for the given process should be unambiguously determined in their asymptotic forms. 


According to Nishijima, asymptotic forms of a wave function 
fC, 2, +, 2) =(0|N(A(1) B(2) 2 (n))|) 
are given by ~(0|N(A™“B™..-Z'“)|\ for the final state in which all particles are freely 


outgoing, and ~(0|N((AB)---Z°)|) for the final state in which some of particles, 


say, A and B, compose a stable composite particle, and so on. We shall investigate these 
two cases separately. 


1. Cases having no composite particles in the final states. 
Theorem, The asymptotic forms of every kind of F.A. are identical and uniquely 


determined, if no composite particles (stable or metastable) be involved in the final states 
of the process, or 


Abed fee on not) =9 (1 20ut th me) — wie Qout bas “2? ‘ (3 : 17) 


To prove the statement we assume the adiabatic switching off theorem for compactness 


* Rigorously speaking, this expression is indefinite without fixing the relative time. cf. (5). 
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of the argument. Making use of Gell-Mann and Low’s relation : 
(0|T(A(1) B(2)---)|0) = lim (0|T[U(z, —t) A(1) B(2) ---]|0) 


xX (0|U(t, —rt)|0)7* (3-18) 
we obtain, in virtue of the assumed theorem, 
(o|T(A™'B™*.--)|0) 
= lim lim (0|T(4(1) B(2) ---) U(z, —7)|0) (0|U(z, —r)|0)“. (3-19) 


T>o l’s>oo 


Corresponding relation for the N,—product is 


(o|T (A™ Be...) |0) = lim lim (0| : AB--- : U(z, —t)|0) 


50 8400 
x (0|U(e, —2)|0)~ oon 
which yields 
FR" 272) = OF (3-21) 
The subscript 0 means f, is the wave function of the vacuum. 


If we renormalize all field operators, then we get 


lim lim (0|T(A(1)B(2))|0)—>lim lim (0|T (AB) |0) (3-22) 


t2--@ to 
and the same for the reversed order of limiting. This gives 
go(1™, 2™---) =0 (3-23) 
together with the verification of the first equality in (3-17). 
(3-23) means 
CON CSS GDN EACH nate fol RINSE AMS Pee Dy (3:24) 
because T,—products are always decomposed into the sum of N,-products and their vacuum 
expectation values by the successive use of (2-6-9) : 
T,(ABC) =T (ABC) —>\{0|T (AB) |0) C=N,(ABO), 
T,(ABCD) =N,(ABCD) —>}(0|T, (ABC) |0) D 


(3*25) 
= N, (ABCD) —3}{0|N,(ABC)|0)D, 
Hence we have the second equality of the theorem : 
w (le, Deut a) = less, pails ve), (3-26) 


Although our proof is based on the adiabatic theorem in some parts, our conclusion 
is valid without recourse to this assumption as exemplified in the next subsection. 

2. Cases involving one or several number of stable composite particles in the final states. 

In this subsection, we show that the asymptotic forms of F.A. of type (a) and (6) 
-¢ not always unambiguously determined contrary to the F.A. of type (c) through a 


a 
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typical example of the complicated process. 
Example. (0|T,(@(1)¢(2) ; $(4)P(3)) |) 
Léted, f oe, & then 
(0|T,(12|34) |0) = (0|T (12|34) |0) —S,’(12|34) 
=) (0|T (p (1) 9 (2)) |n) (n| T (9 (4) 9 (3) |0) 
1G, (1,2) 0, (33 4) (3-27) 


where S}.--|n)(n|+++ means the summation over the complete set of stationary states of 
n 


the system and 
7,1, Zz) = (1) Jr (2) — Int (1) Jnr (2) 
Jn (1) =(0| (1) |’). 


It would be instructive at this stage to check (3-24) by this example. Taking 
Dei. 2 2 we see. from: (3-27 ) 


(3-28) 


Co|T.(1™, 2°" |3, 4) |0>—= SiColT (pm (1) o™ (2) ) \s><s|T (9 (4) 9 (3)) |0) 
SS gh (is: Oa ( ste ne (3-29) 
where |s) denotes the two nucleonic scattering states. The right hand side of (3-24) is 


re-expressed by virtue of the integral equation for K(1, 2 3, 4) =(0|T($ (1) 9 (2) (4) 
9 (3)|0) as follows : 
(3:29) <3 (i 72) Ss, Pag | 7(1', PGE. 243", 4/)S,' (3’, 4’|3, 4) dx ,-+-dxy 

= (1/2) Sig. 2) | G(1!, 2G, 213%, 4”) 

x [K(3’, 4/|3, 4) — (1/2) | 5,03’, 4'|5, 6)G(5, 6|5’, 6’) K(5’, 6'|3, 4)dx,-+-dxsy] 

 dxyp-+-dxy) . (3-30) 
Then, further application of the limiting 33°", 44° in (3-30) yields 

lim lim ¢(0|T,(1, 2|3, 4)|0> 


3—>30ul [5] ut 
4 40ul 2-520ul 


= (1/2) IA", ao PR sat Golsee. Ager) 
where 


Boi = fac’ 2!) G1", 2'|3/, 4/) Gor (3, 4) dys dxgy 


— (1/2) \aa' 2") G(1', 2'|3', 4) Se! (3, 4/5, 6) G(5, 6|5', 6) 7a (5', 6!) dayy-+ dy « 


It is, however, easily seen that #,,,=0 from the conservation of energy since both 
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g.(1', 2’) and 9,(5’, 6’) have the negative frequency dependence ce” (E>0). Since 


above arguments are also valid by reversing the role of ¢,, ft, and ¢,, t,, we thus conclude 
CO, Oo ee Rela AS? NO == 0:5, (B31) 
which verifies (3-24). 


Next, in the cases in which particles 1 and 2 compose a stable composite particle 
e.g., a deuteron, the asymptotic behaviour of (3-27) in 1 and 2 reads 


CO|T.CC1, 2)™13, 4) |0)= 31 C0/ TL(P (1) 9 (2))™J16> 
x (6|T(P (4) $(3)) (0), (3-32) 


where |b) denotes a two nucleonic bound state. It is worth while noticing that the 
asymptotic function S,/((1, 2)”’|3, 4) never exists. If we apply the limit (3,4) >@, 4)” 
in (3-32), we find two different results reflecting the internal inconsistency of the formal 
application of the Gell-Mann and Low’s limiting procedure or Nishijima’s rule for the 
construction of asymptotic forms of wave functions which have been successfully used for 


) 


rather simple problems.” That is, when we remember the steady character of stable 


composite patticles : 
gC, 2) ) =9,( (1,2) *) =9, (1, 2) 


and the same relations for the reciprocal amplitudes, 


(3-33) 


we obtain from (3:32) 
lim lim C015 2|3,-4) 10> 
B34) > G,4)ou (1,2) Aa eee 
=Digll, 2) 93, 4)=-0, (G34) 
which is evidently not identical with lim lim Coll Gy 2135 4) }0>. walt 


RZ) 1,2) Pu (3,4) = (4) 
should be noticed that the steady condition (3-33) is a basic computational rule of con- 


structing the asymptotic form of wave functions including stable bound states and can be 
checked also by a direct application of the limit (1, 2)—>(1, 2)°", say, to the bound 


state equation of the two nucleon system 
WC, 2) as (1/2) | 5,'G, 4 Sis DY Gs 23; 4)7,(3, 4) dx -+-dx, 


bearing in mind that (1, 2)—>(1, 2)" means the limiting T).= (t; +t) /22+0, 
leaving the relative time tf »=t,—‘ fixed. On the other hand, when we adopt the formal 


factorization procedure such as (3 -30) in this case, we obtain 
COVE CC 2) 75124). 2) 0) = 0. Ges) 


This limiting procedure, however, corresponds to the introduction of some kind of adiabatic 
switching hypothesis in that the same procedure applied to the bound state equation yields 
the results g,((1, 2)) =0 and apparently contradict with the steady requirement (3-33). 
We must note here that che factorization procedure (3 -30) applied to the scattering states 
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is certainly correct since the same procedure can be utilized to prove the important 
requirement 
g3(1?? 2%) 07 Cia. 22). 


It will be easily understood in this example that the asymptotic behaviours of wave 


functions such as 
FC, 2) (3, 4) +) of GC (1, 2) G, 4) +) 


may depend upon the way of taking “ out” operations by which bound states are composed 
in the outgoing waves. The pair-wise production of a deuteron and an anti-deuteron is 
one of the simplest example. In general, pair-wise productions of N composite particles 
and N anti-composite-particles are such the case. The asymptotic forms of the connected 
wave functions are, however, always determined uniquely because the ambiguous factors such 
as (0|T,,(12|34)|0) are already subtracted in the very beginning. 

As a matter of fact, the subtraction of the ‘ generalized contractions’? may be con- 
sidered as a generalized version of the procedure subtracting A’B’ or A’B’ from the B—S 
amplitudes in order to secure the uniqueness of asymptotic forms in the cases of the 


scattering or production process of individual particles. 


§4. An elementary application 
In order to give a simple illustration of our theory so far developed, we treat here 
the anharmonic oscillator 
H=1/2m-p’+m//4-q', 
with qp—pq=1. Saar 
Defining the T—product of q’s and p’s (all of which refer to the same time ¢t) as the 


symmetrized product of q’s and p’s, for example, 


Tq) p()) = (1/2) q@)p() +pq)), (4-2) 


we obtain a set of simultaneous linear equations for the B—S amplitudes y(&\/) = 


(0|T (q(t,) «q(t, p(t’) SoD UE) pewieens foes 
iy (1|) = (1/m) x(|1) , 
iy (|1) = —4mz(3]) , 
iy (3|) = (3/m) x(2|1) , 
ty (2|1) = (2/m) y(1|2) —may(5|), >? (4a93 
iy (1|2) = (1/m) 7(|3) —2m27(4|1) , 
ivy (|3) = — 344 (3|2) +(3/2)mix(1|), 
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where w=w,—,, @, and w, are the frequencies of the vacuum |0) and the stationary 
state |a) respectively. Of course, we may substitute any other comparison state Y for 
the vacuum |0) in so far as we are concerned with the equations (4:3). In fact, the 
identification of Y with a specified comparison state is established posteriorly by considering 
physical consequences of the solutions. 

According to the general scheme of the present theory, we are to construct the wave 


function ¢(k\) from %(k\l)’s and generalized contractions J,(m|n) : 
4,(2|) =(0|qq|0) = 4. 
4,(|2) =(0|pp|Oo=L, 
4,(1|1) =(0|T (gp) |0>=0, (424) 
4,(m|n) =0 (for m+n=odd), 


etc: 


As 4,(m|n)’s are unknown quantities, they should be determined properly in company 
with the determination of w and y*. In order to solve (4-3), we start with the convergence 


« 


assumption of the “new Tamm-Dancoff approximation,” which may be stated as: 


“If we take some large number N, (4:3) has sufficiently accurate solutions under 


the ansatz 
g(k\f)=0. for k+I>N, 


and the solutions thus obtained converge to the exact ones when N tends to oo.” 


A. The 1st order approximation (N=1). 
This is just identical with Heisenberg’s 1st order approximation. Summarizing briefly, 
the ansatz g(k|/)=0 (k+/>1) reduces the system of equations (4:3) to 


iwy(1|) = (1/m)X(|1) » 
iwf ({1) =34dm7z (1) 


(4:5) 


which immediately gives 
O = 3/4. (4-6) 


We get here only one energy level 1, hence w=Wp, and (0| may be supposed to be the 


vacuum. Then we may approximate J by 
d= Spel) PE uF (4-7) 
The normalization of Y,,(1|) is easily determined by the sum rule: 
1=2m >} | Zour(1|) |? = 2mey|%o 11) |’. (4-8) 


Thus, we obtain 4= (2may)~ and (’=m’u, 4. 


* If one neglects all 4,’s other than 4 and J", and substitutes the values for the harmonic oscillator 


into 4 and I; our treatment below would reduces to Dyson’s NT'D method. 
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B. The 2nd order approximation (N=3) 
In this case, the assumption 9(k|/)=0 (k+l = 5) yields the reduction formulae (see 


(2-10)) 
4(5|) =1047(3|) —15F7(1|) +5444) 2G) » 
x(4|1) =647(2|1) —3-F7|) + 4403/70) (4:9) 
4 (3/2) =347(1|2) +°7G|) +3 (4,.(2|2) —J0) 7G) 
which should be substituted into the last three equations in (4:3). Making use of the 
identities : 
4.(4|) = (nt) 3.6 
| ’ (4:10) 
“CS is) == 0 } 
energy eigenvalues w are determined by 
w® — 63 Joi! +34(132/2 + (1/m") 2)? 
—97 {90/.— (1/m’) (94° +64,(2|2) —1)} =0. (4-11) 
In (4-11) we use those J, /’ and 4,(2|2) which should be found in the 1st order 


approximation. 4,(2|2) are then evaluated as follows: 
A,(2|2) = (1/2)<0|qT (qpp) +T (pp) q\0>— JL? 
= (1/2) 33 (Yor(L1) 0112) +c.) —4P 


= (1/2) S1{xoe(1|) (Pm (212) + PZo(1|)) Hee} —4P= 4P— AP =0 . (4-12) 


Three |«w|’s determined from (4:11) are shown to correspond to the frequencies W,), 2s), 
and Wy (@\) < Wo, < x) in the physical considerations on numerical results. Normaliza- 
tions of ¥’s are again performed taking into account the sum rule 

2m (wi| Yor (1|) |" + Weo| Yas (1!) |") =1 (4 7 13) 


and the similar formula 


2m 9 A 2m S 
1 ——_ Wy ot ; ee 5 ~ O30 3 fo ; 
( vis, Vin (|) Salt oF c03 Noa (11) FEO, (4-11) 
which is derived from 


(0|pq'—q'p|0) = — 34 . (413) 
We are now able to evaluate the corrections to the original J,’s and obtain J,’s in the 
2nd order approximation by using these w’s and y’s. In general, if we know d{"~')*, 
then we can find w'", 71, and dh, 
Numerical results for 2=m=1 are given in the table. 


(1°) The 2nd order approximation of our method fairly improves the results of 


The superscript [n] denotes the quantities which relate the n-th order approxiu:ation. 
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the Ist order one. Comparing with Heisenberg’s treatment, our energy levels and 4J,’s 
are more or less close to the exact solution. 


(2°) The wave functions ¢ in several configurations are also evaluated ; 


Tiel ot ionic: The 2nd approximation ee 
approx. ee 3 5 ae ioe, oF ae; ine ay solutions* 
Heisenberg treatment ours 
40 1.14 atpilis} Teg FS} 1.087 
9} a i Shh 1S) 1.450 
@30 — 4.89 4.95 4.200 
A 0.436 0.431 0.440 0.4561 
ip 0.572 0.582 0.567 0.5611 
A, (41) 0 = 0.013 2 
4, (2|2) (0) — 0.217 2 
| 
oe a a ee 
Y (3|) =— 0.03 7, (1) ? 
All) = OR OIG (1]) | 
Po, (2| Zor Za (4-16) 
Po (1|2) = 0.5057 (1!) > | 
Po (|3) =i2.167,.(1]) . 
Although the first expression in (4 16) and. 
|%o3(1|) ?=40.0002| 7%; (1) |? (4:17) 


seem to justify the 1st order evaluation, it is to be realized from the last two relations in 
(4-16) and the fact 
Don( 3 |) 23-17 Ye (1) 

that the straightforward application of th> ansatz g(k\l) =0(k+1>N)_ is somewhat 
dangerous especially for small N. As to our 2nd order calculation, neglect of 9(5|), 
g(4|), ¢(3|2), and ¢(2|3)** should be justified in the next (3rd) order approximation. 

(3°) The final remark. It should be noted that 4.(2|2) in our treatment is just 
the same order quantity as 4°, J”, dT’ (~0.2), therefore, J,(2|2) may not be neglected 
in the next order approximation. In the higher order calculation, too, it would be very 
likely that some of the generalized contractions 4,(m|n) remain finite, and that they 
compete with products of the lower contractions, say, 4’ to affect the consistency of our 


approximation scheme. 


§ 5. Discussions 


We may conclude from the investigations so far developed in this work that the use 


* See reference (13). ca 
*k We have assumed in (4°12) that ¢(2|3) is smaller than x(1)). 
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of the connected F.A. in the theory of Feynman amplitude is, in the first place, profitatle 
for the theoretical completeness. Among all, the uniqueness of the asymptotic forms of 
this amplitude seems to be an important character in that it assures us the consistency of our 
S—matrix theory. 

It is worthy to notice here that, even in practical applications of the theory, our wave 
functions might serve to secure the consistency of approximations. For example, the ‘“ new 
Tamm-Dancoff”’? method, if it works, would be valid only when we use this wave function, 
since the repeated occurrence of generalized contractions, e.g., c(12|34) might prevent the 
higher configurations of che ordinary amplitudes f(1, 2, ---, N) and “9[{1, 2, i, IN). 
where N means some large number, from vanishing as well as due to the effect of ordinary 
contractions S,’ and J,’. These vacuum effects probably have an importance in the non- 
linear self-interactions such as /$'(x) or 7(G(x)~(x))*. Symanzik’s criticism: to the 
NTD method applied to the anharmonic oscillator may well be understood as a disproof 
to the use of ordinary F.A. In fact, it is easy to show that Symanzik’s argument against 
the validity of NTD method is no longer held once we take the connected F.A.,* although 
the rigorous proof of the convergence assumption of our “‘ NID” method still remains 


as an open problem. 
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Appendix 


Functional Derivation of Connected F. A. 


For completeness, we give here brief accounts for the method of generating functions. 


As is well known," the generating function of the B—S amplitudes is given by 


T[y, 9 JJ=T expLi| x79) +¢(x)9+JO(x))], (A-1) 


—o 


where 7(x), (x) and J(x) are familiar external source functions for nucleon- and meson- 


fields. J’ generates B—S amplitudes by the formulae : 
(OTL » JMey= SP" eSalHs JUVE mt Ds 
nl oy UE |= 7X1) 9° (%1) Ya Xo X11 nl Zr Se) i (A: 2) 
X7(Yn) aN (n(n) J (%) as 1 (ey, deg 2% ‘dZn G 


* The author is much indedted to Mr. K. Yamazaki for valuable discussions on this point during his 
stay at the Institute for Fundamental Physics, Kyoto University (December 1955). 
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Then the generating function W[y, x, J] for the connected F.A. can be constructed from 
T as 


W=T/T,,, T,=(0|T\0). (A-3) 


To prove this formula is trivial if one notice the vanishing property of vacuum functions. 
(A-3), being essentially identical with the Freese’s one, also indicates a close analogy 
between the subtraction procedure of disconnected diagrams in the F.A. and the separation 
of bubbling terms in the S—matrix theory of Feynman and Dyson. 


The concrete expression for W is found to be 
Wy, » J\=expl—4 (9%) 74+ 1/2) JO O)J 
=i (Pb) nJ— (1/4) 7 OOOO) +-T[Z, pT), (A-4) 


where 
5 


(PP )7=\70O (~~) (”)q(y) dxdy 


v 


p 


\a@ Sp! (x, ¥) u(y) dxdy (A-5) 


and so on. 

We then obtain the generating function of F.A. of the type (b) by omitting the 
third and subsequent terms in the exponent appeared in (A-5). 

Suppose, now, the operators ~’, ~’ and ¢’ defined by the relations 


5a ( O 
P(x») =9 4) — |dy'Se'(% 9!) ire 
i sip eil el wl 
\% ely) ® 
wr lity axlidy dv a ES ac tata 2 ; 0 
i ri UO eat aay 35 G)) 
Bae ‘ (A -6a) 
N= PG) | HS 9) 
O 
x'dz'c(x’ s= - 
+ \dedee( Ire) 59 
ts ie Ant woe CE) i eee 
te OT eal YC a aa C) 
ara (A: 6b) 


and 


O 
§(@)=9@ — | dete! 2) — 


+ | dv’ay ely (Z)— 


ee Ae 
Op (x’) a( 


3 
fy’) 
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Then one finds 
T(A'B! -Z")|)=N,(AB=Z)()- (A-7) 


This is just the generalized formulae of Nambu- Kinoshita and Anderson" which convert 


the T-products into the N-products by a transformation of field operators. 
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Tomonaga’s ingenious method of the description of collective surface motion is extended to the 
case of three dimensional nuclei. In this extension some difficulty appears which was not the case 
with Tomonaga’s two dimensional example, and a method to keep out from such a difficulty is given 
in this paper. Applyin. cats method a Hamiltonian is derived which contains terms standing in one 
to one correspondence with those of Bohr’s together with other correction terms. Brief calculation of 
the nuclear surface energy is also performed. The method of collective description mentioned here 
may be useful for many other problems where the collective motion takes place. 


§ 1. Introduction 


The so-called molecular model of atomic nuclei proposed by Bohr’ and extended by 
Bohr and Mottelson”® has had spectacular successes in explaining many properties of 
heavy nuclei at low energies. We know, however, that the shell model which stands, in 
a certain sense, on the opposite extreme to the Bohr model is also useful in explaining 
many experimental results, and indeed the Bohr model, inspite of its success in the 
explanation of general features of nuclei, is not enough in discussing in detail the properties 
which would have been possible if we had stood on the shell model, although this model, 
of course, has its own limit in its scope. 

It seems to us that the reason why the Bohr model is limited in its applicability lies 
mainly in the fact that in that model we cannot say definitely which particles lie outside 
the core and which lie inside it; or, in other words, this situation may be said to mean 
that the Bohr model does not leave sufficient room to take into account the Pauli principle. 

Thus it is now clear that our urgent necessity is to try to describe the core of the 
Bohr model not as phenomenological liquid, but as collection of individual particles. If we 
succeed in making such a description it would allow us not only to make calculation in 
more detail based on the Bohr model, but also to investigate the intimate relation between 
the shell- and the Bohr models starting from first principles. 

Many attempts have already been made by several authors*” along this line of thinking. 
They, however, introduce®” a number of redundant coordinates which might change the 


nature of the problem itself, or otherwise’ forcively separate the constituent particles into 


* Now at the Institute for Theoretical Physics, Copenhagen, Denmark. 
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those which constitute the core and the others which constitute the outer particles. 

The most comprehensive answer to this question, so far presented, would be the Bac 
proposed recently by Tomonaga’’. Indeed his method does not commit any deficiency yes 
appeared in the above cited parers’”’. Tomonaga, however, has presented his theory taking 
a schematic two-dimensional nucleus as an example, and so there remains necessity of ex- 
tending his reasoning to the actual three dimensional nucleus, in order to investigate how 
far his method has succeeded in refining the Bohr model, or further to apply his reason- 
ing to the discussion of the relation between the shell medel and the Bohr model. 

The purpose of this paper is thus to extend Tomonaga’s method to the actual three 
dimensional nucleus. In doing this, however, we at once meet with a difficulty, which we 
will explain in some detail in § 3. In short the difficulty is that of finding out appropriate 
(mutually independent) momentum operators 7,, which are canonically conjugate to the 
collective coordinates €,,, the latter being taken as velocity potentials. Such a situation 
makes it difficult to extend Tomonaga’s method directly to our case. 

Such a difficulty, however, is not characteristic only of the three dimensional case. In 
fact, even in the case of the two dimensional nucleus, if we take one more degree of 
freedom into account, in addition to the one considered by Tomonaga, the two momentum 
operators 7, and 7,, which are taken appropriately to these two kinds of freedom ¢, and 
€,, do not commute with one another, and a similar difficulty also appears here. 

We have, however, found a method which permits us to get around this difficulty. 
Namely, we first introduce some new redundant coordinates @,, and their conjugate mementa 
Bn but at the same time impose an appropriate number of subsidiary conditions to the 
system, so as to cancel out the increase of the degrees of freedom. Next we perform 
appropriate canonical transformations, so that the newly introduced coordinates have the 
meaning of the collective coordinates now in concern. Then the Hamiltonian is rewritten 
in a form of a sum of three parts, one describing the collective surface oscillation, another 
the internal motion and the remaining one the interaction between them. 

This method seems to be novel and somewhat queer, but in fact a similar method to 
this has already been used by Bohm and Pines’, and Tomonaga” has also briefly discussed 
the relation of their theory to his one. Bohm and Pines start with an original Hamiltonian 
depending only on variables of electrons, but afterwards introduce (redundant) variables of 
electromagnetic field, together with appropriate subsidiary conditions, and then, performing 
canonical transformations, change the Hamiltonian into a form in which is contained a 
term describing the collective plasma oscillation. 

Thus it will be easy to see that our method is not so unfamiliar. The application of 
this method to our case, however, is much farther reaching than in the case of Bohm and 
Pines, because the effect of noncommutativity of 7,, and 7, (m=m’), and the non-canonical 
nature of 7,, against ¢,, can be taken into account in our final Hamiltonian in the form 


of correction terms; or, in other words, we can go without being forced to find operators 
7,,, mutually independent and canonically conjugate to € 


In §2 we will illustrate our method applying it to the two dimensional nucleus, 


taking into account two degrees of freedom of the collective motion mentioned above, and 


™m* 
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in § 3 we apply the method to the actual three dimensional nucleus. There we also 
compare our final Hamiltonian with that of Bohr, which has been obtained phenomenolo- 
gically. 

To illustrate the application of our result to actual problems, we calculate the nuclear 
surface energy, and the result is briefly accounted in $4. Some discussions of our result, 


so far obtained in this paper, are given in § 5. 


§ 2. Collective description of a two dimensional aucleus 


In order to illustrate our method of collective description, let us first take a simple 
example of the two-dimensional nucleus. This example is rather too simple in many  res- 
pects, but still very useful since it demonstrates general features of the method and will 
give us a clue to deal with more realistic problems. 

Let us denote by x,, y, the Cartesian coordinates of the n-th nucleon and DYED eal 
their conjugate momenta, respectively. The total nubmer N of the nucleons is supposed 
to be very large. Provided that there act ordinary nuclear potentials among them, the total 
Hamiltonian H, is given by 


H,=T-+V, 
‘in (1/2m) Ce + pun) > 
V=V Ky Yi Xp, Yo 50-3 Mas Va (1) 


where V is the potential depending only on relative coordinates of the particles. 

In accordance with ordinary concept of the collective motion, we take up only those 
modes of the collective motion which are most likely to occur in the nucleus. From physical 
reasons they may consist of surface waves accompanied with an irrotational, in-o-y pressible 
flow inside the nucleus. Among various modes of the flow those of low excitation may 
be the ones which are derived from velocity potentials given by harmoni: functions of 
second order of the particle coordinates. There are two independent modes whose potentials 


ate given by 
oF = (Nr) gee (1/2) (Xn — Yn) p) 
es na Sa Seay (2) 


where 7, is defined conveniently y,°= (1/2) R,, R, being the nuclear radius. As the volume 
of the nucleus must be kept constant under the condition above mentioned, the surface 
necessarily changes itself into ellipse whose principal axes lie on the coordinzie axes or make 
45° with them. The collective motions described by (2) are, therefore, nothing but the 
surface oscillations expressed by second order spherical harmonics. It goes without saying 
that a travelling wave is also obtained by suitably superposing these two modes of oscilla- 
tion. 

In order to separate the Hamiltonian into collective and internal parts, we have to 


transform the set of coordinates into a new set in which ¢, and ¢, are contained « jis 
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members. In choosing new coordinates it is desirable to impose some conditions in such 
a manner that the collective motion should become dynamically as little dependent on the 
internal motion as possible and, further, the separation should be performed explicitly 
without making use of any concrete form of the internal coordinates. Canonical momenta 
to ¢,, €, must be symmetric functions of the particle coordinates, but they cannot be fixed 
by merely requiring that they should satisfy canonical commutation relations with ¢,, ¢. 
Instead of trying to find required canonical variables, we will take another way round and 
we suppose for the moment that we have already found such variables and denoted them 
as @,, a, and f,, 8. We look upon them as dynamically independent of particle variables 
and add them to the variables describing the system. As we have thus two extra variables, 
we must restrict the degree of freedom by imposing two subsidiary conditions so that the 
system remains essentially unchanged. It may easily be seen that these auxiliary variables 
play the same role as the longitudinal electric field in the theory of plasma oscillation of 
Bohm and Pines”. 

We begin with a trivial extension of the original formalism in the following way : 
The wave function Y,(x, @) is now a function not only of x but also of @; and satisfies 
the subsidiary condition 


a; PAs a) =0 (j=1, Ze (3) 


and the Hamiltonian remains unchanged. It is evident that this formalism has exactly the 
same content as the original one. 


From this formalism we proceed now to a little less trivial representation by the 
following canonical transformation 


Q>U,7 QU, 
Ss Ea (4) 
where the transformation operator is defined by 
CSeep ids) ees pe ee ae (5) 
The transformed Hamiltonian and the subsidiary condition become 
H=31(1/2 m) (Pat: Pn F14+Bo Vn $)?+V (x) (6) 
and 
(a,;—§;) ¥ =0. (7) 


By comparing these expressions with those of Bohm and Pines, we see that toles of coor: 
dinates and momenta are reversed, but this difference is trivial. 


The Hamiltonian (6) can be rewritten in the following form 
A= (1/2m) p*+ (1/m Ny,’) (7, 8, +7 (3s) 
+ (7°/2mNr') (3° + 25°) +V (x), (8) 


where we used the notation 
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r= > Ger PA ipa 
Lia (Nr°/2) >) (Pu Pn e,+7,, Spa) (9) 
= (Nr3/2) (pV €,+0,-p). 


The quantities 7,, 7, introduced there are proportional to the canonical momenta to ¢,, &, 


used by Tomonaga’’, and they satisfy the commutation relations 


[Sr mJ=[S2, mJ =i(r°/r'), 
(Sees =e ane, |—=0, 
fai, 7, |= 27, (10) 
C= 31% Pm Yn Pen) )s 
where r defined by 
r= (1/N) SiG +n) (11) 
is a mean value of particle distances trom the centre of the nucleus and its value is ap- 


proximately equal to r, for a spherical nucleus of constant density. [he total angular 


momentum operator >}(x, Pym—Yn Pen) in the original representation is transformed under 
nm 
the transformation (4) into 
[+2 (€, Be—Se B:)- (12) 


The second term in (12) is the angular momentum due to the collective motion. Further- 


more, we used the following relations on deriving the result (8): 
(PE ,-VE,) = (P/ 10°) Os 


This orthogonality holds only for the special types of flow under consideration and does 
not always hold for general cases, especially in three dimensional problems. 

Next problem of the collective description is to separate the kinetic energy in the 
Hamiltonian (8) into terms describing collective and internal motions. Moreover it may 
be convenient to reduce the subsidiary condition into a form that restricis only the internal 
degrees of freedom*””. These requirements can be fulfilled by the canonical transformation 


P>P0=U~ ®, 
U=exp (iS), 
= — (4, A +%, &), (13) 
where 7, ate defined by 
ng= (1/2) {r0'/2") 254750 /7)} (14) 


which satisfy the commutation relations 


[Sy Gl=i Ops 
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[nm n= —2i (17/7)? 1-26, M2— Fo m)}- (15) 
The subsidiary conditions become, as we expected, just 
€, P=0. (16) 


In order to express the Hamiltonian in the new representation, we first rewrite (8) 
in a more convenient form : 
H= (p?/2m) +V(x) — (1/2m Nr?) 9, (7/10) m1 — (1/2 Nye") 27/10") 2 
=e (1/2m Nr,’) (3, +7) (r'/r) (f; 7) a2 (1/2mNr,’) (P.+7) (rte) ies : 
1 


Various quantities appearing in this expression have to be transformed into the new repre- 
sentation. If our expectation is correct, however, the amplitudes of the collective motions 
will be small in practical cases, and it will be allowed to calculate the transformed quanti- 
ties in the form of power series with respect to the amplitudes. Usual procedures of 


calculating the transformed quantities give the following results : 
F,€ +a, 
mom—ilp H+, 
mo hotil, qelait+--, 
teat? (18) 
Bi Pi—m + G/2)[y, nleote, 
Bo Po—m— (1/2) [M1 M2], + > 


The commutator in the above equations can be obtained from (15), in which €, and €, 
can be put equal to zero when they operate directly on the wave function. The meaning 
of the total angular momentum can be seen by transforming it into the new representation ; 


the result is given by 
2=1+4+2(a, B,—ay, B) 
+2(6,—m— (i/2)[m, Hola,+--+) = (19) 
) 


The first term / is the angular momentum of the internal motion, the second term that 
of the collective motion with the eigen values 0, +2, +4,:--, and the remaining terms 


vanish when they are operated on the wave function. 


Taking account of the transformation (18) we see that the transformed Hamiltonian 
becomes 


U™| (p*/2m) Site V(x) cae (1/2mNr,”) nN, (7°/1) a1— (1/2mNr,”) (rr /r) n»\U 
ts (1/2mNr,’) (8,— (i/2) [m1 7 |@y+ ; --) Us (rir) U(p, Cat (i/2) [n1, 1 |@_+ “) (20) 
+ (1/2m Ny,*) (82+ (i/2) Ly» jy |a, on) Cie (r°/1°) U(8,+ (i/2) La. qlee, ons) 5 
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Notice that 
? [ry (P/1°) +2 (1/7) (@2 +42) 
+4 (my fr) (a, Fy ae &) 
—8 (19/17) * (ay Fy +a, $5)? ++. (21) 


The change in r°/r,’ due to the collective motion is a small quantity of order (1,?/r°) a” 
which can be neglected when it is included in the terms of collective kinetic energy, the 
second and third terms of (20). Thus the kinetic energy of the collective motion is given 
by 
T= (1/2m Nr,’) {(?/1") (8, + Be") alti (1) (2ieo— O74 (22) 

where terms that vanish by the subsidiary condition have already been put aside. The 
second term of (22) is due to coupling between the internal and collective angular momenta 
as a result of the non-commutativity of 7, and 7,, as is mentioned at the end of the 
preceding section. 

If we replace r and 7, by 4, and 7; respectively in the first term of (20), the 
operator in the square bracket just corresponds to Hj,, (internal Hamiltonian) defined by 
Tomonaga”. Expanding in powers of a, and @,, we obtain 


Ui U= Aint oe pa LNs Ay Je; 
J 


pas (?/2) [gdnw Hinllo; o, (23) 
ee: 


which corresponds to Tomonaga’s expansion (4:2) and (4:9) when 7; are substituted for 
n; The condition &—0 on the coefficients of @ is also satisfied in our case because of 
the subsidiary condition (16). The second term on the right-hand side of (23) gives 
the coupling between the internal and che collective motions, and the third term gives the 
effective potential for the surface deformation a. As this section is devoted, however, only 
for illustration of our method and no further use is attempted, we will not give the ex- 


plicit form of these terms. 
§ 3. Realistic case—Three dimensional nucleus 


In the case of the three dimensional nucleus the total Hamiltonian Fy, is given by 
pica thas 
T= (1/24) 3335 po pv (24) 
VEV) ee Fo5'**) Fx) » 
where y is the nucleon mass and as usual'"” 


Po=Ps Pt =F = (p. £ip,)- 
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Now the collective motion which can be considered to occur most easily at low 
energies will be, as was stated in the preceding section, those which are derived from 
velocity potentials given as solid harmonics of second order of the particle coordinates. We 


will define the velocity potential as follows* so as to make comparison with Bohr and Mot- 


telson’s work easy, 


ty 


m = (47/3 NR,’) pane (r,,) = (25) 


There are, of course, five ¢,,’s as m ranges from —2 to 2. These five velocity 


potentials are orthogonal in the sense that they satisfy the following relations 


one aod drt =const. Basis (26) 
the integration being performed over spatial coordinates of all the constituent particles. The 
motions induced by these velocity potentials, however, are not independent with each other, 


if we take 7, defined by 
m= (V/5/ V2) >I (1m, 1m, 2 —m) > lie (r,,) “Es (27) 


m,™Mg n 


as the momentum operator conjugate to €,, in the sense of Tomonaga”’. Indeed the com- 


mutation relations between 7,, and ¢,, are 
[nts Em] = (R/iR3) — (a/i) S\(— 1)" (2—m! 2m\2M) ys a= V 35/87, (28) 
M ; 


where 
(29) 


The appearance of the second term in the right hand side of (28) shows that 7,, and 
§,, cannot be considered as sets of (independent) canonical variables, even if we follow the 
convention to conceive R” of (29) as a constant, as the last version of (29) shows, in 
the sense of Tomonaga’’. 


Moreover 7,, and 7,,, with m=-m’ do not commute with each other as in § 2, and 


we obtain 
[nty Tn l= (1575 /8V2 2)>}(2m! 2m|1M)Ly, (50) 
Mf 
where 
Ly =— V2 >)(1m, 1m,|1M)Si77, Png >i (Tn X Pa) w (31) 


is the angular momentum operator. 
Because of these difficulties it is impossible to apply the procedure of Tomonaga directly 
to our case. The method developed in last section, however, which introduces new (redun- 


dant) variables, cogether with appropriate subsidiary conditions, can be applied in this case 


[ : 
Here and in the following the symbol Y;,,( ) with argument written by Gothic or Italic letters 
should be considered as solid or surface harmonics, respectively. 
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too, and the remainder of this section will be devoted to the development of such proce- 


dures. 


Taking a,,(m=—2, -:-,2) as new variables and ?,,(m=—2, -:-,2) as momentum 
operators canonically conjugate to the formers, we impose the following subsidiary conditions 


to the wave function ¥,, <n eigenfunction corresponding to the Hamiltonian H, of (24), 
Ay a Oe (32) 
Now we perform the following canonical transformation 
050," 2 U;, 
v7 ,=U," &,, (33) 
where 
UO ecexp(t Sibel ee Gh Sy me 
Then our original Hamiltonian (24) and subsidiary conditions (32) are transformed into 
A= (1/24) 33 (PY + 318m cody) * (pi + 218m 5S) dette Ds (34) 
(a,,—&,,) ¥=0. (35) 
Now using 7,, defined in (27), and further introducing the operators 7, defined by 
Th, CRP ek ee ha) 23 (36) 
we rewrite (34) into the following form 
Fh= (1/22) Spt" Pe Va) + (47/3) NRo') >}(Bm + 7m) * R°(Bn + Mm) 


4.25 R,t/4npN) S6% RO En — (42/3 N) >) 1H RO Tp — 25/3 4NR. (37) 


>m 


To this Hamiltonian (37) and subsidiary conditions (35), we further perform a 
canonical transformation which corresponds to that given in (13) of the preceding section. 
It is 

PP =U," P 


U,=exp(—iS,), Syn An (38) 


Although our calculation is exact up to the derivation of (35) and (37), the unitary 
transformation (38) cannot be performed in a closed form and we will express the result 
in the form of series expansion in powers of a,, ot §,, following the same reasoning as 
was stated below (17) of last section. 


First we derive the subsidiary condition in this new representation, and the result up 


to second order in @,, or ©, 1S 


{E,,— (aR? /2R’) >} (2m, 2ms| 2m) (24m, Eng tO, %mz)} Y= 0- (39) 
my mo 


We see that this subsidiary condition contains variables a’,, of collective motion, but we 


know” that the subsidiary condition which depends only on variables of the internal motion 
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is much more convenient and so we hope to find another representation in which such a 
requirement is fulfilled. It is easy, however, to see that such a representation is obtained, 


so long as we content ourselves in first order approximation in @,, or £,,, by performing 


m 


a further canonical transformation to Y, such as given below : 
V3? =U, V,, 
U,=exp(—iS8;), 
S,= (aRy’/2R*) >) (2m, 2m,|2m) (2p, Fing + %m, Lng) Mme (40) 


mime 


~ 


Then our subsidiary condition, correct up to second order in @,, or ¢,,, takes the following 
simple form 


mas Y.=0. (41) 


Our task in this section now has become to obtain an explicit form of the Hamiltonian 
appropriate to this representation. This can, of course, be achieved by performing two 
canonical transformations U, and U,, successively to H, of (37). We will give the result 


again in the form of power series expansion in @,, and up to order of a,,°: 
H,=U,"" Ur Hi, U, U, 
= A, +i> {| ay, Guo A,|+ ee OL OS Fee Drnt| mn Qm> H,]] 


m mm 


“ai Rey 2) en (ee 2m,|2m)| (2a,,, Fing + Lm, Xm) Re we ta (42) 


Mey Mtge 


In (42) the terms which are proportional to a are those which have originated from 
the presence of the second term in the right hand side of (28). Thus we see that, in 


our procedure, we have succeeded in taking into account the correction which is caused 


by the presence of unwanted terms in the commutator, by transcribing it into correction 


terms in the Hamiltonian. The correction which originates from the non-commutativity 


of z,, and 7,,, with mem’, shown in (30), can also be taken into account in calculating 


the commutator in the expansion coefficients which appear in (42). 


The actual calculation of these commutators can be very much facilitated by the fact 


that we are considering in the representation in which é,, is a vanishing operator, because 


in this case we can put any term equal to zero which contains ¢, as a factor at the right 


most. 
To write down (42) in a more intelligible form we first split H, into two parts ; 
A,= Ain +H, (43) 
where 
1 SY pk an 4 2 . e 
Fim =S Sa Pep + V(x) ——_S) wk RO or, +29 Ro see eg 25 ayy 
2p ny 3uUN m 4zuN m 7 _ 3zNR* 


is the part of the Hamiltonian which describes only the internal motion, while 


4z = 
ai ma 3m +m 3! 8 7 ae st Ra St £& 
3 LN: e m (5 7 ) ( +n) 3uUNR, 21 (2m, 2ms|2m) Brn, Ping >m (45) 


1,c 
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may well be interpreted as the kinetic energy part of the Hamiltonian for the collective 
motion, in the representation /",. 

The result of operation of successive canonical transformations U, and U, to H,,, now 
becomes as 


=U," Os lg hy Us. @; 


47 2 47a 
ee eke RX Cie ars ae 2 2 / 7 7 
3) NR ial 3UNR 2 AE m,| 2m) (Brn em us Amy ras) Ans (46) 


0 


and after this calculation we find it more convenient to rewrite H, of (42) in the follow- 


ing form 


i, = fin Be “i i>) ae Hint] AP DG SS (2m, 2my 


MyM 


2m)|R~ To Qing? Huy} an 


47a vee 

ae 2 >. (2m 2m,|2m) Hm Qm ay +— . rae ; Shi Re 3 krae 1 2 

3UNR, mymom 2 Ti 3uNR? > Pm f m ( / ) 

==\ - 1 ; 2 
XS Lai Lm Ha} i = 2 [mr [ms Heyl] +2231 2m 2m! |2m,) 

(mm!) ve 

=2 4Ta 

[R Ym Hf. | (88M 10 bp) — =i (2m, 2m, 2m) Png oe (Bi (47) 
3uNRy MyMom 


In (47) the fourth and the fifth terms are those which may be considered, respectively 
as kinetic and potential energy parts of the collective motion, and indeed have the form 
of a set of five independent harmonic oscillators*, while the last two are correction t2rms 
arising from the fact that these harmonic oscillators are not independent of each other, in 
the higher approximation. 

The meaning of the first term is already explained as the Hamiltonian of the internal 
motion, and finally the second and the third terms are interaction terms betwen these 
internal and the collective motions. 

The reason that we have stopped the expansion of (46) by the term linear in @,, 
and not in a?, is now clear, because the leading term, ie., the first term in the 
right hand side of (46) is already expected to be of the order of a, This is easily seen 
from the well-known nature of harmonic oscillators that the expectation values of the kinetic 
and the potential terms coincide. 

Our derivation of the Hamiltonian will be completed if we calculate explicitly the 
commutators which appear in (47). Among five terms of (44), however, the last three 
terms are expected to be small, being of the order of 1/N compared with the first two, 
and it may be permissible to neglect them in calculating these commutators, although they 


may play important roles, in some cases, in discussing internal motions, as was exemplified 


* If we take the fourth term in the form (1/21) S\Bm’* Bm, then T=3pNR)'/8x<R2>. If we 
further put <R?>=R)’, then I=37 NR,?/8z, and this exactly coincides with the moment of inertia obtained 


by Bohr”. 
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by Tomonaga”. We will give here the result in the following simple form, using the 


first two terms of (44) in the calculation of these commutators. 


1 n n 1 y ih ~ Mm ph r 20R i 
| mo —>) 6 Clad | »: > (1m, 1m,|2— m) (= 1) Vimy 1th : 
f 


yn S22 Ris 1 mymgm -3NR! 
n n> 10R, ye) R,' S a n 
x ors ag Tn - R! Tin > Boar: 6 ap > ee mt, (48-a) 


[ms V(x) |J=[ms af 


10 
=f RS 1)"Cam tg 2—m) SV" rant) Vins (Pad) Yan Pa Po) 


mim, 


1 
[ mt Ams 2y) > eal (48-b) 


Bo Kya (a 
47 yR' nmymogm3 


Eyer Ct in, 1m, 


1m,|2—m') Pm Dims 


4 
_(— 1) CO a +— Pn Tm Tints (49-a) 


[arnt OP Vi] 


LOmeb Rs 
eS eS ee Ci, eee 
3 Re apa a2 ( ' j 


atl lad (Tone) Y. ‘Mm, Ae rns) Bey Te) Yim)! (r,—T.a) ¢ xn ' rT.) 
2 2 


nn’ 


2—m) (1m', 1m’,|2—m’) 


4 
—5 oe D(—1)"t""*"™ (1m, 1m,|2—m) (1m,! 1—m,|2—m’) (49-b) 


mymgmy! 


HY: (va) Yim, r— rer) Yom! hr), 


nn! 


where 


VN Test) — (1/tant) OV (rant) /Orants V"’ (rant) = ys a aa cs Com) ), (50) 


Trnt ) fds Trnl Orns 
and 
Eat 1 ot ee 871i 
[R Em, 2m,» —>} py po |= cia nS he ), ’ 
2 nv BANK GR ada id 


[Re Em, Ym,» Vx) T=, 
[R™* am» (1/24) DP put 


V15 2 
a ee yy 1m,’ 1 N 3 Dies ™1 =r n 20R | n 10 a 
2u J2r Ri : Dei Clo; My | —m,) (- ) Poongt Paait 3 VRE >it yy, af 4 
7 ny pR 
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[R™* ms Vx) (51) 


= S25 (— 1) (Lj! Amd |2—m) SV" Pas) Yams Fn Fat) Vinal PnP) 

In these formulae, terms which are almost clear to be of the order of 1/N have 
already been put equal to zero, as well as terms which contain €,, as a factor. 

This section will be closed by giving the explicit form of angular momentum operators 
in various representations. 

The angular momentum operator L,, in the representation WY , is, of course, as is 
given in (31), 

PSF > im igi) 1 Vi 
maman 

This is transformed, in the representation Y,, into 


L,,= La v10 te Cane. 2m'"|\1m) Bx, Cmli= (52) 


mim! t 
Finally its form in the representation Y,, up to the lowest order in @,,, is as follows ; 


Lm,3=Lmt V10 i >}(2m, 2m,|1m) a, Bing + VY10 i S\(2m, 2m|1m) Am, Yng (53) 


myMg mymo 
The second term of (53) may be interpreted as the collective part of the angular mo- 
mentum*, while the third term is the coupling term between the internal and the collective 


motions. 


Similar transformations applied to the electric and magnetic multipole moments may 


be useful in discussing nuclear properties. 


$4, A numerical calculation. The surface energy 


In the preceding section we have succeeded in deriving a Hamiltonian appropriate to 
describe the coexistence of, or the correlation between the internal and the collective motions. 
Thus it is now possible, at least in principle, to investigate the intimate relation between 


the individual particle model and the Bohr model. We will discuss these problems, however, 


* In BI the angular momentum operator of surface oscillation is given by 


(M) m=iB oa em), Qing (Ming m1 Vere (BI-33) 


my, M2 


Using the relation &m_*=7ms/B of (BI-7), or in our notation @&m*=Bm,/B, this is rewritten as 


(M) m= Seen Baa (Mine con) m* 


myMe 
But 
(Mins wae ene Lin Yom, A@=V10(—1)™2(2m 2—ms|1m), 
and so 
(M) m=V10 i S\(2my 2mo\1m) am, Bms™: 


MMs 


Thus we see that Bohr’s (Mt) m coincides with the second term of our equation (53). 
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in other separated papers, and in this section we will try to calculate the surface energy 
of the nucleus from two body interaction, as an example of application of our result to 
actual problems. 

As is noted by Tomonaga” the surface energy, which should correspond to that used 
by Bohr, is to be obtained as the expectation value, concerning the internal motion in its 
ground state, of the coefficient of a® a@,, of the fifth term in our final Hamiltonian (47). 


Thus the surface energy, O is given by 
O=< a (172) aes ly 4m) Fall 0° (54) 


where Hj,,, is given in (44). 

In calculating this expectation value, we must first solve the equation of motion of 
the internal motion, the Hamiltonian corresponding to it being H,,, of (44): In solving 
this equation we must further take the subsidiary condition (41) into account, and this 
makes our task rather difficult. It is also noted by Tomonaga” that if the usual individual 
particle model is a good approximation to the correct solution corresponding to the original 
Hamiltonian H, of (24), then that model is also a good approximation to our present 
case. If this is the case, the modification caused by the difference between H, and Hy, 
and by the presence of the subsidiary condition can be neglected in the zeroth order appro- 
ximation. Therefore the calculation of (54) is similar to the usual calculation of the 
binding energy or so. 

As we have already stated in the preceding section, we leave only the first two terms 
in Hi,,, so the operator of (54) is nothing but the sum of (49-a) and (49-b), multi- 
plied by —1/2. 

We first begin with the evaluation of the potential energy part of the surface tension. 


For such a purpose we find it convenient to express the two body interaction operator in 
the form of Fourier integral : 


ik: ‘Trin! 


ACHE = SV Crnnt) 5 V nn) = | f(k)e dk, (55) 


where Pans =Wn—Fn- 


Then the expression of (49-b) is rewritt2n in a somewhat different form and we obtain 


for the potential energy part Op.,, of the surface tension, 
On. a a (LA2) “il [ams V(x) J] a 
= — (1077/3) >3(—1)"(1m, 1m,|2m) (1m, 1m,'|2—m) 
Pa wnl ik- nal 
x = S| fC) Lema (k) i (kk) e . ee (rs) Via (r,)dk> 0 
— (107 /3) S)(—1)™(1m, 1m,|2m) (1m,! 1m,’|2—m) 
1 ik nol 
X <5 £06) Yin (6) Ying (He) "Ve. (rs) Yon 


+ (57/31) >)(—1)"*™ (1m, 1m,|2m) (1m! 1—m,|2—m) 
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> ( ike ryt 
x <> f(k) Yim, (K) e ey, (rz—Py)dk> (56) 
Now the expression 
+ thera 
< >a f(k) Yim, (ke) Yat (k) e b Bas (r,,) Vos (r,,) dk> 0> (57) 


which is the last factor of the first term of (56) can be written by using the formula 
(2-3) of Blatt et al.” as 


(9/42) G/ V (2L+1) (2L’+1)) (1010|L0) (1010|L’0) (1m, 1m,/|LM) 


ik Tyanl 


(1m, U/L) <S3) FORE RY (Bre Your ODE 8) 


the last factor of which can of course be rewritten as 


Ty 


(N(N—1)/2) <( pCR) A? Yin (k) Yara dk o 


J 


and this can further be reexpressed in the following form, if we take the individual particle 
model and assume that the ground state wave function is spherically symmetric and has a 


constant density within the sphere of radius R, and zero outside ; 
(N(N—1) /2) (42 R,°/3) “A F(R) Er? Yew (lt) Yur (F))dk dr, dry, 
The performance of the integration over angular variables is easy and the result is 
(N(N=1) /2)9 Ro? 8 nur (—1) | Pom Rak| Fi, Coydr| jade G9) 
Combining (57), (58) and (59), and performing summation over magnetic quantum 


numbers, the first term of (56) reduces to a rather compact form and we obtain, together 


with other results similarly calculated from other terms of (56), the following formula 


Op.x. = (3N(N— 1)/4R,’) 
wo vo Ro 
{=| peak |r - (kr) dr| M5 (kr) dr 
foo) Ro Ro 
+| ROL ale Aw dr |r ja(kr) dr 
0 0 i} 


(oe) Ro Ro 
~s 5 F(k) ak|r ju(r)dr| Pj (kr) dr (60) 


+6) F®) k a? nc) dr) . 


Now we assume for V(rnq:) the Yukawa type interaction 
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Vita) = (Vi / pans) xpL— 2 Ath 
then the function f(k), defined in (55) takes the following form 


BV, 1 
jp — = 
rad ) 27 RP 


Then the remaining integration, though somewhat lengthy, can be calculated throughout 


analytically and we obtain the following very simple final result : 


3N(N—1) | 6 27 | 
Os ; ——— a a ee a = eae Vo, (61) 
hy 167K, (wR,)° (wR) "4 


where terms containing a very small factor exp(—2/ R,) are already neglected. 


Now rewriting N by 4 as usual, and R, by 7,4! 


9|V,,| 9 yee 
Gp weacitd 4if{i-— ee | (62) 
S| Oxtix, am Meni anys 


and we see that the main term of our result is proportional to A”’* as is expected. 
It would not be unreasonable to take ss '=1.18X 107% cm, r,=1.4X107"% cm and 
V,=50 Mev, then we obtain 


we can change (61) into 


Oe =O A , Mev. (63) 


The surface energy with which we should compare our result is 2R°S in the Bohr’s 
paper” (see (BI-2) and (BI-5)). As 47R°S=15.447° Mev, 2R°S is equal to 2.484” 
Mev, and so our result (63) is too large. The contribution from tensor forces would be 
small. 

We must notice, however, that the result (63) is valid only when we assume that 
the central force is pure Wigner type one, and further the exchange integral is not taken 
into account. 


If we assume, instead, that the central force is given by 


Va a PUR) j (m PS + bP) (64) 


nnf nn! } > 


i.e. as a sum of Majorana and Bartlett forces, m and 6 being taken equal to 0.8 and 0.2 
in the case of saturation mixture’™, and calculate the matrix element following the procedure 
given by Bethe’, we obtain for Op.,, instead of (56), the following formula : 


Onn =(2—m){—2 S31) 9502) Extslrme Hn) Mige(2) ¢5(2) )| 


b = 
+(m— 2) FSi) $402) [Lo Lom Gud MIG d92))}. 65) 


The expression which appears as the coefficient of (6/2—m), in the first term of (65), 
is just equal to the result (63), and so if we take m=0.8 and b=0.2, as stated above, 
the contribution to surface tension from ordinary integral is estimated to be —6.27A4’!’ Mev. 


The contribution of the exchange integral is rather tedious to estimate and we have 
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not calculated. A simple consideration shows, however, that its contribution is not pro- 
portional to A”* but to A, 

We have also to take into consideration the contribution from the kinetic energy in Hint 
to the surface tension. But it is rather easy to see that the result also is proportional to 
A, because the first term of (49-a), which is the main term, is proportional to the usual 
kinetic energy operator, when m=m’. 

In order to obtain results which are proportional to A’! from these contributions, we would 
be necessitated, in evaluating expectation values, to use not the ordinary spherically symmetric 
(individual particle) wave function but the one which correctly takes the subsidiary condi- 
tion into account. In other words, as was pointed out by Hill and Wheeler’, the correct 
value of the surface energy is to be obtained from the eigenvalue of the total system for 
a fixed deformation of the nucleus. This is clearly identical to solve the eigenvalue problem 
adiabatically by regarding @,, in the Hamiltonian (47) as constant and, consequently, put- 
ting the momenta f,, zero. Such a calculation may be a higher approximation to that 
given in this section, and will be presented in another separate paper. 

If we assume, however, that the kinetic energy part of the surface tension calculated 
by Hill and Wheeler’? is correct, then the contribution from kinetic energy to our result 
is 4-51 A’ Mev. This, combined with the above obtained contribution from the ordinary 
integral, gives —1.76 Al Mev. So if the contribution from the exchange integral were 
4.3A?!* Mev, which is not an unexpectable value, corret experimental value weuld be obtained. 
Whether such a value could be obtained or not can be answered only after more detailed 


calculation is performed, but we may say that our result obtained in (63) is not an un- 


reasorable one. 


§ 5. Discussions 


We have shown in the foot-note in § 3 that our kinetic energy operator, in the zeroth 
approximation, just coincides with that used by Bohr'~”, and also shown in § 4 that the 
potential energy will also coincide with Bohr’s one. ‘Therefore the result of the application 
of our result to actual problems will be the same as that of Bohr, as far as the collective 
motion is conernced. So our Hamiltonian is also impossible in improving the situation con- 
cerning the inconsistency of the magnitudes of deformation obtained from quadrupole mo- 
ments and level spacings of even-even nuclei. The last term of (47) will be the similar 
one as that obtained by Coester® as a correction term to Bohr’s Hamiltonian, but it is 
shown by Coester himself that this term is also insufficient in improving the above men- 
tioned situation. 

Our Hamiltonian (47), however, can be used in describing the internal or individual 
particle motion, at the same time with the collective surface motion, which was impossible 
in the original Bohr model. This fact, if it is applied correctly to the investigation of 
the level structure, magnetic dipole- and electric quadrupole moments and other properties of 


heavy nuclei, it would give us many valuable knowledges. Such investigations will be 


the content of forthcoming papers. 
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The effect of the long-range part of the Coulomb interactions on the Landau diamagnetism is 
investigated, applying the collective description of the Coulomb interactions developed by Fohm and 
Pines. It is shown that the magnitude of the diamagnetic susceptibility slightly increases due to the 
Coulomb interactions between electrons. 


§ 1. Introduction 


The extension of Landau’s” original work on the diamagnetism of a free electron gas 
has been undertaken by several different methods. The magnetic moment of a free elecion 
gas consists of non-oscillatory (Landau diamagnetism) and oscillatory (de Haas-van Alphon 
effect) parts. When the use of a finite container to hold the electrons is considered, the 
surface states give rise to size dependent terms in both the oscillatory and non-oscillatory 
parts of the magnetic moment. The effect brought about by using a finit2 container has 
been paid attention to and has been discussed by several workers. However the effect of the 
Coulmb interactions between electrons on the diamagnetism has hardly been investigated. 

A collective description of the Coulomb interactions in an electron gas has been de- 


) The long-range part of the Coulmb interactions between 


veloped by Bohm and Pines.” 
electrons is described in terms of collective fields, representing organized plasma oscillations of 
the system as a whole. The Hamiltonian describes these collective fields plus the system 
of electrons interacting via screened Coulomb forces with a range of the order of the inter 
electronic distance. 

The aim of the present paper is to discuss the effect of the long-range part of the 
Coulomb interactions on the Landau diamagnetism of a free electron gas, applying the 
collective description of the Coulmb interactions. In § 2, the collective description of the 
behavior of the electrons in a magnetic field is introduced. The Hamiltonian, subsidiary 
conditions and the dispersion formula are derived. In § 3, the current density is calculated 
to the first order in the magnetic field, applying the perturbation method developed by 
Schafroth.® It is shown that the effect of the long-range part of the Coulomb interactions 
on the diamagnetism 1s rather small and the increase in the magnitude of the diamagnetic 


susceptibility for Na amounts to 6 percent. 


§2. Collective description of electron interaction iam a magnetic field 


We consider a system of electrons in a magnetic field embedded in a background of 
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uniform positive charge whose density is equal to that of the electrons. The Hamiltonian 


of our system may be written as 


H=)} a2 /2m +2res sy etlheke(ors—2e 9p) / fP, (2 . 1) 
a ej 
4 


where ,=p,+—+ A(x), A(x;) being the vector potential of the magnetic field. The 
c 


second term corresponds to the Coulomb interactions expanded as a Fourier series in a box 
of unit volume (since we are working in a box of unit volume). The prime in the sum- 
mation over k denotes a sum in which k=O is excluded.* 


Following Bohm and Pines, we shall introduce an equivalent Hamiltonian instead of 


(2-1). Our equivalent Hamiltonian is given by 
H= >} 2} /2m-+ (4n)'"e/m-S) 8x- (1 —k/2) quel 
a tk<he 


2m &/m-S\ (Ep &) quqe tor 


a 


kl<hig 
—1/2->) p, p-,+27 eR Sy ti wel Uf od 
k<ke ij 
k>ke 
—2rne >) 1/F, (2-2) 
k<ke 


with the associated set of subsidiary conditions : 
cee {py —t4nen fe)” Sle mt Ol (hak), (2-3) 


where €,=h/|k|-k. is the maximum momentum, beyond which the organized oscillation is 
not possible. According to the estimation by Bohm and Pines, &, for Na is~ 0.68 Pos 
where p, is the Fermi momentum. 

The equivalence of (2:2) with (2:1) may be seen by applying the unitary trans- 
formation P=Sy, where 


S=exp |— 1/b wen CE CH/E) 2 g, efl@ekrs), (2. 4) 


We shall split up the third term in (2-2) into two parts. That part for which 
k+l=0 is given by 


h 


27 ne /m: > 1: 9-21= Wy /2°S) pL a (2:5) 
<i, K<iq 


where n is the total number of electrons. We shall neglect the remaining part for which 
k+2<0 (random phase approximation). 


Let us introduce the creation and destruction operators for the collective field a, and 


az, which is defined by 


“ We shall diop this prime in the remainder of this paper. 
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= (6/20) (ay— a4), 
Pr=i(bw/2)"? (ak +4_,). (2:6) 
The commutation relations are given by 


[a2 a | = O nxt ? 


IW eemy- real | Fe 7 all (22 7,) 
In terms of these variables, we write our Hamiltonian and subsidiary conditions as 
Beri Hen (2-8) 
Kh=> Ae [2m > bw (af a,+1/2), (2-9a) 
Piet ee (27b/w)'” [e,- (,—k/2) a,clekos 1 ethers * 8. (70,—k/2) |, 
te (2-96) 
HH; a (6/4) (7,7 — 0°) (ak ay + aaj — a,a_,— ay a*,), (2-9c) 
A ener oe eiltbarg— ep) /f2, (2-9d) 
Es 
k> he 
€,= af +a_,— (87 &h/wk)'” S| Pillage ad (2-10) 


In order to eliminate the field-particle interaction H,, we consider a canonical trans- 
formation from our operators (%;, Pir 45 ds) to a new set of operators (CX Bera a) 


The relation between these two sets may be written as 
ue Xe etc. (2511) 
The generating function of our canonical transformation is given by 


&,: (,—k/2) A ilkXs 
bo—k- I,/m+k/2m 


— e7HakX; 4* E,.: UI,—k/2) > | : (22 12) 
bo—k- II,/m+k/2m 


ee (ci/m) S} (276 /0)'"| 


Our Hamiltonian is expressed in terms of new variables as follows 
H=e® He 
=}, + +ot Bor ti[ lo S]+i[r, 5] 
—1/2-[[4%o 5} S]+-~ 
=, +- Hyg + an. + Ho ti/2 [46S are* (2-13) 
where Hy».=26;+i[26,, 5]. The elimination of Hi is incomplete owing to the non- 


* We have neglected i/2[He.p., 5]- 
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commutability of J]? and €,- I], and a weak interaction H,,,. between electrons and plasma 

oscillations remains. Making the sum of Ho and terms in iJ2-12b;, S], which are multi- 

plied by (A*A,+A,A' —A,A_,—ATA*,), zero, we get the follwing dispersion relation 
2bwk- I,/m+k'/4m*— (ke: II ,/m)* (2-14) 


= a 4 > ENS Sees 1 = 
(0) Wy oa e /m 2 [bo —k F T,/mP—k'/4m° 


For sufficiently small k, we may expand (2:14) in powers of k- Hi;/mbo, and k’/mbu, 


and obtain 


w=, + >)(3/i nm) (k- T1,)° +k /46'm’. 91 5) 
Our Hamiltonian may thus be expressed to the lowest order of our canonical transformation 
as follows 
Ei Fr jeciront- 2 tel ate te: pe ae liges (Z : 16) 


[E.- (He —k/2)¥ 


Aajectron = 1? /2m— (zéh m>) Sr. (1/w | 
a ~ / itch, / ) _bo—k- II ,/m +k /2m 


€,- I, +k/2) | 949) t/#-k(X,—X3 2 
ie [é, L Kk/2) QrEh? SY ele MXP 2, 2-17 
bo —k- I,/m—k/2m ate © ei Pf ( a) 
ky 
FA. =e bw (Af A,+1/2), (2-176) 
[Riess ue, Oe 
Fi ode etomtyes (onb/e al ne —§ Uh a 
‘ / ik<Ke fo) | bo—k-II,/m+k/2m 
€,- U,—k/2) 5 nee ae gaan Sen 
cue EN = 3 2 A,.elekxi— * t/F-nX; 
bo—k- I,/m+k/2m n:} ne ee 
5 &.: ,—k/2) €,- (,—k/2) é 
x {, eek ane = i—h, 2 | 
bo—k- I,/m+k/2m bho—k- I1,/m+k/2m M1 : (2-17¢) 


Hg — (ne /nt) Sy] [Se HI R/2)Y [60° TL $K/2)) rasexenn) 
i bolbu—k- I ,/m—k/2m| 


\“o 


ek [&.: Ui—k/2)][8.- eth | ; 


bo|bo—k- I1,/m—k/2m| (2-17d) 


In obtaining (2-16), we have neglected a number of terms which are quadratic in the 
field variables and are multiplied by a phase factor with a nonvanishing argument exp 
[i(k+l) X;]. 

The second term in Hyjectrony which may be interpreted as a sum of the self energies 
of electrons, becoms approximately”) 


E.ur= — (n'/3n) > [1?/2m— (3n'/40) (k2/m), (2-18) 


where n’=47k,°/3h. Therefore we find 
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Seen =>) 17 /2m* +27éh? Ss) eer Xs~ XD) 1 const, (2-19) 
; 
where m* =m X 3n/(3n—n’'). Thus the “new ” electrons behave as if they had an effective 
mass m™*, which is slightly larger than the “bare” electron mass. H,.,. describes very 
weak electron-electron interaction. We may safely disregard H,.,. in comparison with the 
screened Coulomb interactions in considering the effects of electron-electron interactions. 
Our new subsidiary conditions in lowest order of our canonical transformation are 


given by 


ih 
1— (1/bw)?(k- H,/m—R/2m)? 


(Fx) new P= >) - AX (kk). (2°20) 

t 
It should be noted that in our new representation, the subsidiary condition (2-20) continue 
to commute with the Hamiltonian (2:16) within the approximations we have made. This 
follows since the commutation relations are unchanged by a canonical transformation. 


Now let us consider the current density operator, which is given by 
j(%) = —e/2m->) [7,0 (x—x;) +0 (x—x;) 7]. (2-21) 


The effect of our transformation on the current density operator may be obtained in similar 


fashion. Our new current density operator is given by 


i Sica ee CX ne IO) RI (a) se I oC) oes (2°22) 
J (x) =—e/2m-S) [He (x— X,) +0 (x—X,) Mi), (223.4) 


J” (x) =iLJ(«), 5] 
= —¢/2m?- S} (2xb/o) ?[ Md (x—X,) A,(k) — A,(k) Tek) 3 (2 X,) 
+06(x—X,) 1, 4;(k) —A;(k) 60 (x— X;) UI,—k)} Acie %s 
4 Ate UEX 14. (hk) 3 (x — X,) Hi —8 (x— X,) I —k) Ac (k) 
+-A,(k) 11,6 («—X,) — Uk) 8 (x— X,) A,(k)} (2-236) 
J® (x) =—1/2-[LJ(@), $], 5] 
= —/4m*- pe (27%b/w)[— > {H],0 (x—X,) A, (k) 
— A,(k) (H,—k) 0 (a— X,) +4 (x— X,) HA, (ke) — A,(k) 0 (x— X,) 
X (Hk) } EOE NIAC) SNA, (Ie) 3 (8 — Xe) Mh 
—0(“x—X;) C,—k) A,(k) +A; (k) 6 (x— X;) — U,—k) 0 (x— X;) 
x Ac ()} AC) SIS) Le *N (A, (hd (x — Xi) M8 (Xi) 


x U:—k) Ak) +4, (k) I0 (x— Xi) — i — bk) 0 (x— X,) 
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x A,(k)}, A,(k) e4#***] 4,4,* +--+], (2 -23c) 
where 


AE) ee (2.24) 
‘ bo—k- I,/m+k/2m 


In obtaining (2:23c), we have neglected a number of terms, which are multiplied by 
Ak A,, A, Ax (k41), A.A, or AX A. These terms make no contribution to the magnetic 
moment as will be seen in the next section. 

We have treated w as a pure number thus far, although we see from (2: 14) that 
w is, in fact, an operator since it contains [];. We have ignored this fact in carrying out 
our canonical transformation. This approximation is justified, because the dependence of 


w on F, is of the order of ((k-II;/mbw)*) 4,, which is small.?’* 


§ 3. Landau diamagnetism 


rs 


We shall define Hermitian operators ¢,, 
ét= (1/2) (eth. c), tao 


where h.c. means Hermitian conjugate. Since H commute with $= within our approxi- 


(2o1) 
k.>0 


mation, a set of normalized orthogonal eigenfunctions of H forms an orthonormal set of 
simultaneous eigenfunctions of H and ¢#" : 
Ans = Ex: Pners 

(3-2) 


et if De al te wf a+ aE sm 
Sk Ynet =F 1 Pare aa eS ck “ieee Sk > eo) 


re 


The true eigenfunctions of our system correspond to those with =~ = 
Fino = Eno Pros 
; (3-3) 
er On0: 
The mean current density at temperature T is given by 
E(X) = D1 (Pro f(%) exp 7(En+2— HA) -$yo) (3-4) 
where 
2=thermodynamic potential 
8=1/kT 
€=chemical potential. 


The mean current density (3-4) may be rewritten as 


* For weak magnetic field, the value of ((k-II;/mbw)24, for Na is~1/16. 
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i (x) apa Diner J(x) exp 2 (en+2—H) . II 0 (2'£)0 (E57) Per) 
nm / kke 
Iz>0 
=T,|[j(x) exp B((n+2—H) al 0(E%) 0 (EF) ]. (3-5) 
ky <0 


A perturbation treatment of the magnetic field leads to a linear relationship between 
the current density i(x) and the magnetic field : 


i 


in(x) =>) | Ky, (x—x’) A, (x’) dx’. (3-6) 
Written in momentum space, this reads 

iM =DK,(DA,(4)- 3-7) 
Gauge invariance and the equation of continuity require 

Ku (Q) == (Gn Ow KG). (3:8) 
If K(q°) is expanded as 

KV) =a,+a¢+°, Co) 


then (3-6) can be written as 
i(x) =a, rot H+---, (3-10) 


twhere H=rot A(x). Hence the susceptibility ~ may be obtained by the relation y=a,- 
b/c. 

As we are concerned with the effect of the long-range part of the Coulomb interactions 
on the Landau diamagnetism, we shall omit the screened Coulomb interactions. Furthermore 
we mey disregard the states in which plasma oscillations are excited, because the values of 
he energies of plasma quanta are for alkali metals of the order of several electron volts. 


Therefore our Hamiltonian may be given by 
H=> 7 /2m* + FL .». ee bw/2 Grit) 
2 P?/2m* + (¢/2m*c) > {P;- A(X.) + A(X,) Pi 
a: (¢/2m'c) >) (1/bw) (27b/w)"” (b/i) | (P-L, X rot A(X) | 
+[€,x rot A(X,)]- Pit Apel ¥ Xi — Af e UF" LP, -[E, X rot A(X;)] 


+[&.X rot A(X,)]- Pi} ]+ 3160/2. Gaia. 
k<ke 


In obtaining (3-12) we have neglectrd the terms which are quadratic in the magnetic 
field, and have approximated 1/(bo—k- I,/m+k/2m) by 1/bo in H..».. We shall 
treat w as a pure number, then we may drop the zero point energy. 


Using the formalism of secoid quantization, we get 
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H=H,+ A’ +H.» ae 
Hy=\(p°/2m*) bby 
po 


=D1E (Pp) 65 Spo (3-144) 
po 
H!'= (e/2m*c)>\(p+p’) :-A(p—p’) bprobpes (3-146) 


H,.,.=(e/2m'e) 3} (1/bo) (276/0)'"[— (pt+p’ +k) -[€.x[p—p’ +k 
pprk<k, 


x A(p—p' +k) ]] bobo Act (pt+p’ +k) -[& x[p—p’—k 
x A(p—p’—k)]] bobo AE], Sean 
where 
[bras beror]+=Opp Sears 
[bvos Opror]+ =[bj0s bpror], = 0. 


o refers to the electron spin and takes on two values corresponding to the two orientations 


(S=35) 


of the electron spin. We have put 


A(p) =\A (xed, (3-16) 
so that 
AQ) SS 4atpe (3-17) 
Pp 


The subsidiary conditions are given by 


at = (1/2) 53 J (k, P) Cs 5a Pe + b* bys na) > 
ps 


io lite. 
€y = (1/21) 399 (ky p) (63, 0 bps — bao bos ke) 5 : 
pa 
where 
1 
GQiicp) —— —— ——4 3-19 
P 1— (1/hw)*(k: p/m+k?/2m) ( ) 


Here we have neglected the dependence of ¢# on the magnetic field. The justification 
for this approximation is shown in Appendex II. 

We next consider the current density operator which is given by (2-22). Since the 
states in which plasma oscillations are excited are disregarded among the terms which 
appear in J” (%) as quadratic in the collective field variables only the terms which are 
multiplied by A,A* need to be retained. J (x) is linear in the collective field variables, 
therefore it contributes to the magnetic moment, when combined with Hy. As we are 
going to calculate the mean current density to the first order in the magnetic field, we need 
only the zeroth order terms in the magnetic field in J (x). Thus we have 


J(®) =Jy(%) +I (%) +0? (%) +I” (x) + J, (x), (3-20) 
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J, (x) = — (</2m) >(p +p’) el O-PM2DK bias ‘é 214) 
J, (x) =— (ign ps a (x) /@@-—prx h* fb , (3-216) 


Js? (x) =— (/2m*) SY (A/be0) (27 8/00)*[ Ee- (p+ /2) (PtP! +h) 


k<k, 


—&,: (p—k/2) (p + p’—k)} Ce Bee bara Ay 
— {&,: (p—k/2) (p+p’—k) —&,: (p'—k/2) (pt+p'+k)} 


x ele @-v'- Hage b , AF], (3 -21c) 
Ie? (#) =—C€/2m) pt p)a—7 (Pip) eer" body (3-214) 


J, (x) = — (e/me) 3} A(x) [a= 7 (=p) F PB by 
+7 (2 /me) 3 L@/i)p (A(x) (p—P')) + G/i)" grad div A(x) ] 


ie (p—p!)a 
x ella? Fs Aap ae (3: 21e) 
where 


fae /on > Ani ie) (1/bo)?P, (3-22) 
r= (e'/om') > (27b/w) (1/bo)’. (223) 


In obtaining (3:2Ic), (3:21d) and (3-21e), we have approximated 1/(6o—k- I,/m 
+k /2m) by 1/bw and we have replaced 4,A,* by I because of (A, A,*) vac= (I+ AEAL) vac 
—[. The terms which depend on two electron coordinates in J” (x) cancel with each 
other to the first order in the magnetic field. 

If we label the eigenstates of H, by », y/, v!/, «+» and call the corresponding eigenvalues 
of H,:E,, Ey, Ey, --- and if we apply the perturbation method”, we get the following 


expression for the mean current density to the first order in the magnetic field : 
ix) =D} I 0 G1)9 ER) Yow exp BC+ Lo Es) 


kz>0 


We ef By -Byn 
Ey —Eyy 


x {(J, (x) + Jy? (8) oni (2 yin tp (J, (8) Yorn’ Hep Bay. ort b 
(3-24) 


x [Si (x) +? (2) ov 


where 2, is the thermodynamic potential of the unperturbed system, and 2 ond #,.). ate 
the corrections to the thermodynamic potential due to H’ and H.,,,, in first order respectively. 
2,, 2 and 2», are determined by 
1=T,[exp (Cn +-2—H): 0(3:)0 (Ex) ] 


kg>0 
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= SX 110 (E41) 6 (Ez) vw exp B(Cn+2,—E,) -[Ow 


vel 


ha eo 4y-Bw 


4 D, , — HH! = Ay dary Fo (3°25) 
E,,—E, 
We get 
eS 110 (Ef) 0(E;) eee é -26) 
te Why Ey) 


x r aus B(Sn-BH / 1\ . 
QD = Brees) ‘ 11 0(. RIOCCu) see se E. ies A) ws (3-27) 
vel vi v 


1—e (Fv Fw) 


Hos pe (3-28) 


pn 


Q, », = Ber 


DICT ORT OCR) a6 Fe 
vy 


E,,—E, 
We can write 
a ($4) = (1/28) | dit exp (ii# 2). ea 
Therefore 
(118 (E£)8 (Ez) dav 
= (1/2")"| Mdiz dd (exp id) (Ai Fi +4e EE) dvr, 
= 1/27)" INdit dhe DV DAE EE Ag EE) } vr /nl. G20) 
n=0 

If posy’,* 


2 


(110 (2!) 0 (Ee 


wa 


MN 
/ vv 


HHdag dix SVK SAE EE HA EE)}") V/n! 


n= 


=(1/27)” 


as (1/27)™ \ Hat di, S3[1/2-¢ FV ALEE HAE EZ)} w/a! 


n=() 


» 


= (1/27)” 


IId}% dix ale 1/8 SO(9 (kp) {nyo (1 — Myr ro) 
pk<ke 


n=0 C 
k,>0 


* The process shown in Fig. 1, which describes a two-step process leading back to the initial state : 
p-p+k—p, contribute to the terms which are quadratic in 2,+. The contributions to the fourth order 
terms in Ax* come from the processes shown in Fig. 2. Fig. 2a describes a two-electron process in which each 
electron suffers scatterings like those shown in Fig. 1. Fig. 2b corresponds to four-step processes of one clectron: 
ppt+k-pp+k/p,etc. The ratio of the magnitude of the contributions {rom the processes shown in 


Fig. 2b and Fig. 2a is of the order of 3S} FB PIPERS P) Mpa (1L—nprea) (1—nprnra)/f 
oa 


Shi otike aya 
0,p,k kr <ke Fak (& P) tps 


WP. 


(1=np+x6)}?~O(1/n). In general, the leading terms in 2n-th order terms in 4x* correspond to the processes 
in which each of n electrons su fers scatterings like those shown in Fig. 1. 


Terms cf odd powers in A+ do 
not contribute, because they are odd functions and so the integrals vanish. 
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“ig tte spe) GA ect Any ) 10/3 (3231) 
where we have neglectzd terms of the order of 1/n as compared with the terms of the 
order of 1. 
P P Pp 
oe i oe Seer e 
P P p’ ae a 
ane p+k pte 
oie se oth mee aa {= By == == &é 
pt+k ptk p+k P ¢ port’ pHetk’ : 
ee a ee 
a. é bald Feta Beertaly g eae 
k E, é, ptk ce pep eck ptk 
ee tte Cine! | Gob on 
p Pp p(*p) P P Pp 
Fig. 1 Fig. 2a Fig. 2b 
Substituting (3-31) ints (3:26), we obtain 
etten (1/2n)"| i avy aus exp [—1/4- > le DAke Ge fae) 
n<ke gk<ke 
ky>) k,>0 
felt — fy)} Gi +77) | : get a ae tamtd 
igs 47 
(i 20)” il. : —— ; SEARS 
eto Dig (k, q) Od oY) fehl fet 
te>0 9 
x Hf te te OF, (3532) 


where f,=1/ {1+ exp B(E(p) —O)} is the Fermi function. 


In (3:27) the part for which v=v! is proportional to | A(x) dx, which can be made 
to vanish by a gauge transformation. Accordingly we find 


Ome ptete 3) (1 jay" i di’ diz S3[1/2 SK iD) CREE AEE) Ded" / mt 


k,>0 k,>0 


x (GS) Ge St + db &%) owe + 1/24 2 Ot eas Fay} Dvir] 
k< Cc 


Ke 
k,>0 k,>0 
_ p8(Fy-#yn) 
x ePitnnmy) bE es Hy. (3-33) 
Eiaaly 


(H’),,, corresponds to an inelastic scattering of one electron (p—> pt+k). 


This momentum 
at 
change must be compensated by ¢7. 


Then the integral is seen to be of the form 
[1 dic dx exp (1/4: 3 0 Ue ) fo foe) fone AOE E+E] 
k<k, qk <Ke 


kz>0 kz>0 
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x [A(k, p) di +B(k, p)dz +C(k, k’, p) Uk-w didi di 


hidti pan +iab diy) 1=0; (3-34) 
because 
jaa e-ea J=0, 
a (3-35) 
[| aitdire-torne (2* —2-) =o. 
Therefore 
Q'~0. (3-36) 


H,.,. has no diagonal matrix elements and ¢ ¢# do not depend on the collective field 
variables, hence (//0 (2) 0 (Ez) \viS Ap. wv=0-. Therefore 


oO: (3-37) 


We now proceed to calculate the mean current density. We shall split up the mean 
current density (3-24) into two parts: the i,(x) for which »=v’ and the remaining part 
i,(x) for which var’. 


(a) t,(%) 


ila Nd dtdag S1[1/2-< UNE Haze} 2b] /n! 


n= 


S(Fy—Fyr) 


xe bs Wiech Af x +J,° x wtlDy a 
[Si +5. (8) wt 


x {( Jy (x) ricaleut (Xe) byw X A) yt CFG) Fiek tes AD) 


=>) (1/2ny" | Mdirdix > Hier >a a (Ky 7) {itp (1 = tyra n0) 
“Ming amr sane 
Ris 54 


+ 1,4. 46(1 — Ng) } (Ri k +7 hk zt) |?/nl- exp Ble San Nyg 2 DE (1) tro] 
[= (e/me) (1 +a) A(2) dittpe 


+7 (e/me) (b/i)* grad div A(x) S}n,, 


= (e/Aimm*e) S(t +a—yq") (2p—q) en tlfeqec 

x A(q) - (2p—q) Lae Bie (Pp) —€ (p—a)} es 
E(p) —€(p—q) pol 

— Di (e/2m'e) (1/bw)? (27hb/«) [2h €,- (p—k/2) {(p:q) (€,-4A(q)) 


k<kg 


al Nn—go) 
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— (p-A(q)) (&°q} +k&,: (p—k/2) {(€.- q) (q:-A(q)) — 9° (€-A(q))} 
+ {q&,- (p—k/2) —2p(&,-q)} {(p-q) (€&:4(q)) — (p' A(q)) (&-@)} | 


yet eae 1—exp [9 {€(p) —€(p—k—q) —ba} - 
E(p) —§(p—k—q) —bw 


No ( 1—ny_ pace) |: 
(3-38) 


Carrying out the summations over n,,, using (3-32) and transforming to the momentum 


space, we get for the kernel, which is defined by (3-7), 


Kyy(q) =Kyv (q) Ky (@), (Be39) 


where K,,,/(q) is the contribution to the kernel from J(«) and J” (x), and Kuv (q) 
is that from J (x). They are given by 


Kyy' (q) = (2e/me)7 214d fo— (Bq'/m™) Pu Py fo fo) } 
— (2e'/mm*c) (1+ a) > [(F/4m*) {F pupy 
Fug PvPr $0 daPuPr)} {fr —fr) =? fot fo) 
+ (H/6m*) 219090 PuPrPr Pr fo O fe) —fp—fo)} 


— (9.9/4) Pho — fr) ]+0@), (3-40) 
Ky" (q) =— i (1/ba)*(27b/o) [ky €.- (p—k/2) 


x {(E,- q)u—Fk/R (1 —e™) /n- fo 1 fev) 
+ {q,8.° (p—k/2) —2p, (Es g)} (Cp a) ky /k— Ex pv} Ae) /g 
X fo(1—fy-2) + 2k, €.: (p—k/2) 1 (pq) hy/k— (Ex Q) Pt 
x {—q: (p—k) /m: (Bye — e+ 1) /7? fo —fo-) 
+ q:(p—k) /m- (1—e"") /4°8 fo fo-2 1 —fr-w) JF O@): (3241) 
where 
7==—bo+k: p/m—k/2m. 


Performing the summations, we get the following gauge invariant expressions for the kernels 


(see Appendix I) 
cq) (qu dv —Ourd) [— (27e /3mc) Ont) (Fe 
+8m*¢7) /b'|+O(9'); (3-42) 
Kys! (q) = — (Gn 9v— Fug) (28€/3me) (2th) Pe /b-.-0 (4"), (3-43) 
where 


—€= (45/4) (C/bw) al — 16/45 + 24/27 —K«°/360 
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+ (C/bw) (1/«) {—2/9+5K/12 — 38K /225+2«'/9 
—7«°/36—2K°/27 +«'/45} |, (3-44) 
and «==k,/p,, p, being the Fermi momentum. In (3-43) and (3-44) we have neglected 


terms which vanish as 7-0. 


The susceptibility is given by 
~=— (4m p2/3h) (37°n)' (1+ a+ 8m*Z7 —€) 
=Yot Yo (at 8m*C7 —€) 
=%t+ 4% (3-45) 
where /=eb/2mce is the Bohr magneton and 7, is the diamagnetic susceptibility for the 
perfect electron gas. 
From (3-22) and (3-23) we get 
aw (n'/n) (k2/10mbo), (3-46) 
y~(n'/n) (1/12mbo). (3-47) 
According to the estimation by Bohm and Pines, k, for Na is ~0.68 p,, so that n’~ 
0.16 n and k,”"/2m~0.46¢. Inserting these values and €/hw~1/1.56, we find that the 
correction to the susceptibility for Na amounts to about 6 percent : 
Y, (a+ 8m*t7) ~0.077 x, — (contribution from J (x)), 
—YE~ —0.0214, (contribution from J’ (x)), 
Ax, /%o~ 9.056. 
In carrying out the summations over n,, in (3-38), we have neglected the cases 
where ro or r+ko in (//0(€;)0 (Ez) )y, coincides with po, p—qo or p—k—qo. These 
cases represent the effect of the subsidiary conditions. However this effect is very small. 


It can be shown that the contribution to the susceptibility is of the order of Ay,/n. 


(b) 


i, (x) ee ieay 8(tn+2,—E,) - (1/27)" I1d2,+diz S [1/2 >] 


n=0 o 
XC DSARET AAV ER) 00 |"/n!- [Cs SVE EE FAG EE) vw 


P1/2¢ {8 SESE EAGER) we] [KS (%) +S (Xx) ary 


wm La ey ns ; 
paar seen HENNA CONTR SZ 
wi E,—E,y, 


+A Dg (%) Dr ap rest }. (3-48) 


i: < ; : 

(Ji(*%) +5, Dy in (3-48) corresponds to an_ inelastic scattering of one electron. The 
momentum defect arising in J,(x)+J,°(x) must be compensated by the scattering by 
¢;. The same argument as in the evaluation of 2’ leads to that the contribution from 
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this one electron process to the mean current density vanishes. Since ¢* do not depend 
on the collective field variables, J, («) makes no contribution. Hence the sole contribution 
comes from the terms which contain (J,(x)+J,(x))(H’). As the momentum change 
of th» electron by €F is +k(k<k,), the dependence of the mean current density on the 
vector potential of the magnetic field is of the form 


i, (x) Te [eae e4.Cie)s (3549) 


i. e., there are no Fourier components with k>k,. Therefore this current density has nothing 
to do with the Landau diamagnestism. Thus we find that our final result is given by 
(3-45). (Actually i,(~) vanishes. See Appendix III). 


§ 4. Discussion 


We have developed the collective description of the behavior of electrons in the mag- 
netic field and have investigated the effect of the long-range part of the Coulomb interactions 
on the Landau diamagnetism. It has been shown that the long-range part of the Coulomb 
interactions slightly increases the magnitude of the diamagnetic susceptibility. Our model 
may be applied to alkali metals because the effect of the periodicity of the crystal lattice 
may be taken into account by the replacement of the electron mass m by meg”. Our 
result is qualitatively in agreement with that obtained by Pines.* Pines’ has calculated the 
energy of one electron in the absence of the magnetic field and inserted it into the formula 
for the diamagnetic susceptibility. He has estimated the increase in the magnitude of the 
diamagnetic susceptibility for alkali metal to be about 10 percent. 

The experimental value of the diamagnetic susceptibility for Na seems to be considerably 
smaller than the theoretical one, therefore other effects would have to be considered. The 
screened Coulomb interactions, of which effect we have not considered in the present paper, 
would not have a much effect on the diamagnetism. However this effect remains to be 
examined. 

The author wishes to express his sincere thanks to Professors S. Tomonaga, M. 


Nogami and R. Kubo for helpful discussions. 


Appendix i 


Ki,.(q) is given by 
Kiu(q) =— (2e/me) (1+ ©) Oy) fot (2/me) 14.90 23 fo 
Pp ) 


= Qe /mm*c) > 11 +a—7¢q’) Ce Ve) (py— 4/2) 


_ 1 exp P{E(p) —€(P—@)} p(1—fp—a)- tt) 
ms E(p) —€(p—q) Li : 


* While preparing our manuscript, we were informed of Prof. Pines recent work through his preprint 


sent to Mr. H. Watanabe. We thank Mr. Watanabe for his kindness. 


288 H. Kanazawa 


Expanding (A1) in powers of q, we get 
Kyy(q) = — (2e*/mm*c) (1+) 33 [(9°/4m*) 19° Pu py + 23 u GaPoPa 


+4y9,Pupra)} ae — fp) —2f, (1 —fo)s 
+ (B'/6m"*) 314, Ip Pu PvPrPp {6 Pkt — fo) foals fat 
P 


— (4n9+/4) Bfo fo) + (2¢/me)7 33 [4uds fo 


— (Bq'/m*) py pv fp—fr) ]+0(9'). (A2) 
Replacing the summations over p by the integration, we obtain 


Da (87 /3h°) (2m**)!?[C°P + (22/88?) C7? 4+ +], 

> (1 —f,) = (47/6*) (2m) P38 (C1? — (27/248) CP + 1, 

S PuPs fe fr) = Pye 82/36) m4) 59 [C+ (28/8 PEM +, 
2 Pubv fr (1 fo) =F uv (82/3h*) m* (2m™*) 1 BCR /2 — (3/48) 0" 


+ (2/16) C784 +, 
ps Pu PyP»Pr fpQ =ifp) = (OuvOrp + Oya Oyo +Oup Oy) (167/15h") 


x m?* (2m PTLD eal hacen = (57°/8f") ee |, 
2 Pu PvPs Po fr 1 fo)" = pv Pip + Fur 9 vp + 9p Ova) (162 /15h°) 
x m* (2m**)"" B-"[C7/6 + (5/8 FP) (7°/6—-1) CF +--+]. (A3) 
Inserting (A3) into (A2), we get 
Kiv(q) =— (qu 9v—Ouvg) | — (27e°/3mc) (2m*C)'?(1+a+ 8m* C7) /h] 
+0(q'). (A4) 
Ki, (q) is given by 
Kiv(q)=— (e'/m'c) D> (1/bo)* (27b/w)|2k, (€,.- (p—k/2)) 
pk<k, 


x {(p-q)ky/k— (€.- q) pu} +4 (&: (p—k/2)) (8x q) gy 
— 9 ky/k} + {q, (x: (p—k/2)) —2p, (E-q)} {(p- qh /k 


(0h dP lee eee (A5) 


where 
47=—ho+k: p/m—k/2m, 
P=q: (p—k) /m—¢'/2m. 
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Expanding {1—e*%'} /(7+-~) in powers of ~, we get 


rer) ge 


is ner—eM+] OC ye A6 
7 ; ratiih en 1) -O(p") (A6) 


Also we find 


fo(1—fp-1-0) =fn(1—fp_n) +9: (p—k) /m- Bf, fo-11—fo-n) +O(@’). (A7) 


Inserting (A6) and (A7) into (A5), we obtain (3-41), which yields in the limit of 
i () 


Ky (q) = Cel/mic) 31 (1 /bo)*(2rb/o) [ky (Ex: (P—/2)) {gv(Ee- @) 


= 4 ko/ Bthfe(l—=fo—u) lomo 14n (En>p—K/2)) —2p,(rq)} 

x {(p- qk /k— (&- @) prt LEG —fe-x) |= 

+2k, (E&,: (p—k/2)) {(p:q)ki/k— (Ex Q) put 19° (p—k) /mbo 

X[ fA —fo-2) lrao +9: (P—k) /m [Bf fo-x 1 —fy-») leaot | 

re OMGa)s (A8) 


where we have put 7~—hw. The integrations over p and k are elementary, but tedious. 
For example the first term becomes 


2 fu (Ex (P—h/2)) {gv (€x 4) = gtk, JRA fo fee) Wie 


Pi 


= (1/h) ak Ea (E, aye ake | P dp\ (p cos —k/2) sin Ad0d¢ 


P<Po;|p—k|>p, 


Po pt+k 
oa (2n/b")\dkk, ML CNSIE ie pdp | {(p+P@—s) /2k—k/2} sds 
k<Kig Po-k Do 


= —— (87° /45F°) py’k.” (qu dy Ong q°) ) 


where 8 =p +k—2pk cos. Other terms may be evaluated similarly. The result is given 
by (3-43). 


The mean total number of electrons may be given by 


T,.[n exp 3 ((n— H) MOS) OE) é (A9) 
T,.[exp P(€n—H) - 110 (Ei) 0 (Sz) ] 


which, with the help of (3-26), can be written as 


p= 


noo noe log ae" (A10) 


The insertion of (3:32) into (A10) gives 
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gtk, P) { fate = fas) ees 9) +f Wier) (1—fpir—fp)} 


n=2>)}fp— ies ree 
Pp 


ick, 4 > gy °(k, P) Hipks Aiea) pi (1—f,)} 
ke>0 
(A11) 
The second term tends to zero as T—>0. Therefore 
n = (167 /3h*) (2m**)17C7? = (87p,°/3b*). (A12) 
Appendix II 
The subsidiary conditions are given by (3-1): 
ét=1 5S) Sf i el@kXe 4 hb, cl. (A13) 
ee 1— (1/6)? (k-/1, /m—F, /2m)* 


Expanding (A13), we get to a good appoximation 


j : 1 ¢ (¢n.5) (hk A(X, 
‘ >I 1—(1/bw)” (k- P,/m— -R/2m)? Si (bw)? =e t Pd (k A(X;)) 


+ (k-A(X,)) (k-P,) E(k A(X,)) | | ee ph. | (A14) 


Using the formalism of second quantization, we obtain 


3=4 > 7 (k, P) (bes abs + b5 6b ) 
+4 S119(k; P> P’) bptobpo +O* (k, p, p’) biobyro] 
pp! 


= Ci +EE, (A15) 


where 


O(k, p, p’) =(1/ba)? (e/m’c) {k- (p+p’ +k) —F} k-A(p—p’+k), 


: ; (A16) 
O*(k, p, p’) = (1/bw)? (e/m’c) {k- (p+p’ +k) —k} k-A(p’—p—k). 
Analogously 
= => as g(k, P) CHAS bye — bea ba+10) 
+5 S1[0 Cs ps p') bobo —O¥ (Rs, p, p')b.byr] 
—f- 1 ¢- 
=f tSa- (A17) 


The contribution from ¢* to the mean current density 


field is given by 


in first order in the the magnetic 


Di(1/2ny" | Md a daz VCE SE +42 FR) Yow 


vp 
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SOC expN Aye ees Sia) Pop A Io) ETO) Dury 
Xexp #((n+2,—E,). (A18) 


We see that the integral is of the form 


[Ud id ie S) (aC) 8 +6(k) Aa} exp [—1/4- SF sp) 
k<ke pkck, 


ke>0 


x {fol —forn) there fe} GE+Ae) I; (A19) 


k,>90 


which vanishes. 


Appendix IIT 


i, (x0) St exp P(Cn+2,—E,) 1/20)" | Mditda SL 


vaev/ n= 
V2 I Sa Agee) a eede/ Pala ts Aa SA Az Sa) Drv 
Pp 


Avice 
Ss 1 Sag ive id 


/2GG S105 SA aees) Oe I>; — 


x CI,(x) +5, (x) wv | (A20) 


We need to consider only the processes in which one electron suffers an inelastic scattering 
(the elastic scattering should be excluded) by H’ and another electron is scattered ine- 
lastically by J, (x) + J,” (x). 

If the inelastic scattering of two electrons (p,, Py>pitk, pyotk) is done by H’ 
and J+J”, (1/0 (€£)0 (E>) Dy must correspond to the scattering (py+ hk, pot k->p,, P2)- 


Then the expression for the mean current density contains the factor 


| Udit diz So PRA p ale) Ge? AP £2 i) 


PizeP2 
k<kg 
kz>0 
Xexp[—1/4- 31 9(k; @) {fC fer 7 forw —fe)t Ba +9e )] 
ety 
x F(k, Pr P»)> (A21) 
which vanishes, because 
\ | datz G8 —2)exp [—#(#* +2-)]=0, 
ee (A22) 


\ [ae dicat a SAE Gs See 


-* 
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Thus we are left with the process in which two electrons (Py, Po) are scattered into the 
states (p, th, py +k) by H’ and J+J”. We have 


i, (x) aw e®@ol 17 (1 4g Eat TE (1/2ny"'| Ul dit diz 


k,z>0 
xexp[—1/4- SF (k, q) {fp fren) tr ah hee 4 25)] 
gk<ke 
x[=1/8- 33 9(—k, pig (hs Pe) Ue’ +4) 
PYXPo 
hk&kg 


kz>0 


x {= (2e'/mm*e) (1-+a—7F) | (p.+h 2) (p, -A(k)) 


1—exp f {E(p,) —€(pi,—k) } 15) SIRE CALLE 
x ep Pie (py) EP) 4 (pa), A(—k)) 
E(p,) —E(p,—k) as 


1 —exp [ Bi{é (p.) —€ (p2+k)} = = : 
< | fo. fo, (1 —foxe) (1—foise) } 
E(p.) —E (py +k) |p f ‘ i 


—1/8- S19 (k, p,)g(—ky pr) Git $457) {= (22 /mm'*c) 
ner 
k,>0 


x (1+a—7#) | «eh /2) 6 (p, -A(—k)) 


1—exp 2 {€(p,) —E(p,+k)} ew Moulded i; 
x —— ft + (p, +k/2)e (ps: A(k)) 
E(p,) —€(p,—k) 


_1—exp f {E(p,) —E(p.—k)} yp \ 
x ‘o. Ip,(1 p. +k) (1 po—k) > |. A23 
senpiseaes | fox fo —fxes) Afra). (23) 


Here we have fixed the gauge by div A(w) =0. Each term in (A23) has the following 


sum as a factor 


A o(Ek 1—exp 8 {€(p) —E(p¥k)} = 
(Pp (+k))g(+k, p)- &(p) —E(p Fk) To lhe (A24) 


Since the summand except (p- A(k)) is a function of p and (p-k), (A24) is easily 


seen to be proportional to (k-A(k))/k, which vanishes on account of div A(x} =0: 
Therefore we find 


i, (x) LO. (A25) 
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Note added in proof: It is expected that the following term which should be added to the current 
density operator (2-21) will make some contribution to the susceptibility : 


Aj (x) = —e2/m-S\ (2b /w)1!? €%, et!7-**i (az, —a*—~) 0 (x—x;z)- 
t,k<ks 


The effect of this term on the diamagnetism together with the effect of the screened Coulomb interactions 


will be considered in a subsequent paper. 
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Interaction of z-Mesons 


with z-Mesons 
Ziro Koba 


Research Institute for Fundamental Physics 
Kyoto University, Kyoto 


January 17, 1956 


In this note I should like to point out 
that the 7-7 cross section inferred from the 
Cosmotron data is not inconsistent with that 
derived from the cosmic ray experiments by 
means of the Landau theory of multiple 
production, thus giving an indirect support 
to the latter theory. 

The experimental data’ on the re- 
am+N->t+7+N, (N being a 
nucleon), induced by the 1.4 Gev beam of 


action : 


pions from the Cosmotron have been analy- 
zed by Ito and Minami” based on the 
Kovacs model”. Having investigated the 
angular and the energy distribution of the 
produced poins and the recoil nucleon, they 
have indicated the probable existence of a 
fairly strong 7-7 interaction. If we denote, 
therefore, by P the effective number of slow 
pions in the surrounding field of a nucleon, 


we can, to a rough approximation, put 
o(z-+N->(n+1)7+N) 
wP.g(t+r7>57-+n7), 
(n=1, 2+:+), (2) 


It will not be unreasonable to assume, 
say, P~0.2-1.0, so that we can conjecture, 


for the energy region concerned, as 


On—-n ~ (b/m,c) é (2) 


since the total cross section for the inelastic 
m-N scattering can be estimated to be about 
(25 43) +107" em? 

Another argument for such an inéer- 
action has been presented by Dyson” and 
Takeda” independently. In order to ex- 
plain the pronounced maximum of 7” —p 
cross section at about 900 Mev, they 
introduced their respective models of strong 
pion-pion interaction at this energy. Takeda, 
in particular makes an estimate of crass 


His model can also lead 
to the same order of magnitude with (2) 


putiing P=0;4, 


for the total pion-pion cross section at the 
energy region, say, 600 Mev~1.2 Gev. 
The Bristol group” has, on the other 
hand, recently performed a precise exami- 
nation on the nature of secondary particles 
of 19 cosmic ray jet showers of primary 
energies 10-°—107' Gev, and found the 


ratio 
N,/N,o=0.65 + 0.25, (3) 


where N, denotes the number of neutral 
particles producing secondary stars and N,» 
denotes the number of neutral pions which 
(3) gives 
an upper limit to the ratio of neutral heavy 
mesons (/") to neutral pions; but such a 


value could hardly be explained by Fermi’s 


are detected by electron pairs. 


statistical theory of multiple production in 
the original form’, since the latter would 
give a definitely higher value for this ratio*. 


* Here we have assigned, according to Nishi- 
jima’s scheme), the isotopic spin 1/2 to heavy 
mesons (statistical weight 2 for @°), because this 


assignment is consistent with other experimental data 
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Thus Fujimoto suggests’ that the 
modification of the Fermi theory proposed 
by Landau"? will indeed be necessary. That 
is to say, the secondary particles we observe 
should be supposed to have been separated 
from the ‘“‘ meson gas” of a comparatively 
low temperature. 

Making use of the formulae for the 
number density of an ideal Bose gas, we 
can deduce from (3) the ‘‘ critical tem- 
perature”, T, at which the free flight of 
the particles from the meson gas takes 
*K 


place 
kT (1.140.5)m,c° . (4) 


Then the energy density and the num- 
ber density of the meson gas corrresponding 
to this critical temperature determine the 
average ‘thermal energy” w (including 
rest energy) of the pions just before their 
separation from the cloud : 


wre (4.04 1.0)m,c’. (5) 


Now let us estimate the 7-7 cross 
section at this energy region. According 
to Landau’s picture, the mean free path of 
the mesons becomes approximately equel to 
the size of the meson cloud b/m,c just 
when the latter reaches the critical tem- 


perature. It would be natural, further, to 


of the Bristol group®. 

Further we leave out the possibility of heavy 
mesons being composite particles (which hypothesis 
could lower the expected ratio to a certain degree), 
because Nishimura’s recent analysis®) on the trans- 
verse momenta of the secondary particles emitted 
from the jet stars seems to contradict with such a 
point of view. 

** The numerical values in the following are 
calculated assuming a zero spin for the heavy meson. 
A heavy meson with spin =1 will lead to a lower 
T¢(<0.75 mzc?/k)and a larger On—n(10(4/mxc)*), 
which seems rather unfavourable. 


assume that the cross sections o,~9, o9-9 
cannot be extraordinarily larger than o, x. 


Thus we are led to the expression 
On-n< (mean free path X 
density of pions) ~'~ (b/m,c)” (6) 


which may be consistent with (2). 

The above reasoning, as I hope, would 
make the existence of a fairly strong 7-7 
interaction, whose cross seetion is of the 
order of (b/m,c)” for the energy near 1 
Gev, more plausible. 

A more detailed account will appear 
in this journal. 

In conclusion I express my sincere 
gratitude to Prof. Y. Fujimoto and Dr. 
J. Nishimura for thier discussions and kind 
information concerning the results of their 
analysis before publication, and to Dr. S. 


Minami for his discussions. 
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Surface Tension of Liquid 
He’ and Liquid He’® 


S. K. Trikha and O. P. Rustgi 


Physics Department, University of Delhi, 
Delhi, India 


January 26, 1956 


Pollara’, in a recent communication, 
has arrived at the following relation con- 
necting vapour pressure and surface tension 


of liquids 


where p is vapour pressure and S is surface 
tension. JT, M, D, and d are temperature, 
molecular weight and densities of the liquid 


and vapour phases respectively ; a and 6 are 


constants. 

We have calculated the surface tension 
as a function of temperature for liquid He* 
and liquid He® by making use of equation 
(1) with a and 6 having the values given 
in Table 1. 


The calculated values are com- 


Table 1. Values of a and 6 with p expressed in 
mm. of Hg. and densities gm/c.c. 


Liquid. d b 
He! 5.271 17.680 
He* 5.644 10.522 


pared in Figures 1 and 2 with the experi- 
mental results of Allen and Misener® for 
liquid He’ and of Lovefoy” for liquid He®. 
For liquid He', we have made use of the 
vapour pressure data corresponding to the 
‘Agreed Temperature’ and the data for 
the densities as determined by Keesom”. 
While for liquid He*, we have used the 


vapour pressure data of Abraham et al”. 


a 


0.4 


01 


3 4 5 


T(*K) 


Fig. 1 Surface tension of Liquid He! versus temperature °K. The curve indicates the calculated 
values, while the points represent experimental results of Allen and Misener2), 
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Fig. 2 Surface tension of Liquid He’ versus tem- 
perature °K. The curve indicates the calculated 
values, while the points represent the smoothed 
experimental results of Lovejoy*). 


corresponding to the ‘Kistemaker Tem- 
perature” and the data for the densities as 
determined recently by Kerr®. As is evident 
from Figures 1 and 2, the agreement 
between calculated and experimental values 
for the surface tension is fairly good in 
both the cases. The calculations could not 
be extended below 1.0 °K because of the 
lack of the experimental data for densitics. 

Further, Pollata’’ has also deduced from 
equation (1) the following expression for 


Trouton’s ratio (see Ref. 1, Equation 4) 
Eye 303 RC 1 (1! a) ): 
logi( Pe/Px) ? (2) 


in terms of the critical constants T, and p,, 
boiling point T, and py (=1 atmosphere). 


Here 4H is the latent heat of evaporation 
of the liquid at the normal boiling point 
T,. Values of JH/T,, for various liquids 
have been calculated from equation (2) and 
the results are found to be in good agree- 
ment with the Trouton’s rule (see Ref. 1, 
Table 3). This rule states that the quotient 
of the latent heat of vaporisation per gm. 
molecule and the absolute temperature of 
ebullition is about 21. This means that 
the change in entropy on vaporisation is 
about the same for all substances, a result 
ultimately depending on the facts that the 
molecular volume of all gases is the same 
and that the entropy of the liquid is negligi- 
ble compared with that of its vapour. For 
liquid He* and liquid He’, the values of 
4H/T,, as calculated by using equation (2) 
are found out to be 8.5 and 7.4 respectively. 
These values are much too low than for 
other liquids. This is what is expected, 
because for atoms of low atomic weight, it 
is necessary to add the zero point energy 
to the latent heat, since this energy no 
longer exists in the vapour state, the atoms 
being then no longer confined. Therefore, 
for atoms of low atomic weight, for which 
the zero point energy is appreciable, the 


modified Trouton’s rule is expressed as : 
(4H+E£,)/T,=21, (3) 


where E, is the zero-point energy. The 
zero point energies for liquid He* and 
liquid He® as calculated by using equations 
(2) and (3) are compared in Table 2 with 
the corresponding values calculated from 
Debye theory” and from a consideration of 
the balance of forces."” 

Our thanks are due to Prof. D. S. 
Kothari and Dr. V. S. Nanda for taking 


interest in the above investigations. 
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Table 2. Zero.point energy of Liquid He‘ ann Liquid He* Cal/Mole. 


Debye Model 


Cavity Quantization. (Ref. 10) 


Liquid. Trouton’s Rule using 
Paneer x: 
Baie ated) ieee 
Het 64 68 
He? 44 61 


Slater and Kirk- Yntema-Schneider 


wood potential potential 


(Ref. 9) 
73 46 29 
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On the Renormalization Theory of 
Quantum Electrodynamics 


Susumu Kamefuchi* 
and 


Hiroomi Umezawa** 


Institute of Theoretical Physics, Nagoya 
University* 
and 
Department of Physics, University 
of Tokyo** 


January 18, 1956 


Although the renormalization theory 


has achieved a great success in the realm 
of quantum electrodynamics, there still remain 
open questions as to the internal consistency 
and the prediction of high-energy phenomena. 
Suppose that when the unrenormalized 
charge e runs from 0 to oo, the renorma- 
lized one e,, being a function of e, runs 
over a certain domain N(e,), called the 
normal zone in what follows. In this con- 
nection a question immediately arises as to 
whether the normal zone N(e,.) involves the 
observed value 1/137 as it should be (or 
a question concerning the magnitude of the 
Z.-factor). 


shall necessarily be faced with a further 


If this is not the case, we 


question of whether the prediction by the 
theory is still correct in the high-energy 
region, since the behavior of the renormalized 
propagator of a photon is intimately con- 
nected with the magnitude of the Z,-factor. 
It is the aim of the present note to answer 
these questions. 

Introducing the method of the renor- 
malization cut-off’) we can show that the 
renormalized propagators of an electron and 
of a photon and the renormalized vertex 


function are given as follows: 

Sp. ( p) =S;(p) pe (ip, ea) > 

Dy, (k) =D,(k) /Z.,(—ka, eA) ’ 
and asymptotically for large argument 


Pas es p) =Z, (=p, ea) Iw 


(1) 


where en, £1 (A, ea)s Z,(A, en) and Z,(4, 
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eq) are renormalized charge and renormali- 
zation constants as obtained by our cut-off 
method and A the cut-off momentum. This 
result shows that our two questions as stated 
above can be reduced to the one of studying 
the property of the function Z,(/’, ea). 
Now, we shall calculate this function, 
which can be derived from the polarization 


operator 


11, (R) ee. 7..\ A, Cx) Lal, ea) 


x [ae [Sr GAY SATS (koe, 8) | 
(2) 


When assuming that the high momentum 
gives deminant contributions to this integral” 
and using (1) to rewrite it, we can neglect 
k as compared with ¢ in functions Z, and 
J’, under the integral and further substitute 
Z,(A) and Z,(A) for Z,(—it) and 
Z.(—iyt) respectively. Then, in virtue of 
the Ward identity (2) leads to the fol- 


lowing form 


dey (k) a ena en) a 
x [de TS (k—97, S207} (3) 


This is nothing but the expression familiar 
in the perturbation theory and we can im- 


mediately see that” 
Z,(A2, e2) = ee log(A*/m*), (4) 
7 
Dy. (RF) 
is ioe lor 
=0,()/(1-= log(k/m*))» ©) 


where m is the mass of the electron. 
From (4), (5) and (1) we are led 
to the following conclusions : 


i) as A tends to ©, the normal zone 


N(e,) shrinks to zero, 


ii) it is necessary to cut off at J’, which 


should be smaller than 
=m’ exp (37 X 137), (6) 


iii) D,,(k) for —P>/ takes the sign 
different from the usual one, meaning by 
it that the Coulomb potential takes the 
different sign in this energy region. 

It is evident that this failure of 
quantum electrodynamics can never be re- 
moved by taking into account effects of 
other fields, if they are subject to the 
The final 


solution may therefore be obtained by con- 


interactions of the first kind.” 


sidering the structure of space-time itself 
(gravitational field)” or by introducing a 
new fundamental length. 

From the similar consideration as above 
we may expect in meson theory that 4 is 
of the order of nucleon mass and therefore 
that the contributions from the heavy 
particles may play an essential role in the dis- 
cussion. At any rate, the renormalization 
theory for the system consisting only of 
meson and nucleon will immediately lead to 
contradictions in the observable energy region. 

Finally, we shall add a remark on the 
reason why the perturbation calculation 
could give the correct answers in quantum 
electrodynamics. The main reason is due 
to the fact that 4 is very large which is a 
direct consequence of the smallness of e. 
as seen from (6). This is not the case 
in meson theory. 

The authors wish to express their ap- 
preciation of enlightening discussions by 
the members of the symposium on field 
theory held in Nov. 1955 at the Research 
Thanks 
are also due to Professors H. Yukawa, S. 


Sakata and Z. Kaba for kind interest and 


encouragement. 


Institute for Fundamental Physics. 
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On the Elementarity of the Weak 
Boson-Fermion Interaction, I* 


Sadao Oneda‘’, Shoichi Hori 
and 
Akira Wakasa 


Institute of Theoretical Physics, Kanazawa 


University, Kanazawa 


February 2, 1956 


In the previous papers’””’ 


, four types of 
interactions which seem to have certain 
universal characters and mutual-consistency 
are discussed. They are: (i) electromagnetic 
interaction e“j,A,” (e-int.), (ii) strong 
Baryon-meson interaction G “diy” (G-int.) , 
(iii) weak Fermi-interaction fi‘ fyi” (f- 


* A preliminary account of the present paper 
was given in “Soryushiron-Kenkyu” (Mimeographed 
circular in Japanese) 9 (1955), 599. 

t Now at Department of Theoretical Physics, 
University of Manchester. 


int.) and (iv) weak Boson-Fermion inter- 


(g-int.). 
The possibility of explaining the g-int. 


action g “diy” 
in terms of the other three universal inter- 
actions is investigated in this peper. In our 
discussions the perturbation treatment with 
regard to G'int. is avoided as much as 
possible. 
(A)  z-decay 

Let us take the fint. which consists 
of two Baryons (a and b) and two leptons 
(y, ¥) or (e, ¥) such as f(PO 4) (105%) 
Cs f(P.0/'Pr) (¥.0;¢.) . 


know whether the following simplest as- 


First, we want to 


sumption is valid. 

“* These interactions are completely sym- 
metric with regard to #-meson and electron”, 
-process independence of fint.” 

The main contributions to 7-decay come 
from the summation of Feynman diagrams 
in which all vertices are G-int. except the 
one f-vertex where external lepton lines are 
drawn. (See Fig. 1). As leptons have 
no G-int. we can 
include every radi- 
ative G-correction 
in our discussions. 


It is 


permis- 
sible to neglect 
e-correction. The 


matrix elements of 
m-decay due to 


this mechanism are 


written in the form, 


Fig. 1 
M;( py) C7 or Oy) Gx (Py) (1) 


where Pu is the energy-momentum four 


vector of external 7-meson and %,(p,) is 
the z-meson wave function. The complicated 
contribution from various intermediate states 
is a function of p, and the masses of the 
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intermediate Baryons and Bosons and_ is 
denoted by M,. j shows the transformation 
property of M;. From the structure of M; 
we have the following results. 
(a) G09) = G0) 
=Scalar (S), Vector (V) and Tensor 
(T). For these lepton covariants we cannot 
construct M,. That is, 7-decay connot occur 
by this mechanism. (e-int. is neglected). 
(P) ($0) = ($0) 
=Pseudoscalar (P). M,; must be the 
scalar function of p,;=—m, and _ inter 
Then (1) is 
identical with the results given by the 


mediate particle masses. 


following primary interactions 
Mou Sle So) One Gat. (2) 


where 7,’ is 7, ot 1 according to the relative 
patity of (or e) and ». In the ratio RK 
of the z-decay probabilities R=W(z—e6e 
+») /W(mt>y+v), M will disappear by 
the cancellation and we get R™5.5 which 
is completely unacceptable. 

7) G0.) = G.0;%,) 
=Pseudovector (PV). M; must be of 
the form p, M’ where M’ is a scalar function 
with similar properties to M. Then (1) is 
equivalent to the results given by the follow- 
which were 


ing elementary interactions 


adopted as g-int. in A. 
M’ (Gu or ols laf) OD an Gs Cc. (3) 


In this case R is proportional to (m,/m,,)° 
and is R™1.3%X107* which seems not to 
be inconsistent with experiments so far.” In 
the case of (@), however, e-int. correction 
will be important because otherwise all cases 
of (a) are forbidden. 


internal photon lines which contain external 


The inclusion of 


-meson or electron will make all cases of 
(aw) allowed, though it decreases greatly 
the probability by the factor PA AYi37):. 


From the general arguments”, however, 
under our assumption, even if we take into 
account the corrections due to eint., we 
cannot expect the factor~(m,/m,)° in R 
except in the cases (,0,¢,) =(¢.0.)= 
PV or V. Thus PV- or V-coupling (V has 
the drawback that the leading matrix ele- 
ments contain the factor @) must play 
essential parts in explaining the ratio R. 
The analysis of /-decay coupling, however, 
seems to indicate S+T+pP(p=1 or 0) 
and reject PV and V.® 
difficult to ascribe 7+ to the above 


Hence it is quite 


G- and f-mechanism, if we stand firmly on 
our assumption of process independence of 
fint. Thus it is shown that as long as 
we adhere to the idea of eliminating the 
universal g-int., we are forced to add more 
complicated structure to f-int. This problem 
will be discussed in the following letter. 


1) K. Iwata, S. Ogawa, H. Okonogi, B. Sakita 
and S. Oneda, Prog. Theor. Phys. 13 (1925), 
19. This paper is cited as A in this paper. 

2) S. Ogawa, Prog. Theor. Phys. 18 (1955), 367, 
S. Ogawa, “ Seryushiron-Kenkyu ” (Mimeogra- 
phed circular in Japanese) 91955) e273: 

3) This assumption seems reasonable because, ex- 
cept for z-and K,,»-decay, all the known reactions 
appear to be symmetrical between j-meson and 
electron. 

4) H. Friedman and J. Rainwater, Phys. Rev. 81 
(1951), 644, F. M. Smith, ibid. 81 (1951), 
897, S. Lokanathan and J. Steinberger, Phys. 
Rev. 98 (1955), 240 (A). 

5) H. Miyazawa and R. Oehme, Phys. Rev. 99 
(1955), 315. 

6) See, for instance, D. C. Peaslee, Phys. Rev. 91 
(1953), 1447, M. Yamada, Prog. Theor. Phys. 
10 (1953), 252. 
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On the Elementarity of the Weak 
Boson-Fermion Interaction, II* 


Sadao Oneda', Shoichi Hori 
and 


Akira Wakasa 


Institute of Theoretical Physics, Kanazawa 
University, Kanazawa 


February 2, 1956 


From the results of the preceding letter”, 
we continue the standpoint of eliminating 
the universal g-int. by making the following 
minimum relaxation of the universal char- 
acters of f-int. 

(1) ‘The value of the coupling constant 
f is unique but the coupling types are 
process dependent.” 

As regards the estimation of the ab- 
solute values of the transition probabilities, 
we have rather little knowledge and we 
cannot compare with much confidence the 
transition probabilities calculated for different 
coupling types of f-vertex. From the know- 
ledge of /3-decay coupling, however, we can 
deduce the following general arguments for 


the possible coupling types. 


(a) ($.O¢,)=SFT. (GOW) 
contains at least PV or/and PS. 
In this case 2—>e+ probabilities 


contain a@° compared with those of 7+» 
which will be useful to explain the ratio R. 

(b) (f,0,,) =SFT+P. ($,0) 
contains at least PV. This is possible only 


* A preliminary account of the present paper 
was given in “ Soryushiron-Kenkyu” (Mimeogra- 
phed circular in Japanese) 9 (1955), 559. 

{| Now at Department of Theoretical Physics, 
University of Manchester. 


if it turns out that 7>y+¥ through PV 
can predominat2 over ed Tg 9d through P. 

For every vertex, however, 7 S>etyt+7 
(also m—>ptyt?r) will occur through Gef- 
process. For the same type of f vertex 
t—e+v+t7 will be more favoured than 
m>p+y»+7 by the available phase space 
volume. For (¢,0,/,) SHT and V, 7> 
e+v+t7 will be more frequent than 7—> 
e-+v because the transition probabilities con- 
tain the factor a for the former cases and 
a® for the latter. The situation is exactly 
the opposite for P. Thus the experiments 
on the frequency ratio R’=W (x>e4+¥47) 
/W(z— e+) are quite interesting. If 
R’ <1, (a) will be completely rejected. On 
the other hand, if R’>1 (a) will be the 
case. For (b) it means that 7—e+v 
through P is less frequent than Te +¥ 17 
through S and T which have the factor a 
So if R’>1, 
Thus the 


ratio R’ will give an indirect test of (3- 


in their decay probabilities. 
(b) seems to be unacceptable. 
coupling. If (i) we agree to make such a 
relaxation as (a) and (b) in the universal 
and symmetrical characters of f-int. and 
(ii) in addition, the values of the matrix 
elements M or M’ in (2) or (3) of I 
turn out to be of the correct order, then 
we are in a position to be able to deduce 
T— uv without introducing universal ¢-int. 
If neither (i) nor (ii) is the case, the 
introduction of primary g-int. is the simplest 
and the most natural procedure. For instance, 
the assignment S++ T for process independent 
frint. requires the factor a” for T—>p(e) +Y 
and it may be possible that G-, eand f- 
mechanism is not responsible for 7—> pers 
(B) Hyperon decays 

Let us proceed to other g-reactions, the 
Hyperon decays, assuming that f-int. have 
such properties as discussed above and so 
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ate able to lead to Z—>u-+Y coupled with 
Gint. As already pointed out” we must 
add a new feature to fint. for this purpose, 
namely (II) “‘ f-int. must be extended into 
four Baryons (not neutrino processes) .” 

To develop the similar procedure to 
(A) we make the the following assumption 
and the following approximation. 

Assumption. “Let f-int. containing 
(uv) and (P, ) be (G.0) GOs) 
and (0,4) (¢,0,..), where a and 6 
are some sets of Baryons. Among these 
fint. there is complete symmetry” between 
(yu, ¥) and (P, M). 

Approximation. “ /’ and P in these 
fint., as and », cannot interact strongly 
with other Baryons.” 

Under the above assumption and ap- 
proximation A’-decay is realized by the 
processes shown in Fig. 1, which have the 
same diagrams as Fig. 1 of I for the inter- 
mediate states. Then completely similar 


arguments to (1) of I are possible. 


|“ 


f 


~ 


(a) CP 0;f.) = (Gp Oj Po) 
—S,Vand T. These are forbidden, but 
if we do not make the “ freezing” ap- 
proximation AWv>P+2-is allowed by the 
inclusion of G®-correction (not ¢-correction). 
(9) (Cer) = (1,0 n0) =P. 
In place of (2) of I we have for A°>P+7, 


M(Grs' no) Pa (1 ) 
(7) ($0) = (,O;¢ no) Je 


In place of (3) of I we have 
M (Piyi's'7r9) 20) Ora (2) 


Comparing (1) and (2) with (2) of I 
and (3) of I respectively, we can estimate 
the decay life-times of A’>P-+77 from that 
of 7>y-+¥ without knowing the details of 
M and M’. 


shown that O;=1, 7,7, and 7, can give the 


From the results of A, it is 


correct order of magnitude within the factor 
2~10. 
of 7}. 


The best fit is given in the case 
This is interesting because it predicts 
the different space inversion parity for A’ 
and P. For >)- and Z-decay we can have 
similar procedure taking their spin values 
to be 1/2 and can also expect the work- 
ability of G- and fintermediation, provided 
that it is the case with 73+. The 
main patt of the G-corrections neglected due 
to our “ freezing ” approximation seems to 
correspond to the G*corrections which are 
also neglected in the discussion of primary 
g-int. for A°>P+7-. It is not certain 
whether such corrections may be responsible 
for the discrepancy of the order Gr 2 eo) il(0), 
Analogous mechanism, of which details we 
do not give here, is of course considered 
fornK =F Y: 

In conclusion we infer that in order 
to eliminate the elementary g-int. we must, 
at least, impose the more complicated struc- 
ture (I) and the extension (II) to f-int. 
It is also shown that if we admit these 
conditions, it is possible to explain the 
Hyperon decays and possibly the K,>p-+¥ 
if we can explain 7>y+v by G, e and 
frintermediation. More detailed discussions 
about universal interactions will soon appear 
in Nuclear Physics. We are indebted to 
Prof. T. Tati and Dr. S. Ogawa for their 


kind discussions. 
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1) S. Oneda, S. Hori and A. Wakasa, Prog. 
Theor. Phys. 15 (1956), 300. 

2) S. Ogawa, H. Okonogi and S. Oneda, Prog. 
Theor. Phys. 11 (1954), 331 and reference (1) 
of I, § 5. Dallaporta also discussed this problem 
independently by different method. N. 
Dallaporta, Nuovo Cimento 1 (1955), 962. 

3) From the decay schemes z>+¥v and A°>P+ 
z-, it may be reasonable to assume symmetry 
between (u+y) and (P+ A) if some regularity 


exists for weak interactions. 


On K-Meson Decays and the 
Universal Interactions* 


Sadao Oneda', Shoichi Hori 
and 
Akira Wakasa 


Institute of Theoretical Physics, Kanazawa 
University, Kanazawa 


February 2, 1956 


As the continuation of the preceding 
works’’, we want to discuss here some aspects 
of K-meson-decays from the standpoint of 
universal interactions. Recently the existence 
of the decay modes K-z-+7° has been 
confirmed. We also have other similar 
processes, //— 70" + 7~ These 
might be explained by some universal weak 


Boson-Boson interaction. 


and 7-37. 


Here, however, 
we continue to try to explain these pheno- 
mena in terms of the universal interactions 
mentioned in the preceding papers. K—- 


m-+7" is a rather slow reaction (7>~107*- 


* A preliminary account of the present paper 
was given in “Soryushiron-Kenkyu” (Mimeographed 
circular in Japanese) 9 (1955), 559. 

t+ Now at Department of Theoretical Physics, 
University of Manchester. 


10-° sec.) and cannot be realized through 
G-int. only. | Thus some weak interaction 
must take part in its decay mechanism. 
On the other hand, we have other charged 
Boson decays, Kyte +e and K,,— 
e+?°+?°, which seem to be not less frequent 
than K->7+7". 
decay as Ky (and e) +y+-72°” and. ih: 
vestigate the possibility that they are the 
alternative decay modes of K>7+7". As 


two leptons are contained, we may imagine 


Here we interpret K.- 


at once the possible G- and f (neutrino 
process) intermediation shown in Fig. 1 for 
its simple mechanism”. Except for the 
f-vertex which contains leptons and is mainly 
responsible for its longevity, all other vertices 
must be G-int. There are some restrictions 
on this f-vertex. 

Consider the vertex which is obtained 
by replacing (y,») in the f-vertex by a 
m-meson. If this new vertex has the charac- 
ter of being able to become G-int., K— 
a+7° will occur as a fast process unless 


Thus the 
longevity of K—>y (and e) +v-+7° requires 


there are other selection rules. 


that in our mechanism two Baryons which 
appear in the f-vertex must be those pos- 
sible combinations which lead to a weak 
vertex when leptons are replaced by 7-meson. 
Let us call the new weak vertex comprising 
external 7-meson a /-vertex in Fig. 2. We 
take K-meson to be a scalar meson. Let 
the energy-momentum four vector of the 


K-meson, 7"-meson, in Fig. 1 and Fig. 2 


K K 


H x 
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if. . 
be pu, q. and q, respectively. We assume 
that both f and g-int. have Baryon covariance 
The transition matrix for each 


e- P type. 


Process is given by 


9M, (p, 9) Px(p) Gr0(q) Ox (p—49)* 


for K>7+7", 
FM, (2, 7) Ox(p) 927’) Gurs’P) (2-9) 
for K>p ae y 4. To 


M,(p, 4) is a scalar function of pPu=—m'n 
qz=—m;, (p,q) =—4mx and the masses 
of particles which appear in the intermediate 
states. M,(p, q’) is obtained from M,(p, 9) 
by replacing only (p,q) by (p, eens 
= mig <A pr) <— (mi-+ mE — m3), the 
(p, 1)/(p 9g) only 
So if M, does 
not depend radically on (p,q) it will be 


values of the ratio 


vary from about 0.5 to 1. 


good approximation” to take (p,q) = pid 5 
which means M,(p,q)==M.(p, q’)- 

The transition probabilitites in the rest 
system of K-meson are given by (m= 
970 m,) 


1/7(K9a +2") =27° (22) 19° M,'mx 
x (1—4u?) 1? 

1/t(K>p+y+n") =27>(27) ~*f?*M,'me 
x {(1+u?— 20") A—2/3B—20'C}, 

where 

A= (1+—v’) —40 log{ (1/2u) 

x a+’—v+)], 

B=», 

C=w— (1-1) log [ {1-207 —v? ue" 
tit (1—v’) wt /2w*]+ (1 +u’) 
Xlog (1/2u) +v7—v +7), 

pe (1a 2P 2 20 put pe 

u=m,,/Mx, v=m,/mr. 


Here we put M,==M, and assum>, for 


instance, the same frequency for both rea- 


ctions. Then taking Fermi constant f=1.4 
X10-" erg cm*, we get 9°/47=1.8X 10°. 
This is strikingly in accord with the value 
of the coupling constant of pseudoscalar 
interaction for 7—>py+» decay (f° /47= 
2.08X107). Putting v0 we get the 
decay lifetime of K>e+v+z7°. The fre- 
quency ratio R= W (K>e+¥+2") /W (K> 
pety+n’) turns out~2.3 for our choice 
of the interaction type”. The prediction 
of the comparable frequency seems to be 


Thus in 


the above discussions we can show that by 


not inconsistent with experiments. 


these categories of interactions (G-, f- and 
g-int.) the two possibilities of K>7+7° 
and K->yp:(e) +v+t7° may be expected to 
have about equal probability. In the above 
discussions we only assign g-vertex to the 
outgoing 7* meson. If we introduce weak 
g-int. comprising 7’-meson and K-meson, 
g-int. may also appear in other vertices. 
On the whole, we might say that g-int., 
in effect, will appear in three external vertices 
with the same probability. This will make 
K->2-+7° more frequent than K,;decay. 
Similar procedure is also possible for vector 
K-meson if we confine ourselves to the same 
fi and g-coupling. We can also expect that 
the same mechanism will lead to anomalous 
(°-decay such as > p*+y+n7*, etc. It 
must be noted that our discussions do not 
give light on the elementarity of g-int., 
because there still remains the possibility 
of deducing g-int. from other universal 


interactions. 


1) S. Cneda, S. Hori and A. Wakasa, Prog. 
Theor. Phys. 15 (1956), 300, 302. 

2) Most of the experimental results used in this 
paper are based on those reported in Padua 
Conference, Nuove Cimento 12, Supplement No. 
2, (1954) and. Fifth Rochester Conference 1955. 
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3) S. Oneda, Prog. Theor. Phys. 9 (1953), 327, also appear in the same way as (pf, q’) ard 
§ 4, G. Costa and N. Dallaporta (Nuovo (p,q). This is also quite a good approximation 
Cimento 2 (1955), 519) also discussed this if S-wave emission of 7°-meson in K;-decay is 
problem independently. We may refer to their favoured. + 
results as regards the rough oder estimation of 5) There may be some doubts whether (¢-Oj;¢,) 
the absolute value of the transition probabilites. can ke pseudoscalar. Other types for it will 

4) This will be the case because p,* and q,” will change the ratio R. 

Errata 


Theory of Antiferromagnetic Resonance in CuCl, -2H,O. 
Takeo NAGAMIYA 


Progress of Theoretical Physics, 11 (1954), 309 

As pointed out by Gerritsen,'” there is a simple obvious error in my paper which 
has been published under the above title in Prog. Theor. Phys. 11 (1954), 309. The 
eigenfrequencies of the antiferromagnetic system turning in the ab-plane at the critical field 
applied along the aaxis are given by eq. (5:1); in the limiting case of ’=0 (spin axis 
parallel to the a-axis) they are given by 

(w/7)?=0 and (w/7)?=Q—q +4 (a +242), (a) 

and in the other limiting case of ¢’=7/2 (spin axis parallel to the b-axis) by 


(o/7)?=aq—q and (w/7)?=c,(a"—1), (b) 
as are explicitly stated in the text. The two values of (w/7)* as functions of ¢ connect 
the above two sets of the limiting values continuously and monotonously, without crossing 
with each other, as shown schematically by Fig. 3 which is the result of a careful exami- 
nation of eq. (5-1). However, the term —c, in the second formula of (a) has been 
dropped in Fig. 3 and in the subsequent discussions. In particular, Figs. 4, 10 and 11 contain 


incorrect features. Gerritsen writes that this error made me ‘ 


‘ overlook the simple physical 
meaning of these frequencies” ; however, one will clearly see the physical meaning of these 
frequencies from the statement in the text, only Figures 10 and 11 being not faithful repre- 
sentations of my idea. (Gerritsen remarks further that I called the resonance phenomenon 


related to these frequencies ‘ 


‘orientation resonance’, but I have never used these words.) 

The uppermost curve of Fig. 4 should be reduced by —c,; the same is applied to 
Fig. 18 of the review article by Nagamiya, Yosida and Kubo, Advances in Physics 4 
(1955), p. 1, which is a reproduction of this Fig. 4. 

In Fig. 10 (b) and (c), the middle curve should be broken beyond the point where 
it crosses with the lower curve. 

In Fig. 11, the top of each vertical solid line should be cut down to the point where 
the ascending curve from the left meets it. Further, from the bottom of the same solid lines 
in Fig. 11 (a) and (b) and from the top of the lower solid line in Pigg 19) Cela ia 
horizontal line going to the right should be added, which were dropped by mistake while 
drawing the figures. 


1) H. J. Gerritsen, Thesis (Leiden, 1955). 
2) H. J. Gerritsen, Physica 21 (1955), 639, 
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Absorption Spectra of Unsymmetrical Cyanines 


Gentaro ARAKI and Sigeru HUZINAGA 


Faculty of Engineering, Kyoto University, Kyoto 


(Received December 2, 1955) 


The absorption maximum of an unsymmetrical cyanine with two different end nuclei is generally 
of the shorter wave length than a mean value of absorption maxima of two symmetrical cyanines with 
the respective nuclei. Two different simple models are found for describing this fact. The first is 
a modification of the free-electron model which is based on an assumption that the influence of end 
nuclei on the z electrons in the conjugated chain can be represented by the Péschl-Teller potential. 
The second is the Herzfeld-Sklar model which is based on the consideration of the interaction between 
various chemical states of cyanine ions. Both the models can fairly reproduce the observed fact. 


Introduction 


A characteristic property of linear long conjugated molecules is the so-called vinylene 
shift. It is the shift in the absorption maxima, to the longer wave length, resulting from 
increasing the length of the conjugated chain by adding a vinylene group. Such vinylene 
shifts have been interpreted by assuming a molecular model in which one electron levels 
in a deep square-well potential are occupied by 7 electrons belonging to the conjugated 
chain”. In certain molecules, the amount of the shift depends on and is convergent with 
the number of conjugated double bonds. The convergence was shown to be due to interac- 
tions between 7 electrons”. 

Brooker® showed that the absorption maximum of an unsymmetrical cyanine with two 
different nuclei is generally of the shorter wave length than a mean value of absorption 
maxima of two symmetrical cyanines with the respective nuclei. It was further shown that 
the deviation from the mean value varies according as the basicity of nuclei. For example, 
let us consider three cyanines with two end nuclei: a symmetrical cyanine with the same 
end nuclei A, another symmetrical cyanine with the same end nuclei B, and an unsym- 
metrical cyanine with the different nuclei A and B, as is shown in Fig. 1. We denote 
these cyanines by a, b and c respectively. If the wave lengths of the absorption maxima 

of respective cyanines are /,, Ay, 


and /,, Brooker’s experiment shows 


: that 2, is generally less than 
Ga+%,) /2. We shall refer to the 
£ difference between 7, and the mean 
value of 4, and /, as the deviation 
b of 2,, the absorption maximum of 


Fig. 1. Deviation of absorption maximum the cyanine C. According to Brooker, 
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‘€ we fix the nucleus A and vary the nucleus B, the deviation of 4, varies with the 
basicity of B. The purpose of the present paper is to find the simple model which is 
capable of reproducing these deviations. 

The free-electron model in a square well cannot account for the deviation because this 
model contains only one parameter which gives a measure of the conjugated chain length 
and there is no freedom of including the influence of end nuclei. Though the application 
of the free-electron model to the cyanine dyes was tried by many authors, they did not 
quantitatively consider the difference of end nuclei. In order to take into account the in- 
fluence of end nuclei we should modify the model. 

The influence may be represented in various ways. The simplest way may be to 
modify the potential in the end portion. One may consider three ways of the modification 
(Fig. 2) : (a) to make a small well in each end of the bottom of the square well 
and make their breadth and depth different; (b) to make a terrace in each end of 
the bottom and make their breadth and height different; (c) to make the end walls of 
the square well finite and make their height different. We first studied the well and 


(a) (b) (c) (d) 


Fig. 2. Modifications of square well 
(a) small wells (b) small terraces (c) finite walls (d) extreme case 


terrace modifications. The eigenvalue problem could exactly be solved but the numerical 
computation by the desk machine was a very tedious task. We could not obtain any satisfac- 
tory result so far as we introduced only one well or one terrace for each end. 

To introduce many terraces means to change the end into the smooth curve. This 
modification was what we next studied. If we can represent the modified potential in an 
analytical way and further if we can obtain the eigenvalue in an analytical form, the task 
of the numerical computation can greatly be reduced. Such an eigenvalue problem was 
already studied by Péschl and Teller. We examined whether this model can reproduce 
Brooker’s experiment. The result was fairly good. This will be reported in the first 
section. 

In the next section the problem will be considered from a different view point accord- 
ing to Herzfeld-Sklar’s idea. Herzfeld and Sklar” considered, besides the two states of a 
cyanine ion in which a nitrogen atom in one end of its conjugated chain is ionic, inter- 
mediate states in which one of carbon atoms in the conjugated chain is ionic. They tried 
to interpret the absorption maxima of cyanines by the interaction of these states, but 
arrived at the conclusion that the general feature of their result was not satisfactory. 
Thus they did not compare the theory with experiment. We shall apply their idea to 
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the present problem in a somewhat different way. It will be found that this model 
is capable of reproducing the above mentioned deviation of absorption maxima of unsym- 
metrical cyanines if the appropriate values of parameters are assumed for various nuclei. 
This is the quantitative version of Brooker’s qualitative explanation.” 

In both models there yet remain unsatisfactory points in some finer details. The 
scope of the present models is, however, to account for a general tendency but not a detailed 
behaviour. The influence of the end nuclei is introduced as the modification of the poten- 
tial for 7 electrons in the first model whereas it is taken into account through the stability 
of the extreme states in the second model, as Brooker did qualitatively. The latter has a 
direct connection with the basicity of nuclei, but these two may be considered as standing 


on the same basis if we consider the electron distribution along the conjugated chain. 


§1. A modified free-electron model 


SSE 


Fig. 3. Péschl-Teller potential 


W: 7=1.0 d<1 
(0): y=3.266 6 =6.082 
Gs = 7-333 6 =24.590 


(6’): a combination of (0) and (6) ‘ 
Energy levels giving absorption maxima are indicated. All quantities are measured 
in atomic units. The numbers (0), (6) and (7) correspond to those in Fig. 
4 and Fig. 5. 
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The Péschl-Teller one-dimensional potential’ is given, in atomic units, by 


U8) | NE OR aby Oilers 
8b° sin” (7x/26) cos’ (7x/26) 
When 0, and 6, are the same, the potential is symmetrical, and, when they become smaller 
and smaller, the potential approaches to a square well with a breadth of b. Therefore 0, 
and 0, give a measure of its deviation from a square well as is shown in Fig. . 3:ie SE 
assume that, in the ground state of a cyanine molecule, lower one-electron levels up to the 
ny-th in this potential are occupied by 7 electrons which belong to the conjugated chain 
of the cyanine molecule. We shall refer to m) as the Fermi maximum. We further assume 
that b= (m+7,+7.)! where m is odd and denotes the number of carbon atoms between 
two nitrogen atoms in the conjugated chain, /=1. 4A is the bond length between two 


carbon atoms” 


, and 7, and 7, are parameters, respectively, belonging to one of the end 
nuclei (see Figs. 3, 4 and 5). In this model the character of end nuclei is represented 
by 7 and 0. 

The energy eigenvalue of an electron moving in the potential field given by V(x) 
was obtained by Poschl and Teller’ as follows : 


E= (2/1)? (n+6)?/[2(m+7,470)"], 2=1, 2,°> (1:2) 


where O= (0,+0,)/2. In the limit of vanishing 0-value the eigenvalues coincide with 
those in a square well. If 0 is very large the intervals between two adjacent eigenvalues 
are nearly constant with regard to small values of m. Therefore, when 0 becomes larger 
and larger the spacing of the lower part of the energy spectrum approaches to that of a 
harmonic oscillator. If we assume that there is no interaction between 7 electrons we have 


a first excitation energy of the total system as follows : 


ue (=), (2n+6,+0,+1) on 
l 2(m+7,+72)" 


where n, is the Fermi maximum, and 2n, is equal to the number of 7 electrons belong- 
ing to the system. If the linear chain of conjugate’ double bonds is bounded by two nitrogen 
atoms, for example, as is shown by (6) in Fig. 4, the number of 7 electrons is equal to 
m-+-1, where m is the number of carbon atoms between the nitrogen atoms. When the 
conjugated chain is extending beyond one of nitrogen atoms, for example, as is shown by 
(5) and (11) of Fig. 4, there is an ambiguity in counting this number. In this case 
we assume that the number of = electrons is equal to m-+-3. This assumption is somewhat 
arbitrary. The residual part of the influence of end nuclei is contained in the adjustable 
parameters, 7, 72, 0; and 0,. The assumption is justified if the theoretical interpretation 
of observed facts is satisfactory. In cases of (22) and (24) of Fig. 4 the conjugated 
chain is bent. Thus the theory is more qualitative in these cases. 

We can adjust the values of the parameters 7 and 0 for each nucleus discussed by 
Brooker” so that calculated wave lengths of absorption maxima agree with observed values 


for both symmetrical and unsymmetrical cyanines in which one definite nucleus is combined 
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Fig. 4. Symmetrical cyanines 
H, C and CH bonds are not written. At corners and ends of bond segments there are carbons. 
H’s should be so added that valenccs of carbons and positive ions of nitrogens are four and 
those of neutral nitrogens are three. Therefore open segments mean methyl radicals for example. 


with different nuclei (Fig. 5). The definite nucleus is the one contained in (0) of Fig. 
4. The adjusted values of the parameters for various nuclei, absorption maxima and de- 
viations ate shown in Table 1 and Table 2. In cases of the nuclei contained in the 
molecules denoted by (0), (3), (8), (9) and (22), there are several observed values to 


fit for the absorption maxima of the molecules of different length. The number of mole- 


cules in each case is respectively 2, 3, 2, 3 and 3. The number of observed data is 
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Fig. 4. (continued from the last page) 


thus larger than that of adjustable parameters, and some of the calculated values consequently 
deviate from the observed ones. In the case of (2) we have no value of the parameters 
to fit the experiment. The calculated values in this case are shown in the parenthesis. 
The similar differences between calculated and observed values are seen for the molecules 
of different length. These differences are of the similar magnitude as was seen in the 
free-electron model without the electronic interaction. Since we are here interested in the 
deviation we do not discuss the vinylene shift which was already discussed elsewhere. We 
see from these tables that a set of 7 and 0 of the varied nucleus is capable of giving a 
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Fig. 5. Unsymmetrical cyanines 


measure of the deviation. In fact, the deviation is 
the greater, the greater the value of 0, but a few 
exception, as is shown in Table 2. 

That the greater 0 means the stronger basicity 


If we 


consider an extreme case that 0,-=0 and 0,>1, the 


may be seen from a simple consideration. 


Poschl-Teller potential corresponds to a square-well 
with a terrace in its right part as is shown in Fig. 
2(d). In this case the 7-electron density of the 
molecule is larger in the left part. This means 
that the nucleus on the right is more basic than 
the other. From the similar consideration we may 
infer that the basicity is the stronger, the greater 
It should be noted here that 6 


itself does not mean the molecular length. Parti- 


the value of 0. 


cularly these two are quite different in case of 
larger 7. Nevertheless the region in which the 
wave function differs distinctly from zero is located 
within the real molecule even if the values of 7, 
and 7, are very large as is seen from Fig. 3. 
This owes to large values of 0, and 0,. In an ex- 
treme case that 7,=0,=-0 and 0,>1, the asymmetry 
of the potential within the molecule is the larger 
the greater the value of 7,. This means that 
the basicity is the stronger the greater the value 
of 7. Since thus we see that both 7 and 0 give 
a measure of the basicity of nuclei, we may adopt 
70 ot 70° as its indicator. As was mentioned above, 
the latter was seen to be better in fact, but this 
does not mean a quantitative measure of basicity. 

In case of large 0 the potential is quite 
different from the square well. The 7 electrons 


in such a potential field are always acted on by a 


restoring force but at its minimum point. Therefore the present result means that the 7 
electrons in the shorter cyanines with nuclei of strong basicity cannot move so freely as 
is expected from the simple free-electron model. , 

The present model cannot account for the convergence of vinylene shift because 
the interaction between 7 electrons is not taken into account. To calculate the interaction 
in this model, if it would be taken into account, is very difficult because the eigenfunc- 
tion is very complicated, as was shown by Péschl and Teller.” The purpose of 
the present section is only to see what gives rise to the deviation of the absorption maxima 


and we do not intend to study finer details. The vinylene shift itself is somewhat irregular 
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Table 1. Absorption maxima, and values of parameters for symmetrical cyanines 


A=wave length of aksorption maximun in my 


molecule A if 6 
(0) 448.5 3.266 6.082 
(1) 490 5.139 11.89 
(2) 555 (565) 5.700 10.88 
@) 583.5 6.500 13.44 
(4) 546.5 7.164 17.59 
(5) 569.5 7.655 18.91 
(6) 445 7.334 24.59 
(7) 570 8.728 24.09 
(8) 482.5 7.339 21.43 
(9) 557.5 9.258 27.56 

(10) SHIE FE) 10.40 38.38 
(11) 594 11.40 37.51 
(12) 604 12.58 44.19 
(13) SP) 12.61 45.12 
(14) 612.5 13.16 47.22 
(15) 564 13.88 57.97 
(16) 561 14.02 59.36 
(17) 634 15.02 58.08 
(18) 542.5 13.84 60.09 
(19) 559 14.41 62.61 
(20) 556 14.86 66.55 
(21) 570 15.58 70.65 
(22) 705 18.05 87.76 
(23) 562 16.85 82.64 
(24) 603 17.33 96.63 
(25) 495.5 16.20 86.73 


nn i 


Table 2. Absorption maxima, deviations and values of parameters for unsymmetrical cyanines 


If one of end nuclei of the molecule (0) is replaced by the nucleus of (&) the resultant molecule 
is denoted by (k’) as is shown in Fig. 5. 


A=wave length of absorption maximun in mp 


Ah>=Amean—A=deviation of absorption maximum in my 
molecule A Ah O° 
(1’) 465 4.5 73X10 
(2’) 488 (486) 14.0(21.5) 68X10 
(Em) 494 22.0 12x10? 
a 471 26 22 x 10° 
(Gig) 482 27. 27 X 10? 
(6’) 417.5 29.5 44x 102 
(7/4) 476.5 33 51X10? 


i gh be 
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—— 
— = = : SS 


molecule R | Ah 702 : : 

(8’) 431 34.5, 34 Xx 102 

(9) 465.5 37.5 70 X 102 
(107) 437.5 43.5 15103 
(11’) 475 46.5 16 X 10 
(12’) 474 52.5 25 X 103 
(13/) 468 54 26 X 103 
(14’) 476 54.5 29 X 103 
(15’) 446 60.5 47 X 108 
(16) 443 62 49 x 108 
(17’) 479 62.5 51X 103 
(18’) 431.5 64 50 X 103 
(197) 439 65 56 X 103 
(20/) 434 68.5 66 X 103 
(212) 439 70.5 78 X 103 
(22’) 504 73.0 139 x 108 
(23’) 426 79.5 115 X 103 
(24/) 440.5 85.5 162 X 108 
(25’) 380 92 22 alos 


SS 


in the shorter cyanines with nuclei of strong basicity. This may show the complex nature 
of the influence of end nuclei. To account for such a detailed point is beyond the scope 
of a simple model. Its scope is to give a general tendency. 


§2. Superposition of chemical structures 


We assume that the lower energy states of a cyanine molecule are represented by 


the superpositions of m-+2 states which correspond to the following structures : 


C C ME cae C C Cc 
a Ae A SS Ae oe PS 
Ya N Cc C Cc Cc N 
LAR Soe 
Sasol Wis Narr nr EX 
P71 (2-1) 
3a sein G © Cc 
J 7 Oe aN 
0 N C Cc Cc Cc N 


93 


wee ene eee ees vee 
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as Cc Cc Counc Cc C 

jf P< OES EES, 
N Cc (e 

Qm-1 Cc (e ie atid Cc. Gaia 

\ SS N 
re ‘oa C o; Cc N 
+ 

Ym Cc Cc Cerne G CG 
JO eT a sa diene ees 
N Cc C 

Yo G (G Cases Cc Cc C 
fi etl SF ae a dae 
N G (© Cc C N 


where only carbons and nitrogens in the conjugated chain are shown, and m is the num- 
ber of carbon atoms between the nitrogen atoms. The states of the extreme structures are 
denoied by the normalized wave functions, ¢, and #,. Those of the intermediate structures 
are denoted by $,, Po) ****** , and g,, but they are not normalized. The intermediate 
states, in which one carbon is ionic irrespectively of the position of the ionic carbon, are 
represented by the superpositions of Y,, PYo-'*, and Y,,. Since these functions are not 


normalized, we can assume that the deepest state of them is given by* 
Pi=Pi + Pot Pst TPms where ||¢,|//=m. (2:2) 


The superpositions of (2, Qi, Pots Gms and ¢, give m+2 levels which are denoted 
by Ey, Ejsc Bos: 9 sand Enerin the order from the deepest to the highest. The level 
spectrum is schematically shown by (a) in Fig. 6. The first excitation energy of the 
molecule is given by JE=E,—E,. We shall calculate E, and E, in an approximate way. 


Em +1 
E3; -—— 
E? re i ba Go —Ea) pi/a 
fDi; yp pee et» Teen eee | NS fed 
ee va Pb (ha ho) oii 
(a) (b) 
“6 16) 


We assume the orthogonality of 4/,, 1, Goss Ym; and #,. This assumption is mathematically 
correct although it may be technically difficult to make these functions physically significant 


*) For example, let us consider all linear combinations of three orthonormal real functions ¢,, ¢2 and 
gx. If we assume (¢), Hd) =(d2, Hox) =(s, Hos) =a, (di, Ho2) = (¢2,JH 3) =b 0, and (q, Hs) =0. 
The deepest state is ¢,+7/ 22+ 3 and the corresponding deepest level is equal to E=a+ 7/26. To this 
case we have m=3, g=V/ 30/2, G2=V E112, v= 3¥a/2 llosl=3/4, los =3/2, el?=3/4, dc =er+ 
g2+¢3 and |p|? =3. 
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In this case the mean square norm of %,(k=1, 2, ---, m) is equal to unity. If the 
Hamiltonian of the molecule is denoted by H, and if we neglect its matrix elements be- 


tween non-adjacent pairs of @,’s, the diagonal energy for #; is given by 
m m—1 
(Y,, A¢y;) pes (Li, H,) +2ReS) (Dry HG x+1)5 
C= k=1 


where /VeN stands for the real part of the number N. If we denote the mean value of 
(¢,, Hy,) by E, and that of Re (Cp Hx +1) by 7, we have 


(His FAyp;) = mE, He 2 (m 2 1) ip 
(2-3) 
m—1 


E;=2i (Fu H,) /m, 7= RED (rs Ax.1) /(m—1). 
= r=] 


We further assume that the lower states of the molecule are given by the superposi- 
tions of &,, ¢;, and #,. The total energy of the molecule is then given by the root of 


the secular equation as follows : 


E,—E a 0 
a mE,+2(m—1)y—mE B =) (2-4) 
0 B E,—E 


where the interaction between ¢, and 4, is neglected and 


Ee= (Das Hy.) E,= (rs H,) 
(255) 
a=|(Pa, AY;)| B=|(¢, Hy) |- 
It may be seen, from the structures (2:1), that the mean diagonal energy FE; is higher 
than E, and E,. The three roots of this secular equation give the approximate values of 
the first three levels of the energy spectrum. If we neglect, as before, the interactions 
between the non-adjacent pairs of the structures (2:1), ¢; is replaced by ¢, and @,, res- 
pectively in @ and f. If we put 
E=E— (E,+27—27/m) 
(2:6) 
G7—E,—E,+ 27, Cy ee ee ey 


the secular equation can be written as 


E+E,—2y/m a 0 
a mé B =0. (2:7) 
0 p E+E&,—27/m 


The difference of two roots of the secular equation (2-4) is equal to the difference of 
the corresponding two roots of this equation. Therefore the excitation energy is determined 
by sr Esse &; 8, 7, and m. We assume that the interaction integrals a, B, and 7 are 
independent of the number, m, of carbon atoms and that 7 is independent of the end. 


puclei. The former two, @ and (, depend on the end nuclei A and B respectively. We 
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further assume that the energy differences €, and &, are characteristic of nuclei A and B 
respectively but independent of m. It may be seen, from the structures given by wide 
that these assumptions are nearly correct if we neglect finer details. 

When the ion is symmetric, the secular equation can easily be solved and the three 


levels are given by 
E,=E,+| (€a—27/m) + {(€,—27/m)* + 8a" /m} vai? 
ie. (2-8) 


Table 3. Values of parameters for symmetrical cyanines 


All quantities are measured in atomic units 


fT=-1 7——05 

molecule aa | 3 

Ea (3 3a | Ea a~ 
(0) 0.32 | 0.2087 0.15 0.1147 
(1) 0.34 0.1936 | 0.17 0.1076 

G3) 0.36 0.1636 0.19 0.09138 

(6) 0.37 0.2233 | 0.20 0.1286 
(9) 0.38 0.1761 | 0.21 0.1005 
(16) 0.39 0.1769 0.22 0.1018 
(23) 0.40 0.1786 0.23 0.1036 


Table 4. Symmetrical cyanines 
A=wave length of absorption maximum in my 


m=number of carbon atoms between nitrogen atoms 


= —~—— RR, 


| Aen tio 
molecule m Aawes | ; 
| y=—0.5 y=-1 
‘ 5 448.5 | 448.5 | 448.5 
(0) 
7 541 | 527.5 | 529 
i 3 i> 393 | 396 
(1) 5 | 490 490 | 490 
a a y ihe a SL ans 580 
3 449.5 465. a |eetoo 
G) 5 583.5 583.5 583.5 
—— =i. a 682 695.5 693.5 
3 : 352) un ns OG: 
(6) 5 445 445 445 
ee ap Se De re : 530 
3 423 440 446 
(9) 5 557.5 557.5 557.5 
é vo : 7 ME? 7650 668.5 665 
3 el Sa, ese Mine 2S 
(16) 5 561 561 561 
5 toe. RZ) om 674.5 670.5 
3 P 440 1447; 
(23) : 562 562 562 
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EVE sr | (eg 27/1) ae {(E,—27/m)* + 8a°/m} Mall fee 


These are shown by (6b) in Fig. 6. The first excitation energy of the symmetrical cyanine 
is 


4E=E,—E,=| {(€&.—27/m)’ +8a°/m\'— (€,—27/m) |/2. (2:9) 


We determine the values of the parameters &, and a, which are characteristic of the 
nucleus A, by comparing this equation with observed absorption maxima of symmetrical 
cyanines in the cases of 7=—0.5 and —1 atomic units. The result is shown in Table 
3. The calculated absorption maxima are shown in Table 4. 

Next we calculate the wave lengths and deviations of absorption maxima for unsym- 
metrical cyanines by using these values of parameters. The secular equation is numerically 
solved by the method of Newton. The values of parameters are so adjusted that we obtain 
a uniformly better agreement with experiment, by repeating the computations for both 
symmetrical and unsymmetrical cyanines (see Table 4). The result is shown in Table 
5. We see that the characteristic properties of che experimental result obtained by Brooker 
are reproduced in a somewhat qualitative and nearly equal way by the present model for 
both cases of y=—0.5 and —1. Particularly ict should be noted that the energy difference 
parameter €, gives a measure of the deviation, the value of the parameter @ is nearly 
independent of nuclei, and the calculated deviation of the absorption maximum is the 
greater the larger the number of carbons, in qualitative agreement with experiment. The 
last fact means that the model accounts for the convergence of vinylene shifts in the case of 
unsymmetrical cyanines since the vinylene shifts are non-convergent in the case of sym- 
metrical cyanines. 

The large €, implies that the extreme structure is more stable, and this means the 
stronger basicity of the end nucleus A. The detailed account for this circumstance was 
given by Brooker”. The present result shows that Brooker’s qualitative expectation is 
quantitatively correct. As for the meaning of a we may consider as follows. If we assume 
that , and ¢, are represented by the atomic orbital method, the energy integral a means 
a kind of the interaction between two 7 electrons on the N atom of the nucleus A and 
on the adjacent C atom of the chain under the influence of the other z electrons and the 
molecular core. In the similar way we can consider that 7 represents the mean of the 
similar interaction energy between two 7 electrons on the adjacent C atoms in the conjugat- 
ed chain. This consideration may make plausible the justification of neglecting the intera- 
ctions between non-adjacent pairs of states. The molecular length has an influence on 
these energies, but it may be possible to assume the variation of the influence to be small 
within the small range of m, as is done in the present model. 

The present model roughly accounts for the vinylene shife by the number of interme- 
diate states which gives the measure of the molecular length. The explanation may hold 
only in a restricted range of the molecular length because the assumption for parameiers 
the broader range of the number of carbons. In this model, when 


may not be valid for 
the number m of carbon atoms is very large, the wave length of the absorption maximum 


of a symmetrical cyanine reduces to 
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Table 5. Unsymmetrical cyanines 
A=wave length of absorption maximum in mp 
A=Amean—A=deviation of absorption maximum in my 


molecule m Aods: dhoos | hae Aheaic | Annie Akcate 
3 375 3 3745 | 55 
/ ’ 462 vis. | 463 f 
ise ; Son = 543 11 | 544 10.5 
3 7 401.5 12.5 ae > 
/ 22 | 491 25 | 4 
ee ; Mg" 568 43.5 | 563.5 48 
3 iMaRSIES 27 kee 27 
(6’) 5 417.5 29.5 | 400 47 400.5 46.5 
i 458.5 71 457.5 72 
™ 3 " een 369 32.5 | 371.5 33.5 
(9’) 5 465.5 375 | 442 61 440.5 62.5 
7 522 73.5 499.5 98.5 496.5 100.5 
3 | 358 44 | 360 43.5 
(167) 5 443 62 423 82 | 421 84 
7. 472 129 469 131 
7 3 344.5 57 347 58.5 
(23’) 5 426 79.5 402 103.5 400.5 105 
Tia 444 158.5 400.5 | 160.5 
A=hce/ JE =he (mE, —27) / (2°). (2-10) 


We have no real example in which m is so large that this equation is valid and the pre- 
sent model may not be valid in such a case. Nevertheless this equation shows the vinylene 
shift in a qualitative way. 

Brooker showed that the vinylene shift is cenvergent in case of unsymmetrical 
cyanines whereas it is non-convergent in case of symmetrical cyanines. This may 
qualitatively be understood in the following way. In the present model the energies E,, and 
E,, of the extreme states are respectively displaced to E,’ and E,’ by the influence of the 
intermediate states. The absorption maximum corresponds to the excitation energy E,/—E,! 
when E,’ is higher than E,'. The influence is the smaller the longer the molecular length, 
and the excitation energy ultimately converges to the limit E,—E,, when the molecular length 
becomes infinitely long. In case of unsymmetrical cyanines E,—E, has a finite value 
owing to the difference of two nuclei while it vanishes for symmetrical cyanines, that is, 
the wave length of the absorption maximum has an upper bound in the former case 


while it has no bound in the latter case. This phenomenon results in the difference in 


question. 
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The character of the generalized field equation for the electromagnetic four potential in curved 
space-time is investigated. The main problems treated in this paper are (i) the problems concerning 
the gauge transformation and the auxiliary condition, and (ii) those concerning the properties of the 


spherical wave solutions of the field equation in static spherically symmetric space-time. 


S$ 1. Introduction 


In Minkowski space-time the wave character of light has been investigated in detail, 
while in curved space-time it has scarcely been studied. The main purpose of the two 
papers published by one of the present writers was to investigate this problem.” In the 
first paper the relation between the wave front represented by the solution of the wave 
equation of light and the paths of light, i.e., the null geodesics of the space-time, has 
been clarified. In the second paper the properties of light wave have been studied from 
the standpoint of the electromagnetic optics by examining the spherical wave solution of 
the Maxwell equation generalized in an S (abbreviation of ‘static spherically symmetric 
space-time’). By these investigations it was made clear that the character of the wave 
solution of the generalized Maxwell equation in curved space-time, especially that of the 
spherical wave solutions in an S, may be considered as a natural generalization of the cor- 
responding ones in Minkowski space-time. 

In this paper we shall investigate the properties of the electromagnetic four potential 
¢; in curved space-time by solving its field equation in order to clarify whether the above 
stated circumstances may hold for ¢; or not. In treating the electromagnetic phenomena 
the potential Y; is used frequently together with the field strength F;; (or its physical 
components EF and H). Historically the potential ¢,; was introduced as an auxiliary quantity 
for solving the Maxwell equation. Later, however, it has become an essential quantity 
for constructing the electromagnetic theory, especially when the Lagrangian formalism is 
concerned. And moreover it is needless to say about its important role in quantum electro- 
dynamics. Taking account of such circumstances it will not be meaningless to investigate 
the property of the potential y, in discussing the electromagnetic phenomena in curved 


space-time. In [II] we have made clear the properties of the spherical wave solutions for 
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E and H in an S, but the corresponding solutions for ~; have not yet been obtained. 
Therefore we shall obtain its concrete form, and in connection with this we shall treat the 


gauge transformation and shall study its properties especially in an S. 


§2. Generalized field equation for four potential 


In [II] we have examined the general character of the field equation for four potential 
in curved space-times. Now we shall investigate the characteristic feature of the gauge 
transformation in curved space-time and shall obtain some special solutions of the equation, 
restricting the problems within the case of free radiation field as in [Tr]. 

First in this section we shall obtain the concrete form of the field equation in an S. 
In the absence of four current the generalized Maxwell equation for the field strength F;, 
is given by 

V ,FY=0, Cp ky or 1, os%, 4) (2:1) 
Fy, 2=V F ;=0, (2 2) 


where 7, denotes the covariant derivative with respect to x". By (2-2) the existence of 
the four potential ¢; satisfying* 
F,,=0 ;—V 0:=9:2j;—90:,  (O=0/0x') (2-3) 
is assured. Inserting this into (2-1) we obtain the generalized field equation for four 
potential : 
GV I 2.0.0) +Kig:=0, (2-4) 
where K;, is the Ricci tensor of the space-time. If we impose the relation 
V eo =0, (2=5) 
the field equation (2:4) becomes simply** 
SV VT + Kig,=0. (2-6) 
The relation (2:5) can be regarded as a generalization of the usual Lorentz condition, 


therefore we shall call it ‘ generalized Lorentz condition.’ 
A gauge transformation for 9; is given by 
9,=9;1V A=G;+0,A (77) 
where A is an arbitrary scalar function. Though Fi, is invaricat under (2-7) for any A, 
(2-5) and (2-6) are not always invariant. The condition for the invariance of (2-5) 
and (2:6) under (2:7) is given by 
DAH V ,A=0, (2-8) 


not the physical components, of y; are used. 


* In this paper the tensor components, 
h though the latter seems to be 


& Concrete form of (2-6) is not always simpler than that of (2-4), 


simpler at first sight. 
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where [], denotes the generalized d’Alembertian for a scalar. This is the natural genera- 
lization of the well-known relations of the so-called Lorentz gauge in Minkowski space-time. 

On the other hand, if we give up the requirement of the covariancy, we can take 
another way of restricting the gauge, namely, the generalization of the Coulomb gauge. 


That is, we can take 
V 50" =05) (e=15:253) (2-5’) 


as the auxiliary condition for 9; instead of (2:5). If we use this (2:5’) and take any 
time orthogonal coordinate system, the field equation takes the following form instead of 


(2:6): 
SVE Pu—V x (V7 .¢') +Ki,9:=0, (c=1, 2, 3) 
OV V4 P4+Kie;=0 (es 2s 3) 


(2:6') 


We can consider the meaning of these equations analogously to the case of Minkowski 
space-time. It is also to be remarked that the field equation for ¢, is of the elliptic type 
by virtue of the fact that the signature of the space-time is given by (——— +). 

Next we shall obtain the concrete forms of (2-5) and (2-6) in an S taking the 
canonical coordinate system in order to study the properties of the generalized equation for 


y;. In this coordinate system the line element takes the form: 
ds = —A(r)dr—rd?—r sin? de? +C(r)d?.  (x'=r, 0, ¢, £1) (2-9) 
Inserting this into (2:5) and (2-6), we obtain as the generalized field equation for 9;: 
CPi +7291 + C7 (2/r—C'/C) 9,9, + 751 = 0, 
DGo+740;%2— (2/rA) 0,9, + (2 cot A/r° sin’ 7) 0,¢,+ (1/7 sin® @) g,=0, 
C13 +140193— (2/rA) 0,9, + (2 cot /r’) 0.9,— (2 cot O/1*) 0,9,=0, 
CPs +750P1— (C'/AC) 0,9, =0, 


(2-10) 


where 
(= —A4-10,,— (7° sin 0) 14, (sin 09,) — (7 sin 0) ~"Ojg+ C718 yy, (0,, = 0°/8x'dx) 
T= (2A) *(3A'/A—C'/C—8/r), 
t3= A" /24°— C"/2AC + 3A'/rA + C"/2AC* + A'C'/24°C—A?/ A (2-11) 
—2/Ar’—C'/ACr, 
t4= (24) *(4'/A—C'/C), y= (24) *(4'/A4C'/C—4)2), 
and as the generalized Lorentz condition : 
—AN0,9,—1*O.P.— (r sin 9) *0,0, ++ C19,9,+7,9, 1? cot 0-~,=0, (2-12) 


where 


t= (24) ° (4’/A—C'/C—4/r), (2 13) 
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respectively. Here primes indicate derivatives with respect to x'==r. 

In the next section we shall investigate the properties of the gauge transformation 
using (2:10) and (2-12). 
N. B. We shall give some remarks concerning the auxiliary condition : 
(1) As was already discussed in [II] the equation (2:5) is not a unique one which can 
be used as the auxiliary condition in curved space-time. For instance, we may take another 
form : 


Ki¢:—ViV gv’) =0 (2-14) 
instead of (2:5). In this case we obtain 
Dg=9'V I 1=0 (2-15) 


as the field equation. This seems to be simpler than (2-6), but in some coordinate 
system its concrete form is not simpler than that of (2:6). Further when the space-time 
reduces to the Minkowskian, (2-14) reduces to the form: 


0,¢' =const. (2-16) 


in cartesian coordinate system, which does not coincide with, and is less stringent chan, the 
usual Lorentz condition. Therefore it seems to us that (2:5) is more natural as a gener- 
alization of the usual Lorentz condition than (2-14). 


(2) We can take 
r?V C/A, (P/Y AC -¢,) +1 (sin 0) ~* {9, sin 09, + (sin 0) ~*0,05} —C~'0,9,=0, 
(2-17) 


as the auxiliary condition for g, in place of (2:5). It is always possible to obtain a 
solution satisfying (2-17) from any solution y; of (2-4) by a suitable gauge transformation 
(2:7). The field equation and the auxiliary condition (2-17) are invariant under the 


gauge transformation when the gauge 1 satisfies the equation : 


r?V C/A A, (P/V AC -O,A) +1-?(sin 7) ~* {9, sin 09,A + (sin 9) ~'050.4} 
—C~19,,A=0. (2-18) 


In this case the field equation for ¢, becomes 


roe /C/A 2, (r'/ WAC. 0,94) + r~*(sin @) ~ {0, sin G9,0,+ (sin G) 0.04} 
Be aes, (2-19) 


hence it is clear that there exists a solution in which Y,=0. Furthermore we can always 
obtain a solution in which ¢,=0 from any solution by a gauge transformation satisfying 
(2-18). (Compare this result with those of the next section. By using (2:5) we cannot 
obtain a solution whose Y,=0 without some additional condition for the solution.) (2:17) 


is not tensorial and this formalism is not invariant under arbitrary coordinate transformations. 


326 H. Takeno and Y. Ueno 


§3. Some properties of the gauge transformation 


Taking the cartesian coordinates in Minkowski space-time, the general solution of the 
field equation (2:6) for 9; 1s formed by superposing the plane waves. In this case, as 
is well known, we can choose A so that ¢, and the longitudinal wave vanish within the 
Lorentz gauge.* The corresponding character of the solution of the field equation in 
curved space-times is not yet known. Therefore it will not be useless to investigate this 
problem, especially in an S. It is, however, difficult to determine distinctly how to gener- 
alize the concept of the plane wave in curved space-times.** Hence in this paper we shall 
discuss only the problem concerning the elimination of gy, in an S. Laying stress on the 
covariancy of the formalism, we shall use (2: 10) and (2-12) as the field equation and 
the auxiliary condition respectively. As willl be seen in due course, it is generally im- 
possible to deduce Y,=0 unconditionally. This is a remarkable feature in the solution of 
the field equation of the electromagnetic four potential in curved space-time compared with 
that in flat space-time. 

By the following series of mathematical lemmas the answer of the above problem is 

given : 
(I) Let ¢; be any solution of FL (abbreviation of * the generalized field equation (2-10) 
with the generalized Lorentz condition (2-12)’) in an S which is not an S,. Then a 
necessary and sufficient condition that y; be transformable into the form 9,=0 by a 
suitable GL (abbreviation of ‘the gauge transformation (2-7) with the condition (2-8)’) 
is that F,;=0,9,—90,9; satisfy F\,=0. 

Here the S, is a special kind of S introduced by one of the present writers, and it 
is an S in which C(r) of the line element (2 9) is a positive coactznt in any canonical 
coordinate system, and its properties have been investigated in detail.” Minkowski space- 
time and that of the Einstein universe are both S,, while both of the space-time given by 
the exterior solution of Schwarzschild and de Sitter space-time are not S,***. 

(II) In an S which is not an S,, if ¢; is any solution of FL in which 9,=0, it is always 
possible to make %,=¢%,=0 by a suitable GL. 

Summarizing the above (I) and (II) we have 
(IIT) When an S is not an S,, a necessary and sufficient condition that we can dedurc> 
a solution @; satisfying Y,=Y,—0 from an arbitrary solution ¢; of FL by a suitable GL 
{Seay 

Next when the space-time is an §, the following lemmas hold : 
ae In any S, it is possible to make Y,=0 by a suitable GL from any solution 9; of 
(V) Let S be an S, and ¢; be any solution of FL satisfying ¢,=0. Then a necessary 
and sufficient condition that we can make @,=¢,=0 by a suitable GL is that F,,=0. 


From the above two lemmas it is clear that (ITP) holds also when the S is an S 
i. 


* We can make not only gy, but also any component of gy; be zero. 
** See Appendix II in [HI]. 


ee a = ro : a 
Sy plays an important role in the theory of the superposition of S’s.4) 
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Therefore, we obtain 
(VF) In any S, a necessary and sufficient condition that we can make 0, —=@,= 0» bya 
suitable GL from any solution ¢; of FL is that F,,=0. 

The proofs of (f), ---, (W) are given in the Appendix. By the above lemmas the 
relation between the GL which makes @,=0 and the character of the space-time, and that 
between the GL and the properties of the TE wave (transverse electric wave : EEO) 
solution are clarified. Here we shall repeat che main points : 

(i) In order to make G,=0 by a suitable GL from any solution ¢, of FL, it is necessary 
that the space-time be a special one, i.e., an S,- 

(ii) If the space-time is not an S,, we can make ,=0 by a GL only from a special 
solution, i.e., the one whose F,,=0. 


§4. Solution of FL 


In this section we shall solve FL and shall get @,’s which correspond to the three 
kinds of spherical waves of E and H in S obtained in [JT], i.e., TE (transverse electric) , 
TM (éransverse magnetic) and TEM (transverse electromagnetic) waves. 

(‘) TE wave. Let 9; be the potential of an arbitrary TE wave. Then from the resulis 
obtained in the last section we can make %,=%,=0 by a suitable GL. If we substitute 
this relation in (2:10) and (2:12) we have 


CI) P2+749;%2+2 cot G(r sin 4) "05 PsP (r sin 9) ~"G,=0, (4-1) 


To ¢s+749; ¢,+2r? cot 49, $,—2r* cot G0, g,=0, 
02%.+ (sin 7) ~*0.9, + cot O¢,=0, (4-2) 


where, for simplicity the bar of @,;* is omitted. Eliminating ¢, from the first of (4:1) 
and (4-2) we have 


1) G.+7,0;9.—2r? cot 00,9, +r-* (1 —cot’ 0) g,=0. (4-3) 
Thea putting the following assumption of the separation of variables : 

Qi=R,(r, 1) (9) O(8), P= Ri (rs #) (0) 5 (8), (4-4) 
we have from (4:3) 

(d.,. +m |?,=0, 

[doy +3 cot Od,+ {n(n+1) +cot” 6—1—m’ sin ~°O} ]0,=0, (4-5) 

[—A-'0,,+7,0,+C70,,+n(n+1)r*]R,=0, 


* Diferentiating the first and the second equations of (4-1) with respect to ¢ and @ respectively, we 


ebtain by subtraction 


{Jo + 1495+ 2r-2 cot 002—(r sin 0)~?} Fo, =0, 


which coircides with (4-8) ie., (3-4) in [II]. 
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where m and n are constants of separation, and d,,=d’/dé, etc. From (4-5) and the 


second of (4:1) we have the following equation for Qs: 
d,P,= a, O,= —b- sin? 0 (d, 0, Ae d, cot ) > Ro Speak, (4 6) 


where a and 6 are arbitrary constants. 

¢, and %, are determined from (4-5) and (4-6) respectively and thus ¢; is com- 
pletely determined. We can easily show that E and H made from this solution ¢; in the 
case of n2<0 coincide with those obtained in [II], and that we can rewrite the ¢; in the 


form 
g,= — {n(n-+1)sin }-'(A,ru), P= sin O {n(n +1)} “7 (0,ru) , (4-7) 
where u is a function satisfying 
(rV AC) 10, (“C/A 9B, (ru) ) +17 (sin') ™ 9, (sin 49,u) 
+ (r sin 0) 0,,u—C7"0,,u=0. (4-8) 
@, for the case of n=O is nothing but the TEM wave which will be treated in the 


following (ii). 
(ii) TEM wave. In this case E,=0 holds again, so we have (4-1), ---,(4:6). Since 
H,=0 further, however, we have 


0,P.— 0.0,= 0. (4+9) 
Rewriting (4:2) in the form 


sin 09, (sin A.) = —90:¢;, (4-10) 
we have from (4:9) and (4-10) the following equation : 


[0,, sin @+sin 9, sin 00, sin O]y,=0, 
(4-11) 
[9,,-+sin 09, sin 00,]¢,=0, 
of which the first concerns ¢, alone and the second ¢, alone. Now by putting the same 
assumption of the separation of variables (4:4), we have from (4:5) and (4-11) 


[9,.-+3 cot 40, 4 (cot? —1—m? sin~ @) ]0,=0, (4-12) 


which is nothing but the second of (4-5) for n=O. By substituting this in the remaining 


equation of (4:5), we can easily prove that there exist dispersionless wave solutions. Of 
course FE and H obtained from this solution coincide with those in [11]. From these con- 
siderations we may conclude that TEM waves are TE waves corresponding to n=O. 


(iii) TM wave. Next we shall obtain ¢, which gives TM wave. 


Since we have no 
theorem for TM waves which corresponds to the lemmas obtained in § 3 concerning TE 


waves, it is somewhat complicated to obtain TM solution of FL. In this case, however, 
if we take (2-4) without the restriction (2:5) in place of (2:6) we can easily solve it. 
Since (2:4) is invariant under any gauge transformation (2-7), from the relation H.=0, 


i.e., O,P;—9.%,=0, we can make 9,=9,=0 by a suitable (2-7). (Bar of @, being 
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omitted for simplicity as before.) Then, corresponding to (4:7), we construct the 9; of 
the form 


Pi=— in(n+1)}"VA/CA, (rv), Y= — {n(n $1)} 1VA/C A, (rr), 
Y.=$;=0, (4-13) 


where v is a function satisfying the following equation : 
(r VAC )10,(“ C/A 9, (rv) ) +r? (sin 0) 7 0, (sin 00,v) 
+ (rsin 7) ~0,,0—C710,,v=0. (4-14) 


As is easily verified this ¢; satisfies (3-4) and E and H made from it coincide with 
those obtained in [II]. The general TM solution (of course under the assumption of the 
separation of variables) is given by the summation of a solution of the form (4-13) and 
the general TEM solution to within an arbitrary gauge transformation. This fact is also 
seen from the results of [IT]. 

Though ¢; given by (4:13) is a solution of (2:4), it does not satisfy (2-6) since 
the generalized Lorentz condition (2:5) is not satisfied. Of course we can deduce a solution 
of (2-6) by making a suitable gauge transformtion from (4-13), but we have not the 
relation 9,=@,=0 any more. 

In [II] we have seen remarkable symmetry between TE waves and TM waves in 
solving the generalized Maxwell equation for F,;. However, we have seen above that this 
symmetric correspondence between two types of solutions fails in the case of the solution 
@; of FL by virtue of the generalized Lorentz condition. 

Lastly it should be noticed that though we have put the assumption of the separation 
of variables with respect to E and H in [IE] and to 9, in the present paper, both results 


have given the same field. 


§ 5. Discussion of the results 


In this paper we have so far investigated some properties of the four potential in 
curved space-time and made clear their difference from those in Minkowski space-time. 
Further we have obtained spherical wave solutions of the field equation for four potential 
y,; in an S and studied their character. In this section we shall examine some questions 
arising from the results obtaind in the preceding sections. The questions discussed in the 
following are concerned with the auxiliary condition and the expression of the free radiation 
field. We shall deal with these problems separately, though their contents have some con- 
nection with each other. 

First we shall examine the problem of the auxiliary condition. In Minkowski space- 
time the auxiliary condition is imposed mainly in order to simplify the form of the field 
equation and to restrict the freedom of the gauge transformation. In curved space-time, 
however, the condition does not always simplify the concrete form of the field equation, 
then it is a question whether this condition is to be imposed or not. Moreover since the 
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possible form of this condition is not unique, we must decide in each case the form of the 
condition to be adopted. For instance, if the covariance of the formalism is required, the 
so-called generalized Lorentz condition (2-5) serves this purpose, and perhaps there is no 
other possible convenient form of the condition as simple as this. Using this form of the 
condition, however, it does not always follow that we can simplify the concrete form of 
the field equation. On the other hand in Minkowski space-time if we take the Lorentz 
condition using the cartesian coordinate system, the field equation for each ¢;, i being fixed, 
takes che same form and moreover it contains only the same one component 9%. In curved 
space-time, however, this is generally not the case, e.g., the field equation for ¢; in an 
S usually contains other components ¢,(i*=j) as is seen from (2:10). Moreover in this 
case, comparing the field equation (2-6) (with the generalized Lorentz condition) with 
(2-4) (without an auxiliary condition), the former is not always simpler than the latter. 
In addition to this it is clear from the example of the TM wave solution in § 4 that 
in certain cases we can get the solution of the field equation rather easily without using an 
auxiliary condition. For these reasons we may conclude that we do not get much advantage 
by introducing the formal generalization of the Lorentz condition such as (2:5), though it 
has the advantage of covariance. 

As was stated in § 2 there are other possible forms of the auxiliary condition. But 
all of them have advantages and disadvantages, therefore in each case we must decide the 
form of the condition so as to serve each purpose. For instance, when the covariance of 
the formalism is required, we must use the covariant form of the condition such as the 
generalized Lorentz condition (2-5). On the other hand, if the covariancy of the condition 
is not required, we may impose, for instance, the condition in order to simplify the form 
of the field equation. In this case we have only to simplify the form of the equation by 
means of a suitable gauge transformation and restrict the gauge so chat the simplified form of 
the equation is invariant. As a result of this procedure, we shall be able to determine 
the form of the auxiliary condition. In this manner the problem of the auxiliary condition 
in curved space-time is not so simple as that in Minkowski space-time. 

Secondly, we shall examine the concept of the free radiation field. Strictly speaking, 
we cannot consider any electromagnetic field in curved space-time as a free field, since in 
this space-time there exist gravitational fields which interact with the electromagnetic field. 
Therefore it will be possible to conclude that there is no essentially free electromagnetic 
field in curved space-time. But in this space-time we tentatively call the electromagnetic 
field ‘ free’ when the four current vanishes using the terminology for the corresponding one 
in Minkowski space-time. In Minkowski space-time the free radiation field can always be 
given by a superposition of the transverse plane wave solutions in which Y,=0, which is a 
remarkable property of the free radiation field in this space-time. 


In curved space-time, 
however, the circumstances are somewhat different. 


Namely, in this space-time, %, cannot 
be made zero in general, when the generalized Lorentz condition is used as an auxiliary 


condition as was shown in the above sections. (The condition to make ¢y,=0 has been 


obtained in § 3 when the space-time is an S.) Moreover, as was shown in [IL], it is 


Senerally difficult to define the plane wave in curved space-time.* Therefore it is not easy 
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to tepresent simply the characteristics of the solutions of the free radiation fields. 

Lastly, we shall touch on the problem of the gauge transformation. In § 3 we have 
studied some of its properties in S, and have made clear that the gauge transformation in 
curved space-time has some essentially different properties from those in Minkovyski space- 
time. This fact is worth noticing, so we mention it here especially. 

According to considerations given above we may conclude that the introduction of the 
four potential scarcely brings advantages but rather some complexities arise in the formalism. 
Though it may be too hasty to draw some conclusion only from the above discussions, 
it will be clear that the four potential in curved space-time is not so useful as in Minkowski 
space-time. Recently an attempt to construct the theory of the electromagnetism without 
potential has been proposed by Infeld and Plebanski.” | We are inclined that such an 
attempt ‘ without potential’ should rather be advocated in curved space-time. 


The writers are grateful to Prof. Y. Mimura for his helpful discussions. 


Appendix 


Proofs of the lemmas in § 3. 


(1) The condition is necessary: FL is invariant under GL. Now, if @,=0, we have 
C’0,9,=0 from (2-10) concerning ;. Since C’+=0, however, the relation E,=0 is 
obtained. 

The condition is sufficient: From (2:10) and E,=0 we have 


Ape, (at Pe eNe ye) ap. (A-1) 
Evidently there exists a function M=M(r, 0,4, £) such that g,=0,M and 9,=9,M, and 
it satisfies 0,((J,M) =0 by virtue of (A-1). Hence we can find a function N such that 


Let L be a function of r, 4, 6 satisfying [],L=N, then by the GL whose A=M—L we 


have ,=0. 
(ID) From ¢,=0 we have 0,9,=0. Hence there exists a function M=M(r, 0, 6) such 


that g,=0,M. On the other hand, it holds that 


0,0.M= | cee (2/r) 8 +A” (A'/A—2/r) dy, +730,} M, (A>3) 
and from the first of (2:10) we have 
{F,0,+ 471 (4'/A—2/r) 04, +7,0;} M=0. (A-4) 


From these two equations we have 


* The spherical wave solutions in S obtained in § 4 can be considered approximately as representing 


the plane waves at the points of great distance from the origin, and also it can be easily verified that the 


f the waves, E, and H,. decrease rapidly compared with the other transverse com- 


longitudinal components o 
Therefore in these cases we can consider the transverse 


ponents in some space-time such as Schwarzschild’s. 


plane waves approximately. 


332 H. Takeno and Y. Ueno 


O,M=r Nn, (N=N(4, ¢)). (A-5) 
Hence there exists a function L such that 
(Atl Aeeeli LLU Ole (A-6) 


Then by the GL whose A=M—L we have 9,=9,=0. 
(IV) Substituting C’=0 in the fourth equation of (2-10) we have 11,9,=0. Let M 
be any function satisfying 0, M=¢,, then we have 9,[),M=0, from which we further get 


O,.M=N(r, 6, ¢). (A-7) 


Next if L=L(r, 0,4) be a solution of (J,L=N, then by the GL whose A=M—L we 
have 9,=0. 
(V) Since the proof is similar to that of (I), we shall omit it here. 

Next we shall add an interesting fact in connection with the lemmas in § 3. 

If we solve (2:10) under the assumption of spherical symmetry and staticness of the 


vector Q;, 1. e., 
Pr=A%(r), Po=Y:=0, Ps1=9,(7), (A-8) 


we have 
9;= (ar? V A/C, 0, 0, |? VAC dr) (A-9) 


whete a and 6 are constants, as the general solution. Then if we make the GL with 


A=\a*V A/C dr we get from (A-9) 
Gi= (0, 0, 0, 6 x? ¥ AC dr) (A-10) 


which satisfies (2:5) also. This (A-10) is the well known form corresponding to a 
spherically symmetric electrostatic field, and it satisfies the field equation 


Gi;= —87E,,, (A-11) 
also, where E;, is the electromagnetic energy tensor.” 


From the lemmas in § 3 we know that a necessary and sufficient condition in order 


that we get ,=0 from (A-10) by a suitable GL is that the S be an Aye 
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Quantization of motion of a rigid body and its extension to the relativistic form are attempted 
here. The special theory of relativity is believed that it rules the phenomena in the macroscopic 
world. But, so far, we do not know the rule which governs the microscopic world as the interior of 
an elementary particle. Here we assume that the internal space of an elementary particle is Euclidean. 
The field equation, however, has the relativistically invariant form so that the expectation values of 
observable quantities become relativistically covariant. The ccndition that the time components of 
an internal angular momentum have zero expectation values in the rest system leads to the general 
linear equation derived by Bhabha’) for elementary particles with arbitrary spins. 

When interactions are atsent, the solutions of the field equations are obtained and quantization 
of the field of a rigid sphere is done. 


§1. Introduction 


Quantum electrodynamics has achieved many successes in describing atomic spectra. 
It is, however, subjected to the so-called divergence difficulties. These difficulties can 
formally be avoided by the self-consistent subtraction method (renormalization), but the 
subtracted quantities, which should be small, become infinite. Moreover, in the meson 
theory the subtracted quantities can not in general be determined unambiguously and there 
remain infinities which seem to be unrenormalizable. 

Several authors’? have considered that these difficulties are caused by localization of 
fields or interactions. As they have required the non-locality on the the field equations, 
its correspondence with classical mechanics is not clear and arbitrariness has been left 
undetermined with respect to the form of equations. 

In this paper we start from classical mechanics of a rigid sphere, as we start from 
the one of material point in ordinary quantum mechanics. In classical mechanics the 
most simply idealized model of a body is a material point and it is a good approxima- 
tion as far as one is concerned only with phenomena of scales large compared with 
dimensions of the body under consideration.. However, when one is to do with phenomena 
in such a domain that is of comparable order of magnitude of the scale of the body, 


its dimension has to be taken into account. The model of the second simplicity in the 


classical mechanics is < rigid body. It seems to us sufficient to consider that elementary 


particles are fairly well represented by the rigid body model, for internal motion of the 
individual points in an elementary particle are considered not to be observed. 
Several authors” have investigated quantum mechanics of a rigid body in the frame 


of the non-relativistic theory. Unfortunately the relativistic theory has no parallelism to 
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a rigid body® and one is not able to construct relativistic quantum mechanics of a rigid 
body. Though it is believed that the special theory of relativity can well describe phenomena 


concerning the macroscopic world, yet we do not know the law which governs the microscopic 


one as the interior of an elementary particle. 
When one considers the internal structure of an elementary particle, it may be desirable 


that a closed invariant domain can be made in the internal space. Thus we assume that 
the internal motion of an elementary particle can be described by the Euclidean variables. 
This assumption may also be suggested by the fact that, even in the present relativistic 
field theory, the internal motion of the bound states of two body system can be described 
by the Euclidean variables.” 

To construct a relativistic field theory of a rigid body we put the two assumptions : 
(1) The internal space of the elementary particle is Euclidean but the field equation, which 
is directly related to observations, is of a relativistically invariant form. 

(II) The expectation values of the time components of an internal angular momentum should 
yanish in the rest system of the centre of mass, because it seems not to be observed in a non- 
relativistic energy region. 

With these assumptions we can obtain a wave equation of a rigid sphere. Rigidity 
and sphere is defined as follows: When internal motion of body is represented by an 
internal angular momentum only, the body is rigid, and when a moment-of-inertia tensor 
with respect to a centre of mass of a body reduces to a scalar, the body is sphere. 

In this paper the interaction free case is treated and interaction with electromagnetic 
field will be investigated in the succeeding one. 

We first review the non-relativistic mechanics of a rigid sphere (§2). Then, we 
derive the relativistic equation of motion of a rigid sphere in accordance with the above- 
mentioned two assumptions (§ 3). Wave functions, thus derived, are vectors in representa- 
tion space of five-dimensional rotation group, representations of which are obtained (§ 4). 
Invariance of the equations under Lorentz transformation is checked up ($5). The 
relativistic eigenvalue problem and the above-mentioned second assumption for wave func- 
tions are considered (§ 6). The field equation can be drived by variational principle (§ 7) 
and its solutions are obtained (§ 8). Quantization of the field with integral and_half- 
odd-integral spin is done according to Bose-Einstein and Fermi-Dirac statistics, respectively 
($9). 

When one quantizes motion of a rigid sphere, one obtains an internal angular momentum 
which is invariant under Lorentz transformation of outer space and it might be identified 


with the isobaric spin operator (§ 2 and § 6). 
§ 2. Non-relativistic mechanics of a rigid sphere 


a) Classical Mechanics 


We investigate the equation of motion of a rigid sphere in the non-relativistic classical 
mechanics. 


The coordinate of a point in the rigid sphere is written as 
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Xe=xi ts, G=1, 2; 2). (21) 


where x; is the coordinate of the centre of mass of the sphere and €; is the internal 
coordinate of a point in the sphere with respect to the centre of mass. The _ internal 
coordinate ¢, which is the one fixed to the sphere is connected with ¢,; by the following 
orthogonal transformations : 


Saas > (222) 
=data, (2-3) 
EG: =E84= 0 5 (2-4) 
Agi44g=O1y,  Ayedng =O gn (2-5) 


€,’s are invariant with respect to coordinate transformations in space. When differentiated 


by time, (2-5) gives 
a4j3445+ 4544; =d4idpi t+ 44i4y,=0, (2-6) 


where the dots indicate the differentiation with respect to time. Thus, we can define the 


angular velocity tensor w;; with the relations 
Oyj=44;4.45= (1/2) (Aaday— 4445) » (227) 
051+ 0%=0. (2:8) 
As &,’s are constants in time, the time derivative of (2-3) yields 
tle 2 = is 
S54 455 4 14d Zs 5 


=i; - (2-9) 
L=m/2| xixipe(p) dV, (2-10) 


where m is the total mass and p() is the mass distribution density at position 


= V(&€;). It is normalized as 
| u(p)dV=1. (2-11) 
v 


\ dV indicates the integration over the whole sphere whose volume is V. Using the 
relations (2:1) and (2:9), (2-10) can be rewritten in the following form : 

L= (m/2) xx; + (ml?/4) 43053» (2512) 
where 


=82/3| u(p) pide (ats) 
v 


and / has the dimension of length. | 
From the Lagrange function (2-12) Euler’s equations for free motion are derived 


with the aid of the variational principle, taking account of (2-5) as a subsidiary condition. 


Adding a term 
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Aj, (4.4:4.4;—9%5) 
to (2-12), we have the equations of motion 
mx, =ml°w,;;=0, (2-14) 


in course of derivation of which we have used the antisymmetry property of «,;. 


. . > > 
Now we define the canonical conjugate momenta of x,’s and a,,’s as 


pi=OL/Ox,=mx; (2-15) 
and 
b 4s =OL/Od4;= (OL/O@,,;) a4;=ml?a4,0;;/2. (2-16) 


Then the Hamilton function is given by 
Ayn=Xipit4sibas—L 
= (1/2m) pipet (1/ml*) babai- (2-17) 
With the aid of Poisson’s brackets 
[xs Ps]=O%,» 
[4a bnj]=O4n0s4, (2-18) 
[x% x) =| Po p)]=laay 4nj]=[b4: 625]=0, 
the canonical equation is obtained as 
Pan page Cag) SLE Pie —Anttauda Cal b (2-19) 


As it is inconvenient t> treat b,,’s as independent quantities because of appearance 
of the subsidiary coadition (2:5) and suffix A which does not indicate a tensor component, 


we introduce the intrinsic angular momentum 
Lig 44:0 .43— 44) 41 = 2a4ib45 
=ml*w;. (2-20) 
Poisson’s bracket for ;;s is derived from (2:18) : 
Q. ¢ 
[ peeys Ua | = Oia t 0 tin Oiuftjr— O siftia : (2 : 21) 
Then Hy, is reduced, with the us: of fuijp8 instead of b4,’s, to 
Ayr,= 1/ (2m) ‘pipit Wf J (4ml*) * Ma gpij (2 : 22) 
and the canonical equation of motion is written as 
F (x;, Pi ug) =(F, Hy,,| ? (2-23) 


{ ‘ y . - 5 4 
in which the term Ais (a4r44;—9;; is eliminated, because Poisson’s bracket for fii and 
a4; 4) vanishes : 


| ij 44.4 4,| =0. 


An alternative way of deriving the canonical equation (2-23) results from the 
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variation with respect to x,, pi, 44: 64; and 2,; of the functional 
DPA; (4ast4j— Oxy) =%e Po 1/20ypn— Hye ty (darday— Ou) « (2-24) 
This modified Lagrange function gives us the Euler’s equations 
x; =0Hyr/Opi=(% Hye , 
Pi=—OAye/9%,=| po Hye)» (2-25) 
Mig=2) (OAye/O px) prg— (Oy ee/O prs) pri =[pir Ave] - 


The internal angular velocity w;, and the internal angular momentum yy;; defined by 
(2-7) and (2-20), respectively, are referred to the coordinate system fixed to space. 
Further, there are the proper angular velocity 4, and the proper angular momentum 
tap with respect to the coordinate system fixed to the rigid sphere under consideration. 


They are connected with w,, and y,; through the following relations : 


O 4p = 44143 (Vij = 14:4 Ki » (2-26) 
Tap 44d pjftig=2agbvi (2.27) 
lo aa 
Poisson’s brackets for r4,’s ate derived from (2-18) and (2:27) as 
lever Tep| == OsctRp ale Onptac— Oa4ptre— Onot ap ’ (2 ; 28) 
[cams [ij] =0. (2:29) 


@4, and cy, are invariant under the coordinate transformations in the space. The relations 


(2-30) 


O 470473 = Wi j055 


and 
(2-31) 


TABCAB = Pijpij 
are derived from (2:26) and (2:27), respectively. 
b) The classical field theory (The first quantization) 


As in the case of the quantization of motion of a material point, we translate 


Poinsson’s brackets into the commutation relations : 


[xi, pyl]- = 1b; » 


[pegs pow) — ib (Oinfag + 0 prin - O saps F ae O jnftir) > (2 0 BZ) 
bay hy ten|- =ih (Os0rRp t Onntac z= 04 DURO= O potap) > 
[x:, x]-=LPo pil-=[ta» pay hae PO; 


in which the bracket symbol is defined by 
[4, Bl. =AB-+: BA. 


The equation of motion in the Heisenberg representation, using the Hamilton 
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function (2-22), is given by 
ih F (x;, Pi Pip Tar) = 032 Hyp|\- : (2-33) 


Alternatively, representing the wave function in the Schroedinger representation as 


h(x, t), we have Schroedinger equation 

ihOgh /At= Ay pd, (2-34) 
where p;’s in Hy, are replaced by —ihd/x,’s: 

pi> — ib /Ox, , 


and # is a vector in the representation space of y;; and T4z. 


§3. A relativistic equation of motion of a rigid sphere 


We try to extend the equation of motion obtained in the previous section to a 
relativistic form, taking the fourth coordinate 


X= 1X) =1ct 
into account in a covariant way. 
a) Classical mechanics 
In che special theory of relativity the “invariant Hamilton function” of a point particle 


is given by*’ 


H=1/ (2m) py py, 67a re F (3-1) 
or 
H=1/ (2m) (p,pptme), (3-2) 


which is derived from the non-relativistic one by addition of the term 1/(2m) p,;, where 
pi=t/cE and E is energy of the particle, or of the terms 1/(2m) (p2-+m'c), respectively. 
(3:1) and (3-2) give the same Hamilton’s equation of motion. 


Corresponding to this 
extension, we have the relativistic Hamilton function 


A= (1/2m) (pPypy “-F (1/21") propre) 3 : 3) 


or 


H= (1/2m) } pypy mic + (1/20) (type +28 .Pv+9) t; (3-4) 


which is derived from the non-relativistic one (2-22) by addition of the terms 


* Greek suffices run from 1 to 4, while Latin ones run from 1 to 3 except in § 4, 
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(1/2m) (ps ar (1/1’) [isptia) 


or of the terms 
(1/2m) | pe temic? + Gi) (Healten + 8,8) ae 1/29; 


respectively. furs are the fourth components of the internal angular momentum, fy is a 
four vector which have similar property to the angular momentum and ¢ is an arbitrary 
scalar quantity. . 

We take the second type of the Hamilton function (3:2) or (3-4) after Fock” 
and consider (,’s as the fifth components of the five-dimensional angular momentum. 
As 1i3’s, Ass and gy are completely a new concept appearing in the relativistic theory, in 
the non-relativistic energy region they should be negligibly small or scalar quantities which 
are absorbed in mass. The relativistic vanishing conditions of puis and §,s in the rest 


system are 

[vp Pp =0 (355) 
and 

Py PvPp =P p Py Pv- (3-6) 

In fact, in the rest system p;=0 (3-5) and (3-6) lead the relations 

Hiaps=0 
and 

Peps —0. 
Thus, when p,3<0, we have 

fis = 6, =0. 


The equations of motion and conditions (3-5) and (3-6) are derived from the 


following variational principle 
oI=0 
with the relativistic version of (2-24) * 
[= \ Vy Pu L/ 20 tips 00 dy — LA dy yang 1 dd, 7 Oya) 
=A (4,4) a a — 1) aE ZAy (4,14) ca dyd) — PrvfAvePe 
—o, (Popp py—PrPp Pp) tdr, (3-7) 
dr? = —dx,dx, , 


where H is given by (3:4) and the variation is taken Withytespect tO. X,, Pys dys ty dys cy 


Bijoy-Piig Ove By Ayes Avs As Pv and Oy. - Oy, Oy). fly and (, ate defined as 


* In this section dots indicate differentiation by proper time. 
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Wyp = 4aydap +44 » 
Oy =daydg +414, ae 
[vp =2 (davbay + arb p) » 
By =2 (deybe+ a,b). 
The equations of motion for %y Pv» fivp and f, are obtained as 
B (xy pry piven Ba) =[Fs H+ patty Pe + %> BePe Pv Orbe Pe) J+ (3-9) 
With the aid of Poisson’s brackets 
[xs Pe] =v » 
[pvps Pro] =Ovattpe +S poftva—Ovoftpa— Pprftve » 


(3-10) 
Lise. By] =9vaPp—OpaPv ’ 
[By Pal=Pra 
and the condition (3-5) we have 
x, = 1/mpy + Prbay + orBv Prt ovPapa— 20a Pr > 
iat (3-11) 


jiva= Polvo Pr— PoptroPy + 7 pr Pv Pp — 7 vPaPe— Fv2aPo Pe + 7 3p. Pps 
By=prBrpr— PrPaPr —O)fvaPp Pp - 
Connecting /#,, with the proper time derivative of the orbital angular momentum 
Ty, =Xy Pr— Xa Pv 
=PoltavPr— Poftor Pv + Fo vPrPp — Fo aPv Pp 
+085 Pp Pr— Fro Pp Pr » (3"2) 


we have 
ity,t+my,=0 (3-13) 
by the use of (3-6). 
The equations (3-11) can be reduced to simple form as will be shown in what 


follows. Since the relations (3-5) and (3-6) should be independent of time, there hold 


/vpPp= i Pol4ve + (of v—Oy2)) pa { PoPp—9 (3 ; 5)‘ 
and 


By Pv Pp—F» PyPv= (Poa Pr— PvBv Pot orattpa PP) PePo=0 « (3 -6)’ 
(3*5), (3:6), (3-5), 3-6)" and. (3-11) «give 
XyPpPp=1/mPy Po Pp » 
pv=0, 
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[ra Pe Pp =, 
By p,pp=0 


Thus, if p,p,*<0, we have the equations of motion 


x= (1/m) py , 


pv=9, 
ney Cail) 
yO} 
and from (3-12) or (3:13) we obtain 
NTO. (32 12)7 


From the condition that (3-5) has a significant solution for p,’s we have 
Py pflsp=0, 
where /4,,’s are the components of the dual tensor of /4,, : 
Pee a iellaau (3-14) 
1 if Yoo is given by even permutation of 1234, 
Evyrs= 4 —1 if Yeso is given by odd permutation of 1234, (3-15) 
0 if »eJo has same numbers in it. 
From (3-6) we know that /, is proportional to p,: 
P=kpy » (3-16) 
where & is an arbitrary scalar. 
b) Classical field theory 
The relativistic wave equation for a rigid particle is obtained by putting 
Hy (x) = (1/2m) {pypy temic + 1/22) (fpf +2BPr +9} P(X) =0 (3-17) 
with Hamilton function (3-4). In this equation p,’s are the differential operators : 
pv=— thd /Ox, (3-18) 


and /4,,’s together with (7,’s constitute the generating operators of the rotational group in 


the five-dimensional Euclidean space, so that they satisfy the commutation relations 
[Hyps Hao =i (Ovals + 9po/tv,— Svoftor— Opattve) » 
Plas 8,\-= (y,P— Opals) > (3-19) 
[P., 8, |-= ibe... 


From the four-dimensional point of view the last relation is not necessary” but, if we 


require that /4,, and /%, are commutable wich H, it and the relations 
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[4 gJ-=[8v gJ]-=0 (3-20) 


are necessary. We assume all the relations (3-17) and (3-19). 
The equation (3-17) is so separable as to be decomposed into 


(pypy tie) f(x) =0 (3520) 
and 


(1 2I*) GIST +2/8,2,+9) P(x) = (x°—m’) od (x) (3-22) 
pl4vp 


with «°c? to be a separation constant. The magnitude of xc is given by solving the 
eigenvalue problem (3-22) with the aid of the representation of a Lie ring defined by 
the commutation relations (3-19). 

For further investigation algebraical knowledge about /+,, and f, is necessary. So in 


the following two sections we shall study it briefly. 


§ 4. The Unitary representation of the rotational group 
in the five-dimensional Euclidean space 


We shall obtain the representetion of the five-dimensional rotational group according 
to the method of Racah*. As the five-dimensional rotational group has te. parameters, 
eigenvalues of ten mutually commutable operators are necessary to establish the represent- 
ation. There are two mutually commutable parameter groups P, and P, which are iso- 
morphic with the rotational group.. They are generated by the Lie rings (4, and Tay 


(a, b=1, ---, 5) which satisfy the commutation relation 
[ Hap» Hea |- = th Orclsa + Onaltac— Oaaltse — reftaa) » (4-1) 
[Has» Tea] = 0 (4-2) 
CaisDa eG re cee, 9) 
and the same relation to (4:1) for z,,. Between /4,, and c,, there are two relations, 


27°C, =p 


‘ abla st 


r 
(e 


Tan (4-3) 


ab 
and 


4 — — 
2h G, ee Harl4ocltcaltaa =Tablictcataa (4 . 4) 


which ate numbers in an irreducible representation. 


As /44, and z,, have algebraically the same structure, it is sufficient to investigate 
Va oaly. fy in the preceding section is connected with /4,, by the relation 


By= Lys. (4-5) 


Since the number of the elements which are commutable with each other js two, 


we make the representation matrices of //,, and /4,=/3, diagonal. Now, we define the 


ten linearly independent operators in place of fy,’s: 
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A, =1/bf4s, 
A, =1/bf25 ee 
Ex,= (1/V 26) (tas ifs) 5 
Eyo= (1/26) (tat ifts F ipo + Mos) » 
E y= (1/26) (Hay ites) 5 
Ex ,= (1/2b) (fyy iftys iffog— fos) « 
These operators are the eigenvectors of an operator 
AZBHMS Ts (4-8) 
That is to say, they satisfy the eigenvalue problem of the form 
lAL Ee. \-=ake 
(42) 


tA Ha 0, 


(a=+1, yee) +4), G=1, 2). 


The commutation relations for H,s and E,’s are derived from (4-1), (4:6) and (4-7) 


in the following form : 


Table I 
The values of Cas. 


[H,, H,]-=0, 
[Hi Ene =a,E,, 
4-10 
[Es E|\2= Sf ai, ( ) 
t<e1,2 
[E,, Eg |_-=CypBe sas if. a+ B20. 
From (4:9) and (4:10) we have the relation 
a=3a,+a,. (4-11) 
1! 0 As a@ is determined when a, and a, are given 
; i C 7 and vice versa, we can regard a@ as the vector 
a array in the two-dimensional space, the components of 
euNeer) 0} © which are a, and a@,. Thus, if we write as 
—=2 0 |—1 0 
Ca (a, a), (4- 12) 
3 |-—1 i 0 |-1 10) ' 
we obtain 
=3 |—1 1 1 (0) 0 
+1=(0, +1), 
igor i 6) oo) 1 | 01 
+2=(+1, ¥1 
Fe Aa ill C0: yO 0 j-1| 0 0 ( )s (4-13) 
PVAsy | 1) 2-2 | 3 \—-3 4-4 +3=(+1, 0), 
A = 


+4=(+1, +1). 


C= — C,, 1s givert “in Table I. 
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From here on the letter a or the term root will be used to denot2 either the form (4-11) 
or the vector with components a; in the two-dimensional space. 


Let u,, be a vector in the representation space such that 
Fld Te (4:14) 


Thus, u,, is a simultaneous eigen-vector of the two matrices H;. The set of eigenvalues 
m, and m, form the components of a vector in the two-dimensional space, which is 


denoted as 
m= (m,, mp). (4-15) 
We call this vector the weight of u,,. From (4-10) and (4:14) we have 
HE ote =|Hy E,)-Un +E. tim = (m,;+a;) Eun: (4 ¥ 16) 


Thus, if u,, is an eigenvector, E,u,, is also an eigenvector. Correspondingly, if m is a 
weight, m-+a@ is a weight, too. 
As /gs’s ate the real operators, from definition (4:7) we know that 


ES= E23; (4:17) 
where EX is the complex conjugate of Fy. When we consider the Casimir operator 
G,= 01/28") Hales > (bie) (4-18) 


and call the eigenvalue of G, in an irreducible representation 7, we have the following 
relations : 


Gu, =4u,, ? (4: 19) 

> EE_.= 1/2 (Ge Hp H/+3H, +H), 
a>0 (4-20) 
>) E_.E.=1/2 (G— He te sin); 
a>0 

2 EE _ gm =1/2 {A+5/2— (m, mre) eee (m, — 1/2)*} Uny 
in (4-21) 
Dd) E_gEgtm=1/2 {A+5/2— (m,+3/2)?— (m,+1/2)*} u,. 


a>0 


From (4:17) we know that the eigenvalues of }} Ex,E,, are positive numbers, and 


a>) 
so m, and m, have the maximum and the minimum values. We call the highest value 


of m, L,""* and the highest value, which can be taken by m, when m,=L,™*, L™**. 
The dominant weight is defined by L(max) = (L,"“‘, L."*). Similarly we can define the 
lowest weight L(min) = (L,"", L."""), where L,'"" is the lowest value of m, and L,™"" is 


the lowest value of m, which can be taken when m,=L,'""". When a> 0, (4:16) leads 
to the relations 


Fatt erates = Eur max =0. (4 ; 22) 
Hence, from (4-21) and (4-22), we have 


L(max) = —L(min) =L= (L,, L,) . (4-23) 
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and 


A=L,(L,+3) +L,(L,+1). (482%) 


If we introduce the vectors 


From the relations (4:16) and (4-23) we know that 
L,, L, and all m,’s are simultaneously integers or 
simultaneously half odd integers. 

When we regard the components of a root or 
a weight as the components in the two-dimensional 


Cartesian coordinate, all possible weights belong to a 


- lattice which is invariant under the group S generated 


by the reflections with respect to the lines through 
the origin perpendicular to the roots (See Fig. 1). 
Weights which can be obtained from one another 
by operation of S have the same multiplicity. When 
we represent a two-dimensional vector by a two row 
and one column matrix, the element of S are written 


down in matrix form as 


(4.25) 


det (S;) = (—1)*. (4-26) 


R=1/2 a4 (4:27) 


a>0 
and 
K=L+R, (4-28) 
A can be written as 
A= (L-L) +2(R-L) = (K:K) — (R-R), (4-29) 


where (A-B) is the scalar product of two-dimensional vectors A and B. 
A unitary representation matrix of the rotational group in the five-dimensional Euclidean 


space, for example, corresponding to the rotation of an angle yg between »- and p- axis is 


given by 


exp (igfy,/b) , (, p=1,°", 5). (4:30) 


The trace of the matrices of an irreducible representation corresponding to two rotations 
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: , ’ ‘ble 
of angles ¢, and ¢, which are commutable each other, i.e., the character of an irreducib 


° . ° 9) 
ropresentation is given by the formula 


¥(L; 9) =€(K)/E(R), (4-31) 
where ¢(K) smu = Oe! S¥-9), (4 : 32) 
G= (Gi, Yo) 


and ds takes plus or minus sign according to the parity of the element S; of S: 
6,==det(S,). = (—1) 4%, (40, 1, <2", 7); 
The dimension of an irreducible representation space is given by 


7(L; 0) = II (a-K)/(a@-R). (4-33) 


We can write down (4:31) and (4-33) in the explicit form: 


win y = sin Chr 3/2) Pi tsin {Lp 1/2) Pot sin { (Lo +1/2) 9} sin { (Ly +3/2) Poh 
aes sin (3/2 %,)sin(1/2 ¢,) —sin(1/2 ¢,)sin(3/2 ¢,) 


(4-34) 
X(L; 0) =1/6 (2L, +3) (22,41) (L,+L,+2) (L,—L,+1). (4-35) 

7¥(L; ¢) has the form 
LCE3 9) =D Cer”, (4: 36) 


where €,, is the multiplicity of the weight m. Especially the multiplicity of the eigevalue 
L, is given by 

Ia 

24 Cciaymy =2L, +1, (4537) 
which is equal to the number of the eigenvalues that can be taken by H, when the 
eigenvalue of H, is L,. In the state in which H, takes the eigenvalue L, the highest 
eigenvalue that can be taken by H, is L, and in this state the eigenvalues of H, are 


not degenerate. 


The complete set of the commutable and _ linearly independent operators and their 
eigenvalues are given by 


G,= (1/26° Partav Gyu= {L, (L, 3) +L, (L,+ a) \ u, 
Gy= (1/26") Mar Pacltent! 


ab beredda > 
Gyu= {L, (L, +3) (LP 30; a) +L, (L,+1) (Le +L,— 1) }u, 
leh c= (1/b fas, Hu=mu, 
(4-38) 
= (1/6) fy, Hyu=myu, 
K,= (1/#’) (Hos + Hay + is) 5 K,u=1,(l,+1)u, 
K,=17 +12, Ku=ku, 
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where 
T= 1/6? (posftig + Pai boa + Prolss) » 
T,= 1/6" (Mooftis + Piles + Polls) » Chia?) 
and they satisfy the commutation relations 
(ie ketg Fl Led, | thy, 
eee 0. (ae le aya l. 2, 3). (4-40) 
These eigenvalues obey the limitations 
Lgeeelins 
eee tT, 


ce (4:41) 


l, > m, = —,. 
When m,=+L,, 1, and k become as 
L=L,, 
k= {L,(L,+2) —L,+ (2L,—L,+1)} L,. 
In general relation between k and the other eigenvalues is not easily obtained. In 


order to complete representation one should let the quaniities 
A= baa t+ bot + his + bos thy + bss» 
Ay = Peralta + Palos + Protas 
be diagonal intstead of K, and K,. Then, we have 
Ayu= {l,l +2) +15 4, 
A= Ui 1) tu, 
where J, and /, are simultaneously integers or half odd integers together with, Lj and L,: 
L,, 1, obey the limitations 
Dial; 1, 2. 0, 
E22, Sl: 


With 2, and 2, we can construct a representation and then by a similarity transformation 
we can transform it to the representation in which the complete set (4:38) is diagonal. 
It is the reason why we do not use 4, and 2, but K, and K, that the latters can be 
written in the forms of world scalars (Cf. § 6) but the formers can not. 

For the second parameter group P,, as shown by (4:3) and (4-4), the eigenvalues 
of G, and G, equal to the ones for P,, the commutable operators, which are linearly 


independent, are H,, H,, K; and K, for the corresponding T4,’s- 
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$5. The Lorentz transfermstions 


In order that equations, which contain By or fy, as a vector or a tensor, respectively, 


are invariant or covariant under the Lorentz transformation of the space coordinat2 


Xy! = Ay yXy : (5-1) 


it is sufficient that there exists the similarity transformation matrix which satisfies the 


relation 
AB Aya (5-2) 
With A (x) and its Hermitian conjugate ¢*(x) are transformed as 
i! = Ad G-3) 
pray (5-4) 


where A! is the Hermitian conjugate of /. 
Introducing the adjoint function of ¢ (x) 


g=P*n (5-5) 
and letting ¢(x) be transformed for (5-1) as 
p=+tgA", (5-6) 
Pye Ry ene bin Asad aeeo tas ua) 
At y=+74A. (5-7) 


This defines 7. 
The matrix 4 is defined by (5:2) only to within a constant factor. We shall 
limit this factor to the roots of unity by the additional requirement 


det A=1. (5:8) 


When the transformation is infinitesimal, it can be written as 


Xp SX Ga Xy » (5-9) 
Evy téEy=0. 

Then A is expressed by 
A=I-+ (i/2b) €, yy (5-10) 


where I is the unit matrix. 


For finite transformations connection between 4,, and / is not so simple as (5-10) 
Let us first take the specia i oa 
pecial case of the rotation through an angle @ about the x.-axis in 


se ti: 
ordinary space. The transformation is represented by 


cae . 
[: =x, cos #+-x, sin 0, 


i . 
xX, = —x, sin 0+-x, cos 0, 


(5-11) 
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Vi oe 
Xa 


ihe (5-11) 


This yields” 
Aiy=exp (10/4,./h) . (S212) 


In fact, owing to the formula 
e%bet=b+[6, al. +1/2![[6, al_, al-+°, (5>13) 

we get 

A, 8, A=; cos 4+ f, sin 8, 

A,. B.A ,.= — 8; sin 9+ 8, cos 9, 

Ay 'BAp=Ps 

Ay, (PiAw= Pe 
and, as the eigenvalues of /#,. take plus and minus signs symmetrically, 

det A,5—1. 


Another typical transformation is a rotation through a hyperbolic angle @ in the 


x,xplane. The transformation is now represented by 
_ x,/=x, cosh 6 +x, sinh 6, 


pie PO 
(5-14) 
Xgl =Xop 
x,/ =x, sinh +x, cosh 4, 
where 
ee 
In this case, one can as well verify that che equations (5-2) and (5:8) hold with 
A,g=exp (9(4,4/) - (5215) 
If two transformations are made consecutively, we have simply to multiply the 
corresponding /’s to get the A for the resultant transformation. Any finite proper Lorentz 


transformation can be built up from two types of rotations we have considered. 
A matrix 
A, =exp (i78,/b) (5-16) 
induces, by the use of (5:13), 


—, if vrxd, 
Az#B,Ay= (5-17) 
B, if v=A 


(no summation with respect to v) 
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and 
fay” if vag 
AAA, (5-18) 
Ay if v=. 
The eigenvalues of A, are given by 
exp (i77n) =7", 
where nb is a corresponding eigenvalue of (7, and n is an integer or half an odd integer. 


Hence we have 


1 for an integral representation 
Bes (5-19) 
—1 for a half-odd-integral representation 
and 
ew, — Bae (5-20) 


From the relations (5-17) and (5-18) we can construct the transformation matrices 


for coordinate reflections and 7 as follows : 


“oA; for space reflection, (5-21) 
=A AA, for time rflection, (5-22) 
A,=A,AA,A, — for space-time redetcion (5-23) 
and 
n= (—i)®“A,. (5-24) 


The factor (—i)?” in the definition of 7 is chosen so that it satisfies the relation 


at Ca ® @ hag Fe (5-25) 
Now the transformed adjoint wave function ¢’ is connected with ¢/ as 
ht Sah ee 
b'=h(GA*). 
The transformation matrix for an improper Lorentz transformation can be constructed 


by the multiplication of the matrix of a rotation and that of a reflection. With these 


definitions of the reflection matrices (5:21) to (5-23) and 7 we can determine the sign 
in (5:6): 


When L, is an integer (an integral representation) always 
P= GA". (5-26) 
When L, is half an odd integer (a half-odd-integral representation) 


p'=¢A" for fixed sense of time (5-27) 
and 


fj’ =—gA" for the reversal of sense of time. (5-28) 
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§6. The relativistic eigenvalue problems 


All the operators of the complete set (4:38) except H, can be replaced by the 


telativistically invariant ones. Introducing a four-vector p, which satisfies the relation 
Pupu tne =0, (6-1) 
we define the following scalar- and vector-operatots : 
a= —i/ (bec) pyPy 5 
by=—i/ (bc) Pvp Po » 
(6-2) 
cy=—I/ (hxc) Hap Pp » 
d,=1/ (bx'c*) (pyBo— pov) Pps 
where /i,, is defined by (3-14). They satisfy the commutation relations 
qc es eS 
wey | ids, 
[4, d,]-=—iey, 
[b, bsJ-=[o» al=[d, dJ-=i/b Prrt /(xc)(pra—prcv), (6-3) 
[6., e]-=—1/ (xe) EvrpoPpos 
[by d,J-= —1/ (xc) EvipoPoPor 
\[evs da J- =i (Ova t py pa/ (xe)”) 2. 


These operators are equivalent to /4,,’s and /,’s. In fact, in the rest system 


Pi=Po=Ps=0, pa=tKc, (6-4) 
they are reduced to /,,’s and /3,’s: 

a—> $,/b=H, 

Ds —> fip/0, (4, J, RY: cyclic, 

C5 > Pas /D, 

d; > f,/b, 

Dye=c/=—- 070. 
Further, if we introduce the two scalars 

e=b,b, =1/ (20") Hy pyp— Cty » (6-5) 


f= bier)? + (.4,)*, 
they are reduced to K, and K, of (4-38), respectively, in the rest system (6:4) : 


f>kK, 
e—> K.. 
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With the aid of the commutation relations (3-17), we can show that G,, G;, a, b., 
e and f are mutually commutable. Thus, the complete set (4-38) can be replaced by 


G, Go= {L,(L,+3) +L,(L,4+1)}¢, 

G,, Gyob= {L,(L,4+3) (L2+3L,4+3) +£,(L,+1) (L7+L,—1)} 9, 
a, av=my, es 
by bh=meh, 

e, ef=l,(l,+1)¢, 

fo fh=ke, 


in which p,’s are to be understood as the differential operators (3-18) operating on ¢/. 


From transformation property of /4,,’s and /,’s under a Lorentz transformation which is 


given in §5, we know that the numbers L,, L., m,, /, and k are world scalars and m, 
depends on the reference system and is transformed as the third component of a_pseudo- 
vector. 

Thus, if a wave function of an elementary particle is a representation which is 
irreducible with respect to the Lorentz transformation, the internal degree of freedom is 
one and it corresponds to rotation about an axis in the three-dimensional space. 

If ¢ is an eigenvector of a belonging to an eigenvalue m,, then the expectation 
values by ¢/ of “4,, and ; vanish in the rest system. This is proved as follows : 

The expectation value of an operator F in the state ¢(x) is given by 


| FOBR AY, (6-7) 


in which {d°V represents three-dimensional volume integral. In the rest system (3, is 
diagonal and 
Be =bap™ =mby, (6-8) 
If we put F=y,,,, the integrand of (6:6) in the rest system becomes as 
Pp Batudh =i/b)" 98 BB BBO) 
=i/b (8) 19.89 
=i/ty "19 B.Ab 

im, (PR AP — GB Bh) 

=0 
with the aid of (5-5), (3-19) and (5:24). Similarly there results 

HR. =o. 


Q.ED. 
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Thus, if we take one of representations which are irreducible with respect to the 
Lorentz transformation as a wave function of an elementary particle, it satisfies the assump- 
tion (II) of §1. Here we make choice of a special representation which satisfies the 
subsidiary condition corresponding to (3:5) and (3-6), which are, by the use of the 
definitions (6-2), written as 


6h SW, 


In classical mechanics two sets of conditions (3-5) and (3-6) are necessary, but, 


in the field theory the assumption (II) of § 1 is satisfied by only one condition. Under 
these circumstances we require 4) to satisfy the condition which is a linear combination of 
(3-5) and (3-6): 

(c+ kd,) p=0, (6:9) 


where & is a constant which will be determined in the following. 
With the aid of the commutation relations (6:3) we have 


[a, cy thd, |_=i(dy—key). 
So, if we put k=-+i, it becomes as 
[a, cytid,|_=+ (id). (6-10) 


If ~ is an eigeafunction which satisfies the equation 


ap=my) 
there results 
a(cy + idy) P= (m+ 1) (Vid) (6-11) 
for the sake of (6:10). Thus, (c,+id,)¢’s are eigenfunctions of 4 belonging to the 
eigenvalue m,+ 1. When we put 
m=+L, 
where L, is the highest eigenvalue of a, we get 
(cy+ id,) f =0. (6-12) 


This equation is the required one. In order that ( satisfies the equation (6-12) it is 
sufficient that ~ is the eigenfunction of a belonging to the eigenvalue +J,. Therefore, 


we regard the relation 
ap= Li (6-1 3) 


as a subsidiary condition (it is equivalent to take —L, instead of L,, because the eigen 
value of p, defined by the equation (3-21) can take both signs). 
The angular momentum Tap (a, b=1, -+:, 5), which is measured in the body system, 


satisfies the following commutation relations : 


[taps eats — th Cnt “5 One + x Oma a Onceas) ? (6 od 4) 
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and we write 
Tp =Tr5 = —Tsrs (’=1, ae 4). 


The meaning of z4, in classical mechanics is obvious; for example, the angulas 
momentum of the earth is represented by /4;; in the solar system and by 74, in the 
terrestial system. But in quantum mechanics the meaning of 74, is not so obvious. 
The direction of rotation in the reference system fixed to the particle is so special as to 
be invariant under the coordinate transformation in the space system. Corresponding 
to this speciality, it seems natural to specialize the diagonalized quantities, e.g., z,. and 
z,, which generate the two independent and commutable rotation in the five-dimensional 
space, in quantum mechanics. In order to represent this speciality we shall introduce 


two constant tensors h,, and k,=h,, which have the vanishing components except 
| im) Sa eas 
The complete set for tp, and 7, is given by 
20°C; = Cantar + (4-3) 
2b'G,=TanTrcTeaTaa > (4-4) 
(4, b,.4,,0== 13 )--, 5) 
4=1/bkypTy , 
b= (1) 2b) bextra. 
€= 1/6 tratra/2—Tratrakaka)> 
f=1/6' Grazr akaks)? +1/6' {Epa (Rpt ,—Ratp) kaka}?, 
CP ra 19h. * Hh 


(6-15) 


> 


and their eigenvalues are obtained by the similar manner to (6:6). Lorentz invariance 


requires that G, and G, are the strict constants of motion. As the transformation of the 
coordinate fixed to the particle has no physical correspondence, 4, 


6, e and f are unnecessary 
to be constants of motion. 


However, if one requires invariance of some kind of interactions 
under a coordinate transformation of the body system, 


conservative quantities which lead to selection rules ; 
12) ,13) 


one may obtain the corresponding 
e.g., Pais’ even-odd rule! or its 
extension. 


Charge and mass are what we know as such universal quantities that prescribe the 


property or the behavior of elementary particles and are 


invariant under the coordinate 
transformations. Accordingly 


it would be natural to connect the eigenvalue of 7, or 7, 
with the charge and/or the mass of a particle. 


Moreover, the isobaric spin matrix 
introduced in the case of 


interactions between nucleons and the particles with a strong 
as algebraically a similar structure to tras and is considered as 


ased upon various experimental evidences. Extending the concept 
of the isobaric spin we may put the following expression for 


interaction with those h 


a conserving quantity b 


the charge of a particle. 
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Q=e/b (hpatrat kp yp) 
=e/b (ty2.+7)- (6-16) 


This theory of the isobaric spin cannot afford the theory of Nishijima’® and Gell-Mann’, 
unless we abandon relations (4:3) and (4-4). 

If we assume the expression (6-16) as charge, the arbitrary scalar term g in (3:22) 
or (7-3) is to commute with Q. As rypa’s and 7y’s are commutable with /4,,’s and 


f,7s, we can choose g to be an arbitrary function of typ,’s and 7y’s commutable with Q: 
Kr = {m+ (1/40’c*) (Hvef4vp +288 v) +9 (tra Ty) } Py, ? (6 F 17) 
[9 (tra Tr), QJ-=0. (6-18) 


§7. The e-number field theory 


The equation of motion of an elementary particle (3-21) and the subsidiary 


condition (6-13) can be written in the following form 


(D— «77° /b) b, (x) =0 (7-1) 
and 

(8,0/dx, ++ Eyer) Py, (x) =0, (7 12) 
in which 

iM==0/0x,-0/ 0x, 
and the suffix L means that ¢, is a vector of an irreducible representation labeled by 
L=(L,, L.).  «;, satisfies the relation (3:22). The latter becomes as 
wri (x) =[m? +8/ (2Pc?) {L,(L,4+ 3) + £,(L2+ 1)$4+1/ (4) g]\oz@ (7-3) 


with the aid of (6-6). (7:1) and (7-2)- lead the relation (6-12) with the upper 


sign or 
ONO ka ix ¢/b8y—iL bd /Ox,) Yr, (x) =0. (7-4) 
The Lagrange function which deduces the equations (7-1) and (7-2) by the 
variational principle is given by 
Le a (7-5) 
DL 
Ope 1/2 Od, (x) VOX, : Oy, (x) (Ox = we (bp, (x) f1, (x)} 
a 1/1, Te (x) By 3 Od; (x) fOX = Ody, (x) [Ox, : ByAr (x) } 
sp Rent Qh, (x) Dr (x) ae dr, (x) A, (x) } ’ (7 Z 6) 


where 4,(x) and 7,(x) are Lagrange’s undetermined multipliers. 


The Euler equations for variation 


er=8 \ L£ d'x=0, (7-7) 
d'x=dx,dx dx,dx, 
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with respect to (x), $(x), 4,(x) and 2,(x) are 


(On 20/6?) b,(x) — (1/L,8,0/0x, + 110) Ar (x) =0, (7-8) 
(8,0/dx, +L,x1¢) $ (x) =0, (7-2) 
(D~—£«77c? /h’) dy (x) ste 1 Lipa: (x) SOK, “By—nrr (x) =0, (7 7 8) Pf 
Od, (x) [Oxy + By — Lyre}, (x) =0. 7A 2 
Operating (/,0/0x,+L,«;c) on (7-8) from the left side, we have 

(8,0/Ox,+ Ly«10) "hy (x) =0 (7 . 9) 

on account of (7-2). Similarly from (7:8)* and (7-2)* we have 
1;,(x) (8,0/Ax,—Lyx,¢)?=0, (7.9) * 


where 3/ Ox, means an operator to a function standing left of it. The second order 
differential equations (7:9) and (7-9)* result in 


A, (x) =A, (x) =9A, (x) /Ax, =0 (7-10) 


in all space-time, if they hold on any three dimensional space-like surface. As this as- 
sumption makes no contradiction with the equations (7-8), (7-2) and (7:8)*, (7-2)*, 
we assume the relations (7-10). Then (7-8) and (7-8)* become as fo!lows: 


(O—«77/t) (x) =0 (7-11) 


and 
(O— £772 /6) fr (x) =0. (7-11)* 


From variation (7-7) with respect to ¢;,(x)’s and their arguments we have the 
conservative quantities : 


current vector 
jv (x) Sie/ (2b) (Adz (x) /Axy+P1(x) — 9, (x) “O97, (x) /Ox,) (7-12) 
canonical energy momentum tensor 
Ty (le) 
=1/2 {Ag (x) /Ox, +g, (x) /Ox,+ Og, (x) /Ox, + O¢h, (x) /Ox,' 
cal Le rs Boe {Od, (x) /Ox, . Od, (x) /Ox, ao eee /h . Jy (x) Py, (x) \ . (7 . 13) 
angular momentum tensor 
M50) (x) =a TX? (x) — TY? (x) 
= id (2b) {Og, (x) /Ox, Parr (x) a Dy, (x) byr° Og, (x) /Ox,} ? (7 ‘ 14) 
in the course of derivation of which we used (7-10). It is found with the aid of 
(7:11), and \(7-11)*: that (7-12) to (7-14) satisfy the continuity equations 


Oj, (x)/dxpes OT, © (x):/fOxjp= 0M, \” (x) (Ox =0; 
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The conservative quantities (7-12) to (7-14) are simplified owing to the relation 
(7-10), but, when there is an interacting field, A,;(x) and A;(x) can not be simply 
eliminated and these definitions (7-12) to (7:14) are not convenient to treat it. The 
alternative definition of these quantities can be made by using the equations (7:2) and 
(7-2)* which do not contain either 2,(x) or A, (x). For this purpose, as we know that 


(7-8), (7-2), (7-8)* and (7-2)* are consistent relations, it is convenient to use the 
Lagrange function 


inp = (xz¢/2L,b*) {hy (x) Py: Ob, (x) [Ox, at Ody, (x) [Ox ‘ Bf (x)} 
+ («Pe /b) br (x) $2), (7-15) 


with auxiliary conditions (7:11) and (7-11)*. 
Variation 


a| Bryan 6 
leads the conservative quantities 


ju? (x) Siererc/ (Li?) $1) Bc); (7-16) 
TY (x) =0r¢/ (2L iP) {Pr &) Bx Oh2 (®) /0x,—992(2) /0%, Pr @)}, (7-17) 
M,2.@) =nTP @ —nT YP @) 
+ incze/ (2Li6°) {1,(%) Bolan, ®) + $1. PrP) } (7-18) 
and the symmetric energy-momentum tensor can be introduced as 
OP (x) =1/2{TP @®) FT @} —0F2/ (26) G1.) (BP + BP) $2) 
— xe) (AL b*) x(x) B, (Bus + Bax) Ox.) [Ox 
— gh, (x) /8x, (2B, + BBs) Boh} - (7-19) 


It is meant by the equivalence of the quantities (Ja2) ton (7.14) and BGs) 
to (7-19) that the differences among the corresponding quantities are expressed by 
divergences of some quantities. The equivalence can be shown, owing to the relations 


(7-4) and its adjoint form, ie., 


Buh, (2) [Oxy =i/ (Lyb) fy Bh.) /9x, — ere) CLiB*) Bash (2) (7-4)! 
and 


Og, (x) [Ox,= = i/ (L,b) Og, (x) [O%xp Poy xe/ (L,b°) Pr (x) By (7:4) Hs 
derived from (7-2), (7:11),\ (7-2)* and (7-11)™, as, for example, 
ju () — fr (®) Se/ (ZLB) -8/9x, + {Fn Pol OD} 5 


and so on. 
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§ 8. Solutions of the field equations 


It is convenient to treat half-odd-integral and integral fields separately. And we shall 
call the wave function for a half-odd-integral field ¢(x)* and the one for an integral 
field (x) instead of ¢/(x). 

a) A half-odd-integral field 


As the eigenvalues of (,/h take all the half-odd-integral numbers between L, and 
—L,, we have the following identity : 


In+1/2 


Hf {(4,8,)?— (es 1/2) *pa,a,} =0, (8 7 1) 


where a,’s are components of a four vector, any two of which commute with each other. 
If we take 0/dx, as a, and operate (8-1) on (x), we have, owing to (7-2), 


In+1/2 2 29 
if pes eg) 0: (8-2) 
n=1 (n—1/2)° b 


Thus, every solution of (7-2) satisfies the equation (8:2). We can decompose ¢/ (x) 


into such functions that satisfy the second order differential equations : 


I1+1/2 
$@)= > mG" @&), (8-3) 
n=1 
e-1/6 I1+1/2 
Bo? ©) tera Spider) a3 Civ), (8-4) 
(n=1, 2, eat | L, Pie); 
T3 eT comes 
 iracey rag he IY ™ (x) =0, (8-5) 
where // indicates absence of the n-th factor. ns are defined by 
PA) GL=1)i 
tee eae 


Lb?" TT {1— (2m—1)*/ (2n—1) 


m=1 


e ay, 2iy —_ ! 
SS (Sen 2 (2n 1) (20, ily ALL as 8. 
(2L,)*"" (L, +n—1/2)!(L,—n+1/2)! st 
having the following properties 

In+1/2 

= i QL 1 yL es. (8-7) 
=e re 

>> nv / (2n—1)*=0, (kazh, 2) os7, L=1/2). (8-8) 


* As we shall be concerned with a certain irreducible field r(x), 


Rectiont we shall omit suffix J after this 
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According to (7-11) there result 


pe (x) =0, n=1, +, L,—1/2, (3-9) 
and 
P&™ (x) =P). (8:10) 
Now we can express the solution of (5:11) as 
C(x) ==" (k) ef *vey (8: 11a) 
and 
h(x) a “" (k)e tov, (8+ 11b) 


where k,’s follow, due to (7-11), 

kk tice /P=0. (8-12) 
As for the time component of k, the positive value should be adopted : 

= —ik= Vkbie/P, (G=1, 2, 3). 
Then (7-2) results in 

(i/L kG, + xc) a*'” (k) =0 (8+ 13a) 
and 

(i/L ky, — Ke) a” (k) =0. (8-13b) 


a*"(k)’s and a~”(k)’s denote the independent soulutions of (8-13a) and (8-13b) 
respectively, and the number of the independent solutions is equal to the number of 
multiplicity of the eigenvalue L,b of #,, namely, 2L,+1 as given by (4-37). 

If (x) and (x) are suitably normalized, we may write 


a OE OLE (8-14) 
> ay” a") =2..; (8-15) 
Sh ak Bag (&) =D) as—” (Bag * (R) = 0; (8-16) 


where at” (k) and a¥*”(k) are the components of a*”(k) and its complex comjugate, 


respectively. The number of components is found to be 
1/6 (2L,+3) (21,41) itt 2) (L,-L,+1) 
by (4:35). Defining the adjoint function of a*”(k) as 
at” (k) =a**"(k) 9, (8-17) 
there hold 
at” (k) G/L,k, By +c) =0, (8 - 18a) 
an” (k) (i/ Lik Bu — xe) =C- (8-18b) 
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As the expression a*” (k)a*"(k) is a world scalar, this can be evaluated in the rest 
system. From (5:24) and (8-14) to (8-16) we have 


Sab" Wai) =O (8-19) 

2 a a, ”” (k) az? (k) = —8y5 (8-20) 

DI ag? (2) az” (k) =) a5” (h) ag * (k) = 0. (8-21) 

In order to obtain the explicit form of solutions, it is convenient to introduce an 
operator 
Se ai? 9 

FO (4 ik) == (2) (4 8, 
a KC re 


I1+1/2 £1+1/2-—n 


ALD, (— Lec /6)™ (1 /bkyp,) *—* (kyb,) Born 


n=1 m=() 
(8-22) 
where A‘ is the coefficient of x” in the expression 
J1+1/2 = I1+1/2 
i {x— (n—1/2)*} = pat gee a (8-23) 


When we multiply the operator (i/(L,b)ky9,+«c/b) on the right or left side of (8-22), 
the identity (8-1) and the relation (8-23) allow us to get*? 


((i/L,b) kyPyt «c/b) Fi + ik) =F(+ ik) (G/L, b) kyBy + xe/b) 


[QL ea Ia+1/2 222 
eee jek ——t L(g. 
“gta (7 7/2) NL 220, Tee n= 4 mat oe 1/2) 28) Se) 


This expression vanishes due to (8-12) : 
((i/ Lib) ky3, + we/b) F (+ ik) =F (ik) ((i/ Lb) ky, + xc/b) =0. (8-25) 
Hence, we have 
F(+ ik) F( + ik) = (—1)™-"?/ (2L,—1)! (6/ucc)271. 


J14+1/2 I1+1/2—n 
ss 


. yy ps Aored, 2am) (—C/b*) Ia-1/27, (+ ik) 


n=1 m=() 


11 +1/2 
=1/(2L,—1)! 5) mA,L2"F (+ ik 


m=1 
I1+1/2 
=1/(2L,—1)! lim d/dx I] {x—(n—1/2)*} F(+ik) 
ay T2 n=1 


=F(+ik), 
F (+ ik) F (ik) =0. 


(8-26) 
(8-27) 


* In what follows hereafter we omit the suffix (L;) of F'4) (ik). 
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Similarly from (8-13), (8-18) and (8-22) we deduce the following relations : 
F (ik) a*'" (k) =a"""(k), 
F (ik) a~" (k) =0, 


Fah a ak (20: cia. 
F (—ik) a” (k) =a~’”(k), 
at" (k) F(ik) =a*(b), 
a OE) Fk) 0, 
(8) Fk) =0 ae 


at" (k) F(—ik) =0, 
a7 (k) F(—ik) =a-"" (8). 


With the relations (8-24) to (8:28) one sees that the operators F (ik) and F (—ik) 
are the projection operziors to the positive and the negative frequency parts respectively. 
As is easily seen from (8-19) to (8-21) S) at (k) at" (k) satisfies the same relations 
as +F,,(+ik). We may thus put 


3) ad” ah” @ = Fas ib), (8-292) 
3) aa Bap") = — Fag (=i). (8-296) 


The general solutions of the simultaneous equations (7-2), (7-11) and 72) cs 


(7-11) * can now be written down in terms of Fourier series as 
hy (x) =V IPS D) Ge / be) 2 GO ad” Her + G2 Hae" Hert, (8: 30) 


ie (xy =V FS}, Dy e/h) 112 {per (k) ak” (k) a tHvtv + ht (k) az” (R) eee (8-30) 


; iad 


where V is the normalization volume, and S}, and S$} denote the summation over 
momenta and over all the states of the same momentum respectively. The coefficients 
p(k) is the complex conjugate of of, (k). 

By substituting (8-30) and (8-30)* into C72) and! (7213) of) (716) and 
(7-17) we have for the total energy, the total momentum and the total charge 


= —| Ty @)dV =>), DAlLYP OM © —P- (k) P*"(k) J, (8-31) 


G,= (aie) | T(x) dV=PQy > kRige (AY. —¢ @ YY? @)), (8-32) 
(i=1, 2, 3) 
E= (1/ic) fi (x) dV=ey, SPY" OL O+H OPH]. (8-33) 


The indefiniteness of the sign of the total energy can be avoided in reference to the hole 


theory as in the case of Dirac’s electron theory. 
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b) Integral field 


As the eigenvalue of (1/h)/3, takes every integer between L, and —L,, we have the 
identity 
Tn 
a,P, IT {(a,8,)*—n’b*a,a,} =0, (8-34) 
n=1 
where a,’s ate the components of a four vector and are commutable with each other. 
By substituting 0/dx, into a, and operating on ¢(x)*, from (7-2) we get 
Ty 
TT {(O-—LPe/ (n’t*)} 9) =0, 


n=! 


in which L,«*;0 is assumed. (x) can be decomposed into the functions which are 


solutions of the second order differential equations : 


Ta 
P(x) =D En G™ (x), (8-35) 
Ty 
g(x) =L,/ (2L,—1)! 1 (L?— (n't? /ée) De) (8-36) 
m=1 
(i= le teey Ly 
{D— (L772 /n*b*)} po (x) =0, (8 - 37) 
2Ly—1)! 2L,—1)!n°* 
ga = _@I i= DY) Frey 23 =(-1)*7"_] 2 hgh 1) n a ie (8-38) 
Leet Q —m?/n*) L 7 (L, et n) ! (L, =f) | 
m=1 
Ci/»’s have the properties 
Ts 
> Ce = (2L,—1) UA tees 
n=1 
FA (La) /p Sh 
SO /a=0,  (k=1, --, L.—1). 
From equation (7-11) we have 
ox) ==, rein ie teey L.—1), (8-39) 
ge (x) =9(x) . (8-40) 
The momentum representation is obtained by putting 
d g (x) =b*" (k) eftv7v (8: 41a) 
an 
(x) =b-"" (k) e tvay, (8-41b) 


i ily, teey 2L,+ 1; 


* We call the wave function for an integral field g(x) instead of (x). 
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where k,’s, by (7:11), satisfy the relation (8-12) and we take positive value for k,. 
From (7-2) 6*:”(k)’s satisfy the equations 


(i/LiksBy-+ wc) 6°" (K) =0 (8-42a) 
and 
(i/ Lk, 8, —Kc) b-'* (k) =0. (8. 42b) 
If 5*"(k)’s are suitably normalized, we may write 
2 be*" (k) be (k) =0,5 (8-43) 
ba BEF (Os (hk) =O res (8-44) 
Da baal Me) Pah) spo bss? (e)o," (k) =0, (8-45) 


ae 


where the number of components 6; (k)’s is given by 
1/6 (2L,+3) (2L,+1) (L,+ 1,42) i-L+ apie 
From (5:24) and (8:43) to (8-45) we have 


be br ie (k) bs S (k) On ? (8 46) 
33557 (bs ®& =4,0 (8-47) 
S7bi* (bbe ® =>) b27 bs” ® =0. (8-48) 


The projection operators are given by 


G* (4 ik) = (1/2) (—1) BL, / 2LP 51) 1 (6/00) 


In, Ja-—n S sb ae i = 
a Ge 1/bk,P, a iL,«c/b) a DD Bee ( —Le /h) = (kyky) om (43 1/bk, Py) : 


n=1 m=1 


Ta 
+ (1) 7 (L027 Bbbly ee ch ts (8-49) 
n=1 
where BY is the coefficient of x” in the expression 
it: Th 
(LG =n = >) Box. (8-50) 
*) 


By the similar manner with the previous subsection we have the following relations 


((i/ Lb) ku, + xe/b) GC tk) =G Ct ik) ((i/ Lib) ky, + «c/b) 


222 


= (1/2) (Li)? 2Ly— 116/27 HE bs + Lee / %)} 


=0, (according to (6-42)) (8-51) 


* In the followings we omit the sufix (L,) of G'7v. 


364 T. Nakano 


G(+ik) G(4ik) =G(+ik), (8-52) 
G(+ ik) G( ik) =0, (8-53) 
ik) b+)" (k) =b*:" (k), 
fe k) b*” (k) (k) ees 
G(+ ik) b*” (k) =0, 
b+" (k ik) =b*"(k), 
- (k) G( + ik) (k) aang 
b¥” (k) G( 4 ik) =0. 
Thus we may put 
336" WE" ® =Gay (iB); (8-55a) 
be” (k) bs?” (k) = Gus (— ik) « (8-55b) 


The general solutions of the simultaneous equations (7*2—° (F- 1LY* and (722 


(7-11)* can be written down by the Fourier series as 
0, (0) =V SYS be yk ie ber be ey 
Fee Dore}, (8-56) 


Ba (x) =V PDS (Be/by)!” 9" (BBE (Be tv 


r 


+ 97 (k) bs” (k) ef*¥79} . (8-56)* 
From (7-12) and (7-13) or (7:16) and (7-17) we have for the total energy, 


the total momentum and the total charge 
E=—(TidV=teSn Dlkllek OF, O +e. OO, (8-57) 


Gay (io) | T.dV 


=b D2 ki er" (k) ¢. (E) +92 (2) o*" (2), (8-58) 
b= (iyi) | jWV=U 9" Oe O—¢. Oe” OM. (8-59) 


$9. The q-number field theory 


We need not use the indefinite metrics on account of the simultaneous equations 
(7:2) and (7-11) which guarantee the vanishing condition for /4;, in the rest system. 
We can quantize the half-odd-integral field according to Fermi-Dirac statistics and the integral 


field according to Bose-Einstein statistics. 
a) Half-odd-integral field 


We regard Fourier coefficients #7. (k) of ¢/(x) in the previous section as quantized 
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quantities and put the following bracket relation according to Pauli’s exclusion principle: 


(©, PSH) =, PE EH) =F Pax, 


Ox 


1) 


and the other anticommutation relations vanish. On account of (8:29) and (8-30), 


therefore, there holds 


Loe (x). Dp (x') ]4 =1/V dhabe/Ro Pe vGh) ae ete aaa en —cIk) IONS ad Pas 


If the summation is replaced by the integral, we have 
[du (x), Pp (x’) |. = ibcF us (0/9x) D(x—*’) 
=theS,,(x—x’) ; 


whete 


D(x) =1/(27)° [dPhet* sim (hl) /lb) Gas) 


= —5/(27)9| diketE HI E+ KE/#), 


S(x) =F (3/8x) D(x), 
d‘k=dkdk,dk,dk, , 
E(k) =ki/|hol » 


and F(d/dx) is given by (8-22), in which ik, is substituted by 0/0x,. 


seen from the relations (8:24), 5(x) satisfies the following equations : 
{(1/Lb) 8,8 /Ox,+ we/b} Six) == 0, 
(De? /b) S (x) =0. 
Let F be any Hermitian operator of the cnumber theory, then 
pF 
is, after Heisenberg, to be replaced by 
1/2 (YF —GF*Q*) 


ee 


2) 


-3) 


-4) 


-5) 


easily 


6) 
a7) 


in the quantum theory. By this rule, (8-31) to (8-33) in quantum theory can be 


written as 
E=he >> 140 [1/2 Gr OO -& OY? ®) 
41/2(-¢ OY & +97 OX ®)1; 
G.=bD AL1/2 GP OH © —H OLE ®) 
| 41/2(—-¢ OYE +92 OL) 
E=e Sys L1/2G" WO" (k) —. () YE) 
| 41/267 Oy ® $2 ©¥-@)I. 
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Or, with (9-1) and the definition 
Ne (=o OY, 
Ny (k) = 9%" (hk) f (R)» 


(98) 


they can be reduced to 


E=hbc Ded Al[N,” (k) +N, (k) -1], (929) 
C= =b >) TRAN, (2) +Nz (&) —1], (9-10) 
é= SUN pein (k) |. (9-11) 


r 


On account of the bracket relations (9:1) the eigenvalues of both ¢/*’¢" and gi’ 
are 0 or 1 and they can, therefore, serve as the definitions of the number of particles. 
The choice (9:8) is made so that the energy is the smallest when all N vanish ; thus ; 


this corresponds to the case of the vacuum. As a consequence we obtain a negative : 


*r > 


zero-point energy of the vacuum which amounts to a half quantum per eigenvibration. 
b) Integral field 
For the integral field, according to Einstein-Bose statistics, we put the relations 
[7 ®, eh ®)L=[e2®, o8®) 1 =8.0ue, (9-12) 
and all other commutators vanish. Then from (8:55) and (8:56) we have 
[Pa (x) > Ps (x’) | =be/V S3,(1/2ky) {G5 (ik) ev '2v-=¥ 
— Gy (—ik) ety eva} 


or 


[?, (x), G(x’) |. =ibeG,, (0/dx) D(x—x’) 


= theT ,3 (x—x’). (9:13) 
G(0/dx) is given by (8:49) and 
T (x) =G(0/dx) D(x). (9-14) 
T(x) satisfies the equations 
((1/L,b) 8,0/dx, +-xc/b) T (x) =0, (9-15) 
(O—x'e /t*) T (x) =0. (9-16) 


We define the number operators by 


N,” (k) = 9%" (k) g". (k), 
LN, (k) = 9%" (k) go” (k). 


When we replace the cnumber relation 


(9-17) 


g* Fe 
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by the q-number relation 


TZ (PECs CHT e*), 
(8:57) to (8:59) can be rewritten as 


E=be SDT hol LN,” (Rk) 4-N,, (kr) + 1] > 
G.=b SUSAN, © 4N- @ +1], 
E=e S1,>) [N," (& —N, (2) ]- 


The energy is the smallest when all N vanish and this corresponds to the case of the 


vacuum. We obtain a positive zero-point energy of the vacuum which amounts to a half 


quantum per eigenvibration. 


$10. Concluding remarks 


The relativistic quantum field theory of a free rigid sphere has been obtained by 
extending its non-relativistic mechanics. The representation of the full Lorentz group is 
given by unitary trick from the representation of the rotational group of the five-dimensional 
Euclidean Space. As the representation thus obtained is reducible with regard to Lorentz 
transformation, it is necessary to pick up an irreducible subspace by a condition as (6513): 
This condition guarantees requirement (IL) of § 1 and avoids the difficulty of negative 


probability or negative energy. (6-13) is equivalent to the condition of vanishing divergence 
0/Ox,*Tyrp.--=0 


in the case of tensor formalism. 

Requirement (II) of §1 is satisfied by taking eigenfunctions of a belonging to an 
arbitrary eigenvalues m, but, when one chooses (6:13), one can reduce the differences 
Between (7-12) to. (7-14) and (7-16) to (7:19) to divergences of some functions. 
Besides, as this selection leads (7:14) and its adjoint form, it enables us to use canonical 


formalism, namely, the fourth component of (7-14) and its adjoint give 
Og) /Ot= —c/ (Lh) {11,40 /Ox, +ine/bB,} P, (10-1) 
Bgh /Dt—e/ (Lib) P 4 t4p1 Ax, + ince/b94 - (10-1)* 
With the aid of (10-1) and (10-1)* together with (7-2) and (7-2)™* it can be 


shown that the expectation value of 
—ic/ (L,b") BB, (10-2) 


is equal to the time derivative of the expectation value of x;: 


a /8t | BB xhdV 


z \ (Af/dt- Bx +PAxOh/3t) dV 
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c/ (Li) | (0f/dx, Pn Bx — PB Xibp OP/Ax,) dV 
(by (10-1) and (10-1)*) 


—ic/ (Li) | (08/ Any, Binh + §Bix8, 29/2, 
a 0g) /Ax,3 22 xi0 a PBP 2 x:OP/Ox,) dV 
(by (3719) 


= —ic/ (Li) | 98, (8,2,)¢dV, (by (7:2), (7-2)* and integration by parts). 


Thus, (10-2) can be interpreted as the velocity operator in the same way as the case of 


Dirac’s 


electron theory. 


The subsidiary condition causes some complications when interactions are introduced. 


In this 


case variation using Lagrangian (7-15) is convenient. The interaction with the 


electromagnetic field will be discussed in the succeeding paper. 


The author wishes to express his cordial thanks to Professor S. Hayakawa for his 


kindness in reading the original manuscript. 
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A Statistical Theory of Linear Dissipative Systems, II* 
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The statistical theory based on the probability of a given succesion of non-equilibrium states of 
a linear dissipative systems given by Onsager and Machlup is proved by direct calculation to be 
equivalent to the theory of Brownian motion discussed by Wang and Uhlenbeck based on the Fourier 
series method of Rice. A function, which determines the above-mentioned probability and is con- 
structed from the dissipation functions and the rate of entropy production, is shown to increase on 
the average with the lapse of time and remain constant (i.e., have the minimum value zero) when 
and only when the system obeys the phenomenological linear relations given by the thermodynamics 
of irreversible processes. This theorem is an extension of the second law of thermodynamics. When 
the system is characterized by a single relaxation time, the expression of the above-mentioned probability 
is a little simplified. 

The method of fluctuating distribution function is developed. When it is applied to the theory 
of the shape of collision broadened spectral line, the new strong collision treatment proposed by Gross 
is proved to give practically the same result as that obtained by the theory of Brownian motion of 
harmonic oscillator. Finally, this method is applied to the fluctuation of electronic distribution in 
metals (the Johnson noise). The correlation function of electric current thus obtained is in accord 
with that given by Rakker-Heller and by Spenke. The correlation of heat flow and the cross corre- 
lation of electric current and heat flow are also given. 


§ 1. Introduction 


In a previous paper,” to which we shall refer as Part I, we could generalize the 
theory of Brownian motion so as to include the systems treated in “‘ thermodynamics of 
irreversible processes” based on Onsaget’s statistical interpretation of the principle of the 
least dissipation of energy. Recently Onsager and Machlup” have proposed a more complete 
formulation of the same problem by confining themselves to the case of Gaussian random 
variables. These theories give the joint probability of a given succession of non-equilibrium 
states of the system in terms of a time integral of some function constructed from the 
dissipation functions and the rate of entropy production, and suggest that this function has 
a statistical significance similar to that of the entropy in the theory of equilibrium. In 
the present paper we shall first examine the relation of these theories to the method of 
Rice in the theory of Brownian motion®” (§ 2), and then treat the problem of analogy 
between the function mentioned above and the entropy ($3). The principal aim of the 


* The main ideas of this article were reported in: Bussei-ron Kenkyu (Mimeographed circular in 
Japanese) No. 64 (1953) 32; No. 80 (1955) 52; No. 82, 31; No. 85, 55; No. 87, 109; No. 88, 11; and 
tead at the International Conference of Theoretical Physics, Kyoto, Sep. 1953.1) 

** Now returned to Department of Physics, Faculty of Science, Ochanomizu University, Tokyo. 
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present paper lies, however, in the application or extension of our theory to such variables 
that are not thermodynamical but can be treated in a sence thermodynamically. As an 
example we shall take up the number distribution function in the kinetic theory of gaseous 
substances. This distribution function describes the scat> of the system more precisely than 
the thermodynamical variables, whereas its equilibrium value is determinzd by the thermo- 
dynamical condition of entropy maximum. We shall illustrate the method of fluctuating 
distribution function in the case of collision broadening of spectral lines (§ 4), and show 
its application somewhat in detail in the case of fluctuations of electronic distribution in 
metals (§ 5). 

For the sake of referring convenience we shall summarize the results of the previous 
theories. 

The linear dissipative system is the system for which the rate of temporal change of 
thermodynamical state variables is linearly related to the corresponding thermodynamical 
forces. For simplicity let us consider an isolated system, and let us specify its macroscopic 
state by a set of macroscopic (thermodynamical) variables a==(a,, G,, ---, ay). Tf S(a) 
denotes the entropy of the system at a state a, the gradient of entropy with respect to 
@ is the thermodynamical force (divided by temperature) corresponding to a. Then the 
rate of change of a@ is determined by the phenomenological relations 

. 


da,/dt=S\G,,-0S(a) /Aa,, (1-1) 


j=l 

where G’s denote the kinetic coefficients, to which Onsager-Casimir’s reciprocal theorem is 
applied.”.” In the following, including §§ 2 and 3, we shall write down the expressions 
with the symmetric G. The extension to the case of general coefficients is formal and 
easy (see Part I), and we shall make use of such extended expressions in S§ 4 and 5. 


In classical thermodynamics the equilibrium state a’ is characterized by the equilibrium 
condition 


S (a) =max. (1 +2) 


(with respect to w), which is an expression of the second law. The classical thermo- 
dynamics is the first approximation to the truth. In the second approximation we should 
incorporate fluctuations of @ into it, and we can not get a correct formulation of the 


second law itself, till we do so. Boltzmann’s statistical interpretation of the second law 


y ies ase aD ve > 5 : ‘ ays . 
includes the statsment” (Boltzmann’s principle) that an arbitrary non-equilibrium state @ 


may occur with the probability 


W (a) < exp {S(a) —S(a°)} /k (1-3) 


as far as the conservation laws of mass, energy, momentum, and so on are not violated. 


k is Boltzmann’s constant. 

Boltzmann’s statistical interpretation of the second law 
ment” that the entropy may increase as well as decrease, though it must increase on the 
average. The process described by the solution of equation (1-1) 
value of entropy. Thus the thermodynamics of irreversible proce 


contains furthermore the state- 


always increases the 


sses is again no more 
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than the first approximation. As was shown in Part I, we can get the second approxi- 
mation based on the linear relations (1-1) and Boltzmann’s principle (1-3). The 
equations of motion (1-1), which determine an average course of the process, are derived 


from the variation principle, the principle of the least dissipation of energy, 
dS/dt— D(a, @) =max. (1-4) 


(with respect to @=da/dt leaving a constant), where @ denotes the dissipation function 


(divided by temperature) 
N 
D(a, G)=1/2->)(G") ij dae,/dt-da;/de, (1:5) 
i,g= 


G" being the reciprocal of G. Onsager’s statistical interpretation of the principle of the 
least dissipation of energy (1-4) states that any modified form of the equations of motion 


Haff 31G,,-35(a) I RELO (1-6) 


may occur with a certain probability. Here o (t) denotes any continuous one-valued 
function of time t, whose time average is zero. Since in the principle (1-4) the variation 
is taken with respect to @, the probability mentioned above will be a conditional one, by 
which the probability of a change da of a during a macroscopically small time interval 
dt is determined. If we denote this conditional probability from a state a to another 


atta by V(a, 4t,a+da), Onsager’s statement is equivalent to 
W (a, dt, a+ da) o exp[1/ (28) - {dS— @(da, da) /At}], Cia) 


where P(da, da) is obtained from (cd, &) by replacing @ with da. This transition 
probability (density) gives in fact the phenomenological relations (1-1), in the limit of 
At—>0, as the most probable course of the process. If an explicit form of the function 
F(t) is once given, we can integrate in principle the equations of motion (1-1), and get 
a graph a(t) in the (a, t)—plane, which we shall call path. This path, of course, starts 
from a given initial state a! at a time t/. Since we may give other forms for c(t), we 
obtain in general a bundle of paths starting from the given initial point (a! .f).. \For 
each path of this bundle we can ascribe a probability, the conditional probability of path, 
provided that the time series described by the path a(t) is Markofhan. If we divide the 
time axis into successive time intervals of length dt, the increase da at an interval is 
independent of those at other intervals, and has the probability (1:7). Thus the con- 
ditional probability of a path will be given by the product of (1:7) for the successive 
intervals. As was shown in Part I, the transition probability (1-7) is sufficient to give 
Boltzmann’s principle (1-3) as the equilibrium distribution of a. Thus in the following, 
eechallecall GL- 7): fand= Call wot (1-12) | Onsager’s principle. 

Onsager and Machlup” gave a closed expression for the probability of path. In the 
expression (1 -7) the normalization factor is in general a function of a and Je, and this 
value of @ changes from interval to interval mentioned above. Therefore it is more 


convenient to write some part of the normalization factor in the exponent. Remembering 
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the fact? that (1-7) is a Gaussian distribution with regard to Ja, let us introduce a function 


L (a, d)=9(a, &)+071(0S/da, 0S/da) —dS/dt , (1-8) 
where 
D” (0S/da, OS/da) =1/2 S| G,;-0S/da;-0S/da, (1-9) 


is a kind of dissipation function made up of the thermodynamical forces. The explicit 


expression of (1:8) is as follows: 


da a, 2) 1/2 SOV {da,/dt— SG, -0S/da,} {da,/de— SG;, -0S/da,,\. 
(1-10) 
We see at once the exponent of (1-7) (including a part of the normalization factor) 
being given by the trapezoidal approximation of the time integral of (1-10) over the time 
interval Jt. Thus the product of (1-7) can be written, after taking the limit Jt-0, 
in the form 
ant 
Vla(t); ¢ St<v’] ox exp{—1/(2k)- | E (a, de. (1-11) 
"7 
Here the product is replaced with a continuous product. Mathematically speaking, as was 
emphasized by Onsager,” this type of expression contains many difficulties such that 
Dirac’s 0—function in quantum mechanics has encountered in the theory of functions of 
real variables. These difficulties may be avoided for instance by making use of Kolmo- 
goroff’s slalom gate description as was done by Onsager and Machlup.” We shall, however, 
not touch on these mathematical points in the present paper, and reserve the more intuitive 
form of expressions such as (1:11). We should therefore bear in mind that we must 
always come back to the original discrete (Ja, Jt) descriptions when we concern ourselves 
with principles. In the probability (1-11) the path a(t) is restricted to satisfy the 
initial condition a(t’)=a’. If we want to remove this condition, there are two ways. 
First, we multiply (1-11) by the probability (1-3) of occurence of the initial state a’ 
and make the joint probability of a path a(t) in the closed interval t!<t<v". Second, 
remembering the Markoffian character of our time series, we take the limit t/—oo in 
the expression, and consider the result only for a finite time interval. In the latter case 
we may select any state a’ as the initial one, since no effect of the initial condition does 
remain after sufficiently long time. Thus we may for example suppose a’ being epart 
from the equilibrium state a’ infinitesimally. This means that our Process is replaced «ith 
one that occurs as a spontaneous fluctuation in an aged system. For the sake of symmetry 
of the past and the future we write -+-co in place of ¢”’ in (1-11) and put av =a(e) 
to be a state infinitesimally near a’. Then we obtain the probability of a path a(t), 
—oO<t<+o; 
+ co 
Wa ()]  exp{—1/(2k)- | & (a, ade}. (1-12) 
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In conformity with its importance in our theory we shall call the function 4, (a, @) 
defined by (1-8) the thermodynamical Lagrangian. 

The conditional (transition) probability of two events separated by a finite time interval 
is obtained by adding all contributions from paths connecting these events. This sum is 
represented by the path integral,” which is an extension of Wienet’s integral" : 

. a 
wT (al, 3 al", to \exp{-1/ (24) .\ £(a, ad} Da(t). (1-13) 
z/ 
Here a(t’) =a’ and a(t’) =a” are respectively the initial and the final conditions for 
each path a(t). In the case of Gaussian process Onsager and Machlup” have proved a 
theorem that the path integration can be replaced with a minimization procedure : 
ut 
DT (al, t's all", t!’) x exp {—min 1/(2k) - L£ (a, @)dt\. (1-14) 
a(t) 
The variation in the exponent means of course to be taken over all paths starting from 
a! at time ¢’ and reaching a’ at ¢’’. We may confine ourselves only to the most probable 
path when we consider the transition probability. Namely, for a given initial and a final 
state there are one most probable path, which is determined by the variation principle 
wr 
|S AE Pts (1-15) 
s) 

In the preceding paragraphs we have expressed the probability in terms of the solution 
a(t) of the equations of motion, Langevin’s equation, (1-6). Rememb>ring the explicit 
form of the thermodynamical Lagrangian (1- 10), we see at once the probability obtained 
above, (1:12), being rewritten in terms of the fluctuating term A(t). Namely, eliminat- 
ing @ in (1-10) by making use of the equations of motion (1:6), we get 


L (ay 4) =1/2- (FO) yAOAO, (1-16) 


and hence (1-12) becomes 


co 


W ch (t) Joc exp {—1/4- ie (DA) Fy(Odh (1-17) 


4,j=1 
—-oO 


Here we have defined the diffusion coefficient in the a@—space 
Dah (1-18) 


The Gaussian distribution (1-17) was the starting point of the theory of Brownian motion 
given by Ornstein, Uhlenbeck and others." In fact, the first two moments are 


(I(t) =0 > CI Mt) F(t) )=2D 39 —2), (1°19) 


D 7 
which agree with their expressions.” Thus we find that our theory based on Onsager's 
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principle does not contain anything physically new besides those contained in the pre-War 
theories of Brownian motion, although our theory is extended to include all linear dissipa- 
tive systems. Our formulation provides, however, Einstein's relation (1-18) on a general 


basis, and this makes the application of our theory more easily and more systematically. 


§ 2. Relation to the method of Rice 


In this section we shall show the equivalence of the method of the probability of 
path described in § 1 and the method of Fourier series (method of Rice”) discussed by 
Wang and Uhlenbeck.” First we derive the fundamental relations in the latter method 
by the former. Then we shall give a sketch of the proof of (1-12) by the latter method, 
based on the assumptions proposed by Onsager and Machlup.” Our proof is not so elegant 
as that given by them, but we hope that it shows somewhat more clearly its relation to 
the method of Rice. 

Onsager ond Machlup have started from the assumption, that our time series is 
Gaussian. By this assumption, first of all, the probability of a state (1-3) has to be 


Gaussian, and thus we should confine ourselves to the case of quadratic entropy treated in 


§ 3 of Part I: 
N 
S(a@) =S(a*) —1/2-3)S,;(a;— a) (a;— af). (2-1) 
?,j=1 


The coefficients S,,==—0°S/da;da, are the elements of a positive definite symmetric matrix 
S. The positive definiteness is due to the second law of thermodynamics. In this case 
the thermodynamical force (divided by temperature) associated with the variable a, becomes 
a linear combination of the deviations a;—a;’ from equilibrium a®: 


0S (a) /Aa;=—D15,,(a,—a,). (2-2) 
j=l 
As was done in Part I, it is convenient to introduce a matrix 
A=GS, (2:3) 
eigenvalues of which are the reciprocal of relaxation times [cf. (4-25) and (5:22)]. Then 
the thermodynamical Lagrangian (1:10) can be written in the form 
: we - , N 4 N 
La (a, a) = LA2 Pris "44 {@, + Sn (a, — a;)} {a+ Si Ln, (@n — A”) } . 
i j= i=1 ; 


m= 
(24) 
In the method of Fourier series, we expand a function a(t) of time ¢ into the Fourier 
series first within a sufficiently large but finite time interval (— 0/2, +0/2): 


a,(4) =a?5- 24 {4;, cos (a, t) +6,, sin(w,t)}, (25) 


and take the limit 9—>co after all required results are obtained. In the expression (2-5) 
? 


w, denotes a discrete v Rae ae j — WA 3 
r S alue of angular frequency 2° @, = 22770, AT ee The expansion 
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coefficients a and 6 are parameters determining the shape of a path a(t). If we regard 
a(t) as a random function, they become a set of stochastic variables. The parametrization 
of paths may in general be done by making use of any complete orthonormal set of 
functions of ¢,'” or more generally of functions of ¢ and i if the index 7 is a continuous 
parameter such as position coordinates, say. 

First we shall derive from (1:12) the probability distribution of the parameters a 
and 6. Returning to the parametrization by the Fourier series (2-5), we can transform 
the expression (2-4) into 


N co N 
As (he 12 (Ge yy { ( Ain Ay, + Ob :q) COS (Wy £) 
i.jal 7,6=1 2=1 


N Ny 
+ (3) Ay b,,—@, 4,,) sin (a, t)} {CoA jn tine + Geb je) 608 (0 £) 
t=1 n= 1 


mm 


N 
ae CoA ema We dj-) sin (wet) } ? (2-6) 


m=1 


or, after integration over the time interval ( —0/2, +0/2), 
+0/2 


1/ (2k) \ val ie SUE 


-—0/2 


oo N N N 
= 0/2 pea 1/ (4k) > (Ga), 1 A,, Ay, + 0,55) od A ym Am + Oz 5x) 
ci 4, j=1 =1 m=1 


N N 
aie Coy Ay, biz -o Ox 4;,) (pai Ae O pe oO, dj) } 
i=1 ™ 


1=1 


= & 4 9N Q 
= (6/2) eS 1/ (Ak) pz (G") 45 >) (Ay A jm + Oe 0:19 jm) (dix diay =| Dig Orace) 
y=1 i,j=) l,m=1 


= (0/2) S31/ (4k) 53 [G7 (P+ 09°) Jon (4, Aa + Bre mr) + (2:7) 
1 i,m=1 


Here we have made use of the symmetric properties of G and S. Now let us introduce 
the matrices 

Ja(o)=(# +07)" 9r7(o), Jr(o)=4D, (2:8) 
which are both symmetric. The symmetry of g,(w) is obvious by virtue of the relation 


4kgzi(w) =G"' (A? +07) =SGS+ 0G". From (1:12), (2-7), and (2-8) we get the 
probability distribution of parameters 4 and 6, which will be obtained in the limit 0500 


from 
Wo a, 6) exp {— (8/2) 3} S3[ga' (on) lyCair air third}. 2-9) 


This is nothing else than the starting point of the method of Rice.” We oe from this ay 
sion that the matrices Ju(«) and gp(w) are the spectral cesty) matrices of the variable 
a(t) and of the fluctuating term A(t), respectively. The ae spectrum of c(t) cor: 
responds just to the d—function type correlation (1: 19). The special dependence of Ja() 
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on w is of course due to the simple forms of the equations of motion (1-1) with the 
force (2:2). 

In the preceding paragraph we have derived the probability distribution of the Fourier 
coefficients (2-9) starting from the probability of path (1-12) or (1-11). Now we are 
in a position to derive the latter from the former. We shall prove that the probability 
of path obtained from (2-9) can be written in the form (1-12), when we take Onsager’s 
assumption on the average behavior of our system. Due to this assumption the spectral 
matrix y,(w) gets the special form (2-8), hence we shall not assume (2-8) for the time 
being. The probability of path is the limiting expression of the joint probability of K+1 
events, with K->co. Let us write these events as a(t,) =a, a(t,) =a™, «++, (tx) 
=a and denote that joint probability (density) by W(a, t,; a, t,5 +--+; a, ty). 
The K+1 times, f), ,, +:-, tx, may be selected arbitrarily, but without loss of generality 
we can impose them the condition — co <t,<#t,<-+++<tg<-+00. The characteristic 
function of this probability is the average 

X(u, u, rey u) ==(exp ast StuPa,(t,)} » ; (2 . 10) 


p=U j=l 


In order to calculate this average, let us consider a sufficiently large time interval (— 0/2, 
+0/2) such that —0/2<t)<+:+<ty<+0/2. Then we may use the Fourier expan- 
sion (2:5) in the exponent of (2:10), and calculate the average with the weight (2-9). 


In this calculation it is convenient to employ the relations 
aed iN v 
(exp es U5; dj} — (exp DQ imsbse} Ye =exp {—1/ (28) S19 (oy) Jesus u,} . (2-11) 


Noticing that the coefficients a, and a., 6, and 6.(7==&), and a and & are statistically 


independent of each other, as is seen from (2:9), we get 


X(u, «, ue) 


K ON 7 K ON 
=exp {i>} SjuPa;}lim Jf exp{—1/(29) >) 3} [ge(o,)}5 
p=) j=1 O>0 T=! p,q=0 i, j= 


- cos (w,[t,—ty]) uu 
i ee K n 


_ : ’ Bae ’ ) 
=exp {i>} iH a,’ — (1/2) 3} pas ui? D;5(tp— ty) uP} , (2-12) 


p=0 j= P,q=0 i,j= 


where we have defined the matrix 

y(t) =1/ (27) | Jaw) cos(wt)dw . (2-13) 
It is found by observing the expression of characteristic function (2:12) that this matrix 
is the correlation function ¢ {a(s) — a®} - {a(s+t)—a>. In order to obtain the probability 
of path we need the conditional probability. The characteristic function of the conditional 
probability is obtained by retransforming the characteristic function (2:12) with resp xt 
to the variables to be fixed and by dividing the result by the joint probability of those 
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fixed variables. For our purpose it suffices to fix one variable a(,) only. Let us denote 

. Phi: “T- 0 . . . . 
this conditional probability by F(a, tla, t,3 +3 a, te). Its characteristic function is 
then obtained as follows : 


NOUESE es cians ue) 


+0 +0 


(? : : N 
= Jo | dul due (any *W (2) }-exp {iD} uP a9} XH, oy H%) 
j=l 


p=1 j=! p=! i,j= 


KON KW 
=exp i>) S1uM a) +i d) Dd) u [P(t—&) 9" (0) Jia? — @) 


N 
— (1/2) >) >) uP? [9 t) — Pe) PO) 9 (Fo bo) Jes” 
come tb 
=) i>) Dupay +i Da ES uy? 045 ( tp — ty) (a? —a;') 


p=l j=: p=! t,j=1 


= (1/2) ay i) uy | {0 (tp— ty) — P(t— 4) Pu h)s 2 (0) |; 545} > 
(2:14) 


where p is the normalized correlation matrix : 


p=) ge" (0). (2:15) 
The normalization condition is of course (0) =1. 

Till now we have made use only of the assumptions that our time series is Gaussian, 
and that the spectral matrix g,(w) is symmetric and positive definite. At this point we 
should introduce Onsager’s assumption that the average regression of fluctuations obeys the 
same law as that given by the phenomenological equations (1:1). This means, in our 


matrix notation, 


iG) ree (2-16) 
This type of matrix has the translation operator property, or the semi-group property 
o(det/)=let+e), (#220) (2-17) 


and this property is sufficient to prove our process being Markoffian (Doob’s theorem 
generalized by Wang and Uhlenbeck?»). We shall show this by direct calculations. 
Retransforming the characteristic function (2:14) into the conditional probability / (a, 
ACN ern a”, te), we get a Gaussian distribution with the mean a°+(1(t—t) 
- (a —a) and the variance {0(t5— ty) — p(tp— ty) 0 (tg—b)} G(0)- Namely there appears 
in its exponent a quadratic form with a super-matrix composed of elements g~ (0) {0(tp—t,) 
— p(tp— by) P (ty— to) $ Sa nt fe ena, K. When ¢ has the property (2:17), the super- 
matrix [p= {0(tp—t) — O(tp— to) P(ty—f)}~ can be determined as follows : 


p= {1—@(te—tx-1)} 5s 
Lone = {1 — 0? (ty—tp-1) } pe + (tpsi- *) S90: (ty ai —atp) FLEE Mem AB 
[p=1, 2, +, K—1], 
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Pye — P (ty ty-1) {1 tg bya) (2-18) 
are g-1 ={t—p (t, —t,-1)} Ota — haa) 5 
i ee Ca ic 
The other matrices J”, are zero. In fact it is easy to show, by making use of (2-17)§ 


that 


Sloot) oleh) (yb )} =P (2-19) 


oe 


Thus the quadratic form mentioned above becomes 


(1/2) s >) [P7' (0) Pyg]es fa? — a! — S30 (tp— bo) La? — n°} 


g=1 4,9 


“{a@ ar a; gos i dim CG ty) [a _ wre! m 4? 


n= 


N 
= =>) G2) 2 S3[9"*(0) { {1—? (tp—ty-1)} ~],5 {a? — a!— 3 Pal ty— ty) [a?—-? — a }} 


; fa? —a—S Dif alto fp- Lae? — a,, |} ? (2-20) 


n= 


where we have employed the symmetric property of @(t). Since the exponent is rewritten 
in the sum over time points p=1, 2, :--, K, the conditional probability becomes the 


product of functions 


N 
Pe aire ta. ees ty) OF ern Ga GLa) 2ait ames - >a Pit ty tyr) La??? — ar"T} 
i,j 


N 
hs [eo (0) {1 —" (t— ioon) = lea ja? — a, — AC a fn- [as a »_ a, |} Ds 


(exehe: 

By putting K=1 in the expression (2-14) and transforming back to the a-space, we 
see that (2:21) is nothing else than the transition probability from the time ¢,_, to the 
time ¢,. Thus the Markoffian character of our process is proved. In order to rewrite 
the conditional probability 7 (a, t|a™, t,3 --» sa, #,) into the form (1:11) we need 
the explicit forms of (t) and ¢(0). p(t) was given in (2:16). (0) is determined 
by comparing with Boltzmann’s principle (1:3), in which we should use the quadratic 
expression (2-1). Since we have proved the Markoffian character, the transition probability 
(2-21) becomes the probability W(a™) of a state a”, when we take the limit thi 
— oo. From (2-16) p(co)=0, and hence we get 


G (0)=S/k. (2.22) 
Next we divide the time interval (¢’, 


t’’) into K_ subintervals of length dt, and apply 
(2:21) to each subinterval. 


Since dt->0 as K—>00, we can approximate the sum (2-20) 
by the following 
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1/(2k) S) 3) [S(24e)- Ts! {dar + S11, (ag? — an?) At} 


So ares 


{dap D3) A jm (a2-” — atm) Ae} 
=1/(2k) >} i: dt- (1/2) >) 1G Se {dar?/de+S) Aa (ae )_ @,)} 


eee Am (ae? — ans ts (2-23) 


m= 


where da?“ ==a™—a?, Comparing this with (2-4) we arrive at the expression 
(1:11). The spectral matrix y,(w) in (2:9) is determined by the Fourier transform 
(2-13) from the correlation function, (2:15) with (2-22), ie., 


P(t) =e(t) 9 (0) =e A" S71, (2-24) 


and it will be found to be equal to the expression given in (2-8). 


§ 3. On the analogy between £(a, @) and S(a) 


As was stated in § 1, Onsager’s principle (1-12) was derived on the analogy of 
Boltzmann’s principle (1-3), and in this analogy the thermodynamical Lagrangian £ (a, 
@) played a similar role to that played by entropy S(@). On the other hand, the entropy 
selects the equilibrium state a° among others by virtue of the variation principle (1:2), 
and increases in the course of time on the average when we start from a state other than 


a’, Remembering the variation principle (1-4) or 


L (a, ¢) =min. (3-1) 


(with respect to @ leaving a constant), we may expect a similar properties of £ (a, @), 
when we replace the equilibrium state a’ with a special value of @, or more precisely 
with the path determined by the phenomenological relations (1-1), the thermodynamical 
path. Namely, the function £(a,@) will single out the thermodynamical path, and 
will increase on the average when we trace other paths. In this section we shall show 
that this statement, which is in a sense an extension of the second law, is correct. 

First let us determine the most probable path connecting the given initial and the 
final points in the (a, t)—plane. The most probable path is determined by the variation 
principle (1-15), and therefore satisfies Euler’s equations obtained from the thermodynamical 
Lagrangian £(a,@). These equations are of the second order. It will be more con- 
venient to separate them into two groups of equations of the first order by introducing a 
set of new variables. This separation can be done, by passing through equations like the 
canonical equations in mechanics. Let us define the “‘momentum” 7 corresponding to 
the variable a by 


1,=0£ (a, &)/da,, (3-2) 


where the thermodynamical Lagrangian (a, @) should be regarded as a function of a 
and @. Remembering the explicit form of £(a,a@), (2:4), and the symmetric property 
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of G, we get 
TC ; =>) (Gy ,{a,; +3 Age (An re A (3 EN 
io 


Next we introduce the ‘‘ Hamiltonian ” after the general procedure in mechanics : 


(a, m= DIT, 4,— L£ (a, 4), (3-4) 


which becomes* 


M6 (a, 7) = (1/2) > (GY ase =>) Ny, (a, — 0°) } {a SS A jm (4m mn) } 


= (1/2) Sn Gi 5 {75 =2338y(a,— a Ff. (353) 


Then the “ canonical”? equations of motion are given by 


N N 
di, =0H6 /87,= D1Gis{%j— DiSy(ar— ar} » 
j=! 


w 376) 
t= — 026 /8a,= 17; Ay - 
j=1 


Now let us introduce a set of new variables 


N 
6:4, + S)Aa(ai—ay’) = SG, i743 
25 or 


N N N 
nS a — ota ai— oy} = Sa, {ty—2 315 p(a%— a) } : 
[= j= =} 


Remembering the definition (2-3) and the oes property of G and S, we can de- 


termine the equations of motion for these ¢ and 7% by direct calculations : 


B= UGyt= > Gyr Ay= 2 7(GS)ijG 


N 
— = 7; Gi.S,5Gy= > > 152Gi, S; .— > Anke» 
fis tarot j 
j=l 
N 


N Ny 
= 216%; (tjy—2 31 5p} = 54, {F,;—24,} 


j=l 


=>) A, [F 5— ee 


— SAI uy | ss Ayla ay )}> 


* On the analogy of Schrédinger’s equation in quantum mechanics, Fokker-Planck’s equation [(2+8) 
of Part I] can be derived by the “ quantization” z—>—2kd/dq. 


This formulation was given by N. Saité 
and M. Namiki, Bussei-ron Kenkyu, No. 78 (1954) 95. 
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N 


= Syn. (3-9) 


Thus our equations are separated into the equations of the first order. Their solutions 
are 


- (t) = Sle ],8,(0) » (Et) =S leans (0) . (3-10) 


On the other hand, according to the definition (3-7), the variable w(t) is given by the 


linear combination of €(t) and 7(t) : 
N 
a,(t) —a?= (1/2) a (A) 5 85 (4) —j(4)}- (711) 
j=! 


The most probable path is determined by (3-11) and (3-10), and hence it is the super- 
position of the curves exponentially increasing and of those decreasing in the course of 
time. The integration constants £(0) and 7(0) should be determined by the initial and 
the final conditions, a(t’) =a!’ and a(t’’)=a’’, If €(0) is zero, the components ex- 
ponentially increasing, ¢(t), vanish and the path (3-11) becomes the thermodynamical 
one. This can also be seen from the first equation of (3:7). 

Now the proof of our statement on the properties of £(a,@) is easy. If we 
introduce the new variables € into the expression of £(a,@), (2:4), we obtain®™ 


da Op ay= (1/2) EMG) 820 - (3-12) 


> are due to the positive definiteness of the matrix G, and the equality sign 


The signs 
holds when and only when ¢=0, ie., for the thermodynamical paths. Thus we find that 
the value of thermodynamical Lagrangian becomes minimum for the thermodynamical path. Next 
let us insert the explicit form of ¢(t) from (3-9) into (3-12). Then we see at once 
that the value of thermodynamical Lagrangian always increases with the lapse of time, 
except for the case €=0. That is to say, the value of L, (a, @) is not decreasing for 
the most probable path. We can also show this by direct c.lculations. Differentiating 


(3-12) with respect to time, and remembering the equations of motion (3:8), we get 


N 5 N N = > 

d Le (a, @) /dt= Ss E(G") 4S j= Sa) E(G") gj ApSec= > Sap 5 2220 > (3 : 13) 
ipa 4,j,h=1 i,h=l 

where the signs >> are due to the positive definiteness of the matrix 5, which was in turn 

the consequence of the second law. The quantity € can always be defined by (3-7), and 

the expression (3-12) remains valid for an arbitrary path a(t). In this case (3-8) does 

not hold, and then the value of thermodynamical Lagrangian increases as well as decreases. 


On the other hand the average path coincides with the most probable path because of the 


* A similar theorem has been proved by R. T. Cox, Rev. Mod. Phys. 22 (1950) 238. In his minimal 


principle, a set of quantities f;, which are in our notation formally corresponding to —z,;, is introduced 
? 


because of an external action. In our theory, however, the quantity z or € arises from the action of internal 


degrees of freedom, i.e., the fluctuating force (t) [see Langevin’s equation (1+6)]. 
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Gaussian character of our process. Thus we have proved that on the average the value of 
L£) (a, @) does increase except for the thermodynamical path, for which the value of £&(a, @) 
remains constant, i.e., at the value zero. 

When our system has only one relaxation time : 


a ’ 
vO 


Ayj=t1 8455 (3-14) 


“ At 7 is 
we can examine more precisely the above-mentioned analogy between the function G (a, @) 


and the entropy S(a). In this case the most probable path (3-10) describes a trajectory, 


whose projection on each (5, 7;)—plane is a hyperbola 
E(t) 7; (¢) =const. (3215) 


The representative points of the system trace these hyperbolas from their branches along 
the asymptotes 7;=0 to those along the other asymptotes €,=0, for the values of 7 are 
decreasing and those of ¢ are increasing with the lapse of time. On the other hand the 
contours of the thermodynamical Lagrangian (3-12) in the (¢, 7)~—plane are straight lines 
parallel to the 7—axes, and the valley of the L (a, @)—surface just lies on the 7-axes. 
Thus our were atte point climbs the side-wall of the valley in the course of time. 
In the present case we can determine the rat2 of increase of the thermodynamical Lagrangian. 
Remembering the definition of A, (2:3), we get, from (3-13), 


d& (a, @) /dt= (1/t =) SE. (G") 45;=2/t- £ (a, @). (3-16) 


Namely the value of £(a@, @) increases expoarniially with the time constant t/2. This 
equation can also be used to simplify Onsager-Machlup’s expression (1-14) of the transi- 
tion probability. The simplified expression will show the analogy of £< and S more 
clearly, though it is only a special form of the general analogy. In the expression (1-14) 
the time integral should be carried out by making use of the most probable path, and 


therefore the value of €(a,a@) thus determined should satisfy the equation (3-16). 


Substituting the value of £(a,@) for (a, @) from the equation (3-16), we can 


carry out the time integration, and obtain 
P (al, t's all’, t) ocexp{—rt/ (4k) (L[a(e’), e(e’)]—L[a(/), a(#’)])}. (3-17) 


At a glance we see the analogy to Boltzmann’s principle (1-3). In Onsager’s principle 
there appear the transition probability and the difference of the thermodynamical Lagrangian, 
while in Boltzmann’s principle the probability of a state W/(a) and the difference of the 
entropy S(a@)—S(a"). There is, however, a little difference. In the exponent of (3-17), 
two values of the thermodynamical Lagrangian can not be given independently, provided 
that the time interval ¢’’—¢' is fixed. And so it is difficult to regard the thermodynamical 
Lagrangian as the “state function”, while the entropy is strictly a state function. This 
situation arises of course from the after-effect of the initial state on the final one, and it 
can not be avoided. Nevertheless it rather shows a close connection between the two 
principles. As is well known the probability W (a) is obtained from the transition 
probability in the limit of infinite time interval, i.e, the expression (3-17) should reduce 
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to the expression (1:3) in the limit t/->0o. This can easily be shown by making use 
Of (3412), G-16), (G11); and (2-1). 

We have neglected the effect of inertia of the system in all the preceding paragraphs. 
- When this effect can not be neglected, we get the equations of motion of damped oscillators 
in place of (3-8), by a similar procedure to the above mentioned. The equations cor- 
responding to (3-9) are also obtained by the time reversal. Thus our representative point 
oscillates first along the ¢—axis, and finally along the 7—valley. The amplitude of oscil- 
lation decreases first, passes a minimum value, and finally increases again. The plane of 


oscillation rotates gradually from the direction of the ¢—axis into that of the 7-axis. 


§ 4. Fluctuations in the distribution function 


As was stated in §1, the principal aim of the present paper is the application of 
our statistical theory to such variables that are more microscopic than the thermodynamical 
variables. Among such variables the most important one is obviously the molecular or 
electronic distribution function, which is considered in the kinetic theory. In the next 
section we shall treat the fluctuation of the electronic distribution in metals. There we 
shall consider the electronic distribution function. The fluctuations of these distribution 
functions are of course the result of the fluctuations in the motion of each molecule or 
electron. We shall show that it is much simpler to treat the fluctuation of the distribu- 
tion function than to consider the motion of each particle colliding with others, say. 

In this section we shall concern ourselves with a set of harmonic oscillators immersed 
into a heat reservoir in order to illustrate the method, as a preliminary to the next section. 
Such a system has been treated in the theory of the shape of collision-broadened spectral 
line. In this theory radiating molecules or atoms are replaced with a classical harmonic 
oscillators, and non-radiating molecules (“ foreign-gas ”) constitute the heat reservoir. If 
the number of radiating molecules is much smaller than that of non-radiating molecules, 
the former molecules may be regarded as practically independent of each other. Thus 
essentially, we are concerning with an ideal gas, whose state is described completely by the 
(one-particle) distribution function. In the subsection a) we shall start by assuming that 
each harmonic oscillator makes the Brownian motion, and then evaluate the polarization of 
the gas. This type of model has been proposed by Gross.") In the subsection b), con- 
versely, we shall first treat the fluctuation of the molecular distribution in the gas and 
next reduce it to the Brownian motion of the average molecule. Thus we shall see the 
equivalence of the two methods: one is treating the distribution, and the other the motion 
of each molecule. In the subsection c) we shall examine the possibility of generalization 
of our method of fluctuating distribution function to the models based on the various 


isi i i implici shall confine 
strong-collision assumptions. In this section, for the sake of simplicity, we shall 


ourselves to the one-dimensional case. 
a) Brownian Motion of the Lorentz Oscillator 
First let us consider one harmonic oscillator with charge —e, mass m, and characteristic 


immersed in a heat reservoir of temperature Pee if ixyand Sp 


(angular) frequency Wy) 
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denote its displacement and the corresponding momentum, respectively, Langevin’s equations 


are given by 
x=p/m, p=—max—eE(t)—p/t+F (8). (4-1) 


t==m/C is the relaxation time of the momentum, and £ the friction constant. The term 
—p/z in the last equation represents the dissipative term associet-d with the fluctuating 
term A(t). As was discussed in § 4 of Part I, we hev2 to introduce the antisymmetric 
part of the kinetic coefficients G in order to writ (4:1) into the form (1:6). Then 
we can apply our general theory to the total isolated syst>m, which is composed of the 
harmonic oscillator, the heat reservoir, and the work source generating the electric field 
E(t). We shall neglect all the changes of the states of the reservoir and the source. 
Thus we can determine the diffusion constant D,==CkT and get from (1-17) the probability 
distribution of F(t) : 


+o 


Wc (8) Jocexp {—1/(4D,) \ F (Ode. (4-2) 
The statistical property of the motion of the harmonic oscillator is completely determined 
by the stochastic differential equations (4:1) and this probability distribution (4 2) 
Let us consider only the under-damped case: w)>1/27. Then the formal solutioa 


of (4:1) is given by 


a(t) eea(h) 2 OR {cos(o, [t—t]) eC! La) | 


270, 
p(t poe 
—- (fo) Q--toy/2s sin (w,[t—t)]) 


t 


ae 27% | {—eE(s) +F(s)} eo ¢-97* sin (ev, |t—s])ds, 


mo, » 
to 


9 
mo 


p(t) =—x(t)- ~e~ @-#O 2 sin (a, [t—ty]) (4-3) 


OO, 


+ p(t) e “-P* feos (« [t—t,]) — sin(w,[#—f)]) | 

: 2TH, / 
+ \ {—eE(s) +H (s)} e “-9F* feos (w,[t—s]) 
___sin(«,[t—s]) | ds 


270, 


where we have defined w,== Vw,?—(1/27)*. x(t) and p(t) are the given initial values 


of x and p respectively. In order to discuss the polarization of the gas it is enough to 
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consider only an aged system. When the system is aged (t,>— 00), the formal solution 
(4-3) can be written in the form: 


t 


x(t) = | ge(t—5) {-E() +A ()}ds, 
oH (4-4) 
PO =| ¥n(t—3) {-() + Fs) bs, 


—-o 


where ¢,(t) and ¢,(t) denote the decay functions of x and p, respectively : 


1 Sys. 
Gx (t) == "©" sin (o, t) ? 
mu, 


(t=0) (4-5) 
Meee acca SRE, 
2T0, 
The probability distribution W..(x, p, t) of x and p at time ¢ will in general be determined 
by the usual procedure’ from the formal solution (4:3), or (4:4), and the probability 
distribution (4:2). In the present case we can give it at once, since we know that, when 
the electric field is absent, the required distribution reduces to Maxwell-Boltzmann’s distri- 


bution 


2 2 
oe ee 
If we insert the formal solution (4:4) with E=0 into this distribution, we find the 
probability for the time integrals of #(t) appearing on the right-hand side of (4:4). 
On the other hand the fluctuating term a (t) is assumed to be independent of x and p, 
as is seen from (4:2), and therefore the probability obtained above will remain valid when 
the electric field is introduced. Thus we see that the probability distribution of x(t) and 
p(t) have the same form as (4-6) provided that x(¢) and p(t) are shifted by the terms 
including the electric field on the right-hand side of (4-4) : 


t 


xte| ect) E()ds | 


<=) 


Ww mu, 
eles jokey) == a {- E 
W oo As Ps 1) =< ae POET 


t 


Sik f +e] gol DECds 


. (4-7) 


We find that the stochastic variables x and p become independent of each other when 
the system is aged. It should be noticed here that the distribution (4-7) does not in 


general coincide with the “equilibrium ” distribution under the given electric field E(¢) 


My ne 1 we ‘ moo, ce : | : (4-8) 
2nkT op kT a (« mu, } 


W(x p> j= 
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The coincidence occurs when and only when the electric field E(t) is constant.* 

In the preceding paragraphs we have considered only one “ radiating molecule.”” . Now 
let us suppose that there are N radiating molecules per unit volume, but the interaction 
between them may be neglected. The state of the gas composed of these molecules is 
described by the coordinates x,, x, ***, Xv and the momenta pj, fos -**s Py. Since the 
molecules are independent of each other, the probability of a state (Xo <> Xv 3 Pit as Pw) 
is given by the product of (4:7). In the following we shall, however, confine ourselves 
to the coordinates (x,, --:; xy). When the system is aged, (x, ---, Xx) become independent 


of (p,, °*', px), and their probability is given by 


N 
W v(x; Xo, ***y XW 5 t) a TW (Xs t) 
i=1 


ate] ee NEG)de }. (4:9) 


—o 


N ae £0 2 
=] yi MOG exp | — 72s 
xP | 2kT 


In the theory of the shape of spectral line we call the polarization of the gas in question. 
This quantity is defined as follows : 


P()=—eDixi(), (4-10) 


and its probability distribution is obtained by Markoff’s method ; 
ae ee € 
W (P, t) = | A | PHS) Vv, <0 Xx S t)dx,---dxy 
d a é=1 


—-o 


ial ne” a 
=1/(27) Je™| le Was de] du 
i eesgati fect Pode Rog! 9 . 
NV 2zNGkT exp 2NEKT NE | g.(t=) EG) ds. (4-11) 


—c 


From this we can easily determine the probability distribution of the electric displacement 
D(t)==E(t)+47P(t). Its average is given by 


t 


(DW))=EW) + | poles) Eds, (4-12) 


* The necessary and sufficient condition for the coincidence of (4*7) and (4+8) are 
t 
2 t 
\ E(s) yn (t—s)ds= E(t) /m(a?), \ E(s)gp(t—s)ds=0, 

or, if we insert the explicit expressions of the decay functions from (4+5) 


t 
t 


\ E(s)e~ 8) /7* cos(w,[t—s])ds=E(t)/(2rwo?) =1/ (270) | EG@ere-9r ai (oy [hes aed 


—o 


Seay the second equation with respect to ¢ and making use of the first, we obtain at once dE(t) /dt 
=0. It is obvious that a constant E(t) ‘satisfies the two conditions mentioned above 


= 00! 
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where ¢,(t) denotes the decay function of the electric displacement and is found to be 


Qy(t) =47NE¢,(t) = (42 Ne’ /mw,)e !° sim (Gif) sun fe=0). (4-13) 


As far as we assume the Brownian motion for each harmonic oscillator, the decay function 
@»(t) should have this form. The complex dielectric constant E(w) corresponding to this 
decay function is'” 


fea) 


e@ysik | po (ede 
pee Ne | mee le L= ma! | 
imo, (1/27) —i(w+@,) (1/27) —i(o—a) ! 


_ 4nNeé 


m 


=i 
(op —a8 +i ) : (4-14) 


o 
T 
This complex dielectric constant agrees completely with the one obtained by Gross” based 
on his new collision model. The reason for this agreement will be given in the sub- 
section c). 


From the probability distribution of P, (4:11), the variance of the polarization is 


found to be 
{ {P(e) —(P() } 2) = (NE /men3 )AT (4-15) 


The correlation function < {P(t) —(P(t) >} {P(t') —{P(t’) >} > can not be derived from 
(4:11). In order to obtain it, we should return to the formal solution (4:3) and construct 
the joint probability of P(t) and P(t’). A method based on the path integral will be 
given in the appendix A. Here we shall have recourse to the general theorem on thermal 
fluctuations given by Takahasi,” which states that the correlation function is given by kT 
times a function representing the average response of the polarization when the unit electric 


field is suddenly removed. Thus we obtain 


¢ {P(t) —CP(t) y} {PCE+5) —CPUE+9) Dt? 


—1/ (47) p(s—s')ds kT 
— NEET 1 {cos (a5) 2 SO \, (ESS. (4-16) 
MW 2TH, 
b) Fluctuations of the Distribution Function of the Lorentz Oscillator 
In this subsection we shall show chat the results obtained in the preceding subsection 
a), especially the correlation function (4:16), can be derived more easily by the method 
of fluctuating distribution function. 
We have derived the probability distribution (4-7) from Langevin’s equations (4-1). 


It can be obtained also from the corresponding Fokker-Planck’s equation 
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| d hit Bes eae {mw x +eE (t)} é | =2|p 
P 


8 a ow + 2 wl. (4-17) 
Ot m Ox Op 


sa Foie 
The latter method will in general be easier than the former, since in the most practical 
cases we need only approximate solutions which are valid up to linear terms in the electric 
field E(t). When WN oscillators may be regarded as independent of each other, the number 
of molecules with displecement x and momentum p found in the range dx and dp is on 
the average equal to NW..(x, p, t)dxdp. Thus the distribution function f(% p,; #) satisfies 
on the average the same equation (4-17). On the other hand the state of the gas as 


a whole is described by the coordinates and momenta (%> ***> Xv3 Pr» ***> Pw)» Whose pro- 
bability distribution is given by the product Il W ..(% pis t). Since the distribution function 
f(x p, ) is by nature equivalent to the seAce variables (x,, -+-, Xv 3 Pr» a px), it should 
be a random variable, whose probability distribution will be derived from I W o(anfPo D2 


The arguments x and p are now not the random variables, in contrast to the case of 
Langevin’s equation. They correspond to the sufhx 7 in the case of the variable a; of 
our general theory developed in §§ 1-3. If the distribution function f(x, p, ¢) corresponds 
to the variable a,, the equation (4:17), with f in place of W, describing the average 
behaviour of the gas will correspond to the general equation (1-1), and then our statistical 
theory will be applied. The distribution function f(x, p, t) is, however, not the thermo- 
dynamical variable. It describes the state of the gas much more precisely than the latter. 
Nevertheless, at least when the gas is ideal, it has “ thermodynamical” properties. First 
the entropy of the gas represented in terms of the distribution function is additive or ex- 


tensive : 


+0 +0 


S[f]=—K de | dp Flos ps 6 Mog fs p, )—1}. (4-18) 
S00 Ste 
Here we have assumed Boltzmann’s statistics. Second the equilibrium value of the distri- 
bution function, i.e., Maxwell-Boltzmann’s distribution when there is no electric field, say, 
is determined by following the same procedure as that in thermodynamics, i.e., the maximi- 
zation of entropy, (1:2). Therefore we may treat the distribution function in a way 
similar to that for the thermodynamical variables.* This treatment will lead us to an 
extension of Boltzmann-Planck’s method in statistical mechanics to the case of irreversible 


processes. 


According to our general theory, when the average behaviour of the gas is described 
by the equation (4-17), in which we replace W with f, the corresponding stochastic 
differential equation will be given by adding a fluctuating term f 


* Many authors, e.g., J. G. Kirkwood, J. Chem. Phys 14 (1946) 180, have tried to treat the motion 
of each molecule in a liquid, say, by the theory of Brownian motion. 
treatment will be supported also in the case of translat 
ed in the subsections a) and b). 


If these theories are correct, our 
ioral motion by the argument similar to that develop- 
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) Pp 0 2 0 
| 29 + erg _ imorin-t eB (} | Fs p> t) 


fe) Of (x 
= 2 {pM PO 2 ry p )) +4, G p). (4-19) 


Op Op ce 
This is Langevin’s equation describing the state of the gas, and corresponds to the general 
equation (1-6). In the present case we have to generalize the equation (1-6) in the 


following two points. First, as was stated in § 1, the kinetic coefficient matrix G should 
include its antisymmetric part G® besides the symmetric part G®.” Second, since the 
distribution function may make a reversible change under the action of forces —mw,x 
+eE(t), we must add a new term V(a@) to the time derivative da/dt, or interprete it as 
composed of two terms Ja/dt+V(a)."? The meaning of this new term will be ap- 
parent when we see its explicit form, for instance (5-17) or (B-5) in the appendix B. 
Thus we write in place of (1-6) 


Sata SIG? 4+G],,-88(a) /Bay+ch,(1). (4-20) 


As was stated in Part I, the statistical property of the fluctuating term A(t) is determined 
by the diffusion coefficient matrix D, which is in turn given by the symmetric part G® : 


D=kG®. (4-21) 


To determine the matrix G® or D, the explicit expression of the generalized force OS [Oa 
is necessary. The entropy S(a@) appearing in this force is the total entropy of an isolated 
system, which in the present case is composed of the set of oscillators (radiating molecules) , 
their heat reservoir (non-radiating molecules), and the work source generating the electric 
field E(t). The existence of the heat reservoir and the source does not, however, contribute 
the second derivatives of the entropy: their effect appears only in the displacement of the 


2 


“equilibrium” position. Thus we may use the entropy of the set of oscillators to de- 


termine the matrix elements S,=—[0°S/0a@,0a@,|,-0 in the expression (22) por gi 252}. 
From (4:18) we obtain 
—0°S| f' kd (x—x') 0 (p—p’) 
S(ops%P)=|q-—— | = , (4-22) 
sad aan ATCA CADE ee PG p 2) 


where 0/Of denotes the functional derivative, and f° a certain equilibrium distribution 
function. The explicit form of this distribution function f” is not necessary, because for 


the following purpose we may replace it with Maxwell-Boltzmann’s distribution function 


oe nea ee) 


which corresponds to (4:6). When we approximate the force 05/da by the linear one 
(2-2), in the equation (4-20) the matrix G appears in the combination A==GS, (2:3). 
On the other hand, as was stated in Part I, the matrix G® represents the dissipative 


terms, which in the present case is the first term on the right-hand side of (4:19). The 


390 N. Hashitsume 


operator —0/Ap- {D,-0/Ap+p/t} thus corresponds to the dissipative part of the matrix J, 
AY = GS. (4-24) 


In the last paragraph of this subsection we shall show that this operator will effectively 
be replaced with 1/t. Thus we find 


ACCP. A> fat OR OP ED (4-25) 
and hence 
D(x, p3 x, P=TTP (% ps YO(x— 2’) O(p—p’)- (4-26) 
According to (1-17), the probability of our fluctuating term #,(x, p) is now given by 


WF, (x, p)] oc exp {-— far fai (ap oe am (4-27) 


The statistical property of our system is completely determined by the stochastic equation 
(4:19) and the probability distribution (4-27). 


Now let us seek for the solution. In order to determine the polarization we need 


¥ 
-o —o —-o 


only a solution that is correct up to linear terms in the electric field E(t). Such a solu- 
tion is obtained by assuming the required distribution function f(x, p, tf) to be a product 
fos p)b(x p, t), expanding the unknown function h(x, p, ¢) in a power series of x and 
p, or more precisely in terms of some orthonormal set of polynomials, and by retaining 
only its linear terms (Frohlich-Gross method’). Since xf, and pf, are proportional to 


Of,/Ox and Of,/Op respectively, it is more convenient to write our trial function as follows : 
F oehink) safes p) —a(t) -Of,/Ox—b(t) -Of,/Op : (4-28) 


where the coefficients a(t) and b(t) are of the order of electric field E(t). Since in our 
approximation we have neglected higher terms, this trial function is equivalent to the 
shifting of the arguments x and p in Maxwell-Boltzmann’s distribution function Jos pos 


(4-23), by amounts a(t) ond 6(f), respectively, 
aes p> t) =fy(x— a(t), p—6(t)). (4-29) 


In this sense we shall call our method shift approximation. From (4:29) we know at 
once the meaning of the expansion coefficients a(t) and b(t) : 


a(t) =(1/N) | \ xf (x, p, t)dxdp, (2) = (1/N) | | PFCs p, t)dxdp . (4-30) 


Namely, they are respectively the displacement and the momentum of the average or 
representative oscillator of the gas. The normalization condition of the distribution function 
is of course 


+0 +60 


N= \ | f(y py Ddedp. (4-31) 


—co —0o 
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Since the distribution function was a random variable, and since the function f\(x, p) is 
not fluctuating, the expansion coefficients a(t) and b(t) must be random variables. In 
our shift approximation the state of our system is described only by them, and therefore 
we shall te able to get their stochastic equations. These equations will be obtained from 
the original equation (4:19) by the “ transformation” of the variable f(x, p, t) into the 
coefhicients a(t), b(t), etc., (4:28). Corresponding to this transformation the fluctuating 
term J,(x, p) in (4-19) will be transformed into a set of variables (0(t), © (t), etc. : 


A(x, p) =S() filx, p) —A(t) -Of\/ax—B (8) -df,/Ap , (4-32) 


where we have neglected higher terms. The insertion of the approximate expressions 
(4-28) and (4-32) into the equation (4-19) will give the stochastic equations of a(t) 
and b(t). In fact we get 


the left-hand side of (4:19) =— (a—b/m) 0f,/Ox— {6+ mo2a+eE (t)} Of,/Op » 


(4-33) 
the dissipative term on the right-hand side of (4-19) =6/z-Of,/Op, 
and hence, comparing the coefficients of x and p, or of Of,/dx and df,/Op, 
o=Gi(t), 4—b/m=C(t), 
bie Falck) = — bia (a). (4°34) 
We see that the first term in (4-32) vanishes. The second term should also vanish : 
CSCW (4-35) 
The reason is as follows. As was emphasized in Part I, the fluctuating term must be 


coupled with the corresponding dissipative term. However, the term C(t) in the second 
equation of (4-34) does not have iis partner, so thet it should vanish. Thus we have 
returned to Langevin’s equa‘ions (4-1), although here we con cin o2relves to the average 
oscillator with displacement a(t) and momentum b(t). % ihe ecfiect of average (4-30) 
will appear in the magnitude of fluctuations. The probability distribution of the new 
fluctuating term 1S (t) is determined from the expression (4:27). For the sake of later 
convenience, we write it retaining the term (A(t). Noticing that the expression (4-32) 


can be written in the form 
Fix p= LAL CW +mo%x@O| fos 2), (4-36) 
Fe \ op 


we can carry out the integrations with respect to x and p in the exponent of (4:27) : 


+o + 


iat ine ey ete 


“Storrs o) rea gamm mai tata 
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ce 2 y J 072 mW, 9 
=(ge) | [LE OL + amotio "Sx fle phd 
= 28 {BO mot ax), ind 
kT 2m 2 


where we have approximated f’ by fi, because (f°—f,) /f, will be of the order eE (t)x/kT 
as will be seen in (4:53) in the next subsection, say. Inserting (4-37) into (4-27) 


we obtain 


WA), 8 ()}o exp| — a \{ Ae + me ae | de]. (4-38) 


If we put C2(t)=0 as was done in (4:35), this probability distribution gets a form 
similar to the probability distribution (4-2) of the previous fluctuating term F(t). We 
should remember here the definitions D,==¢kT and ct=m/€, which give z/(mkT) 
=1/(€kT) =1/D,. The only difference is the factor N in the exponent of (4-38). 
This means, as was expected previously, that the magnitude of fluctuations of the averaged 
oscillator is “.N times smaller. 

In the shift approximation the statistical property of our system is completely charac- 
terized by Langevin’s equations (4-34) and the probability distribution (4-38), with 
(4:35). The formal solution of (4-34) is given by (4-3) or (4-4) with & (t) in 
place of #(#). Here we take (4-4) as before. Then from (4:28) we get the formal 
solution of (4:19) in the shift approximation as follows : 


t 


fe pO =fals pO \{e.—-9 TF +e,—9 Sl Bode, (4-39) 
Ox Op 


—-o 


where the first term f.,(x, p, £) is defined by making use of (4-7) as 


foals B= NAy Pet). (4-40) 


[Remember the relation (4-29) .| The probability distribution (4-38) shows that the 
term 7% (t) has the Gaussian distribution with mean and_ variance 


(O())=0, (CWC W))= (amkT/c)d0—L), (4-41) 
respectively, and we know that its linear combination (4:39) will also have a Gaussian 
distribution. The mean of the distribution function (4-39) is thus found to be ja ae 
t). For the comparison of the present method with chat of the preceding subsection we 


need, however, not the variance of the distribution funccion itself. The polarization of the 
gas composed of oscillators is given by 


P(t)=—e | \ xf (x, p, t)dxdp= — Nea(t) (4-42) 


in correspondence to the definition (4-10) in the previous subsection. Thus we need the 
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ee ” the variance of a(t). These can be evaluated by making use of the formal 
solution (4:4), or it will b ient 
Pe € more convenient to compute (4-42) by using (4-39) 
ue fos) 
P(t) =Ne| PTE Cds ROS Gada (4-43) 
In the second term on the right-hand side we have changed the integration variable from 


s to u==t—s. According to (4:41) the first term represents the average behaviour of 
our system when it is aged ; 


t 


(P(t) )= | Nee. EG) ds ; (4-44) 


—o 
The second term gives the deviation from this average due to fluctuations. The cotrrela- 
tion function of the polarization can be determined easily : 


CIPO) —CPO DF APE) — PE) 7}? 


ao 


Sane | du | du’, (u) ¢,(u’) (B (t—u) GB (t'—w’) » 


coo) 


fee 2NERT | de \ dv'e~!* sin( 0, [»— v |)sin(o, [v+ = [)ae—r—v! 
0 : 


mo, i. Db 
NEkT : 
=~“ : dv e~"!* {cos (w,[t’ —t]) —cos(2a,v) } 
A eee 
a3 Wer o 1 —2) /27 {cos (w,\t/—t\) fy sin (e,| fat) | ; (4 45) 
mw, 270, 


Here we have used the explicit form of the decay function ¢, (t) given in (4-5). Ie 
will be seen that this correlation function is completely in accord with the result (4-16) 
in the previous subsection. 

Before proceeding further, we have to go back to the proof of the statement, which 
led us to the expression (4-25), that the diffusion term in (4:19) may be effectively 
replaced by —f(x, p, ¢) /z plus some term. This is evident from the second equation of 
(4-33). According to (4:28), (6/7) Of,/Op equals —1/z times the distribution function 
f minus some extra term. The meaning of this extra term will be given in the next 
subsection (Gross’ strong collision assumption). In order to determine the matrix A, it 
was sufficient to compare the term linear in f(x, p, t), so that the coefficient —1/t de- 
termined above gives in fact the expression (4-25). 

c) Weak versus Strong Collisions 

In the preceding subsection we have shown that the method of fluctuating distribution 

function is at least within the range of the shift approximation equivalent to the method 


of the Brownian motion of each particle. The latter method is, as is well-known, based 
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on the weak collision assumption, while the former method can be extended to include 
the cases based on the various strong collision assumptions. Since our method of introducing 
the probability distribution of the fluctuating term is based on the theory of Brownian 
motion, i.e., on a kind of weak collision assumption, at first sight we might expect that 
this extension would contain contradictions. In the case of Gaussian process, however, 
there is no essential difference between the two kinds of assumptions, since by virtue of the 
central limit theorem the difference in effects of each collision does not remain in the 
resulting Gaussian probability distribution, although the average behaviour of the system 
may of course change from assumption to assumption. In this subsection we shall consider 
the three strong collision assumptions given by Lorentz, by Van Vleck and Weisskopf,'” 
and by Gross,’ and show that Gross’ assumption gives the same results as obtained in 
the preceding subsection. 

In all the strong collision assumptions, we suppose that the intermolecular collisions 
occur instantaneously, i.e., the duration of collision (~107™ sec’) be much shorter than 
the average time Tt, between collisions, and that immediately after each collision the distri- 
bution function f(x, p, t) be drawn back to a certain equilibrium distribution f’ (x, p, ¢). 
From the first condition the fluctuating term 4 (t) should have a 0—function like corre- 
lation function, such as given in our statistical theory, (1-19). The variety of strong 


collision assumptions arises from the second condition. Lorentz assumed 

£f'O pH =f p), (4-46) 
while Van Vleck and Weisskopf have proposed 

aes p> t) =f, (%, p> E)y (4-47) 


where f.(x, p, ¢) denotes the equilibrium distribution function corresponding to the instan- 
taneous value of the electric field E(t), ice., 


f.(% PSN PP), (4-48) 
W(x, p, t) being defined in (4-8). Gross’ new assumption is 


foes p> t) =fire. (2; p> fe (4-49) 


where f;...(x, p, t) means the local equilibrium distribution with the true number density 
determined by the true distribution function Tienes 


fie. % ps 1) = N(x, t)/Y 272mkT + exp (—p?/2mkT), 


+00 


Négies | fle ps Odp. 


—c 


(4-50) 


When we make use of the strong collision assumptions, we replace Fokker-Planck’s equation 


(4-17) in the previous subsection with Lorentz-Boltzmann’s equation 


ene aes) : a |__ fo 
ane “Ox a ming x +e (t)} pp (fete +A. (x p)- 4551) 


c 
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Here we have added the fluctuating term AF, (x, p) as was done in (4:19). From the 
‘orm of the dissipative term on the right-hand side we find at once the dissipative part 


of the matrix A to be given by 


AY" (eons tp.) Cay OMX—X )0(p—fp') (4-52) 


as in (4-25) [see the appendix B]. Thus the probability distribution of the fluctuating 
term F,(x, p) will have the same form as (4:27), provided that we replace 7 with 7,. 
Next let us derive Langevin’s equations for the averaged oscillator by making use of 


the shift approximation (4:28). Noticing the approximate expressions 
yet, fal P) (eE (t) /ma,") Of, /Ox , 
faak% p> t) =f) (x, Pp) —ah) Of, /Ox ) 


we can proceed in the same way as in the subsection b). First, it will be found that 


(4-53) 


the extra term stated in the last paragraph of the preceding subsection is f,...(x, p, ¢), for 
(b/c) Of*/Op in the second equation of (4:33) is equal to (—1/r) {f—fota(t) 0fi/ox} 
=— {f—f..}/t- Thus if we put 7=7,, the stochastic differential equation (4-51) 
based on Gross’ strong collision assumption agrees completely with the previous equation 
(4:19) based on the weak collision assumption within the range of the shift approxima- 
tion. Therefore we need not discuss the case of Gross’ assumption. In the case of Lorentz’, 


and of Van Vleck-Weisskopf’s assumptions the resulting Langevin’s equations are as follows : 
a—b/m= —a/t,+C(t), 
b+mw2a+eE(t) =—6/t,.+ DB (t); 
a—b/m=—1/t,- {am (—eE(t)/ma, )} Gt as 
b-moga+eE(t) =—b/t,+6 (0). 


(Lorentz) (4-54) 


| (Van Vleck-Weisskopf) (4-55) 


The equations for momentum b(t) are the same in all cases, including the case of Gres 
assumption. The difference appears in the equations of displacement a(t). In Lorentz 
theory there appears a “ frictional ” term, which is proportional to the displacement a(t) 
from the origin, i.e., from the equilibrium position under Maxwell-Boltzmann’s FEST 
Paap), 4-23). Similarly in Van Vleck-Weisskopf’s theory the “ pone eC tetiny ts 
proportional to the deviation from the equilibrium position —eE Cy Gop under the 
distribution f.(x, p, ¢), (4-48). According to the strong collision assumptions, these sae 
ate interpreted as due to jumps of the average oscillator occuring at the BOENG of ENE 
from the position a(t) immediately before collision to the respective equilibrium positions. 
Certainly, we can derive the averaged form of the equations (4:54) and (4:55) by a 


™ These jumps seem, however, 


technique similar to that used by Karplus and Schwinger. 
caifficult to be understood within the classical theory. Apart from this point, we have 
found that our method of fluctuating distribution function is open to such tEODE collision 
assumptions. This makes it possible to apply our statistical theory to stochastic problems 


on free electrons in metals, which we shall consider in the next section. 
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§5. Thermal noise in metals 


In this section we shall try to apply our statistical theory to fluctuations of the 
electronic distribution in metals. When the electronic distribution fluctuates, the electronic 
current and the electronic energy flow will do so too. The fluctuation in the electronic 
current will then induce a fluctuating voltage between the ends of a conductor, which can 
be measured experimentary as “noise.” This is the famous thermal or Johnson noise, and 
its thermodynamical theory was given by Nyquist.” The fluctuation of the electronic 
distribution in metals arizes from the ‘‘ Brownian motion” of electrons in the conduction 
band. The kinetic theories based on Lorentz’ free electron model were proposed and improved 
by many authors, especially by Brillouin,’ Bernamont,” Bakker-Heller,” and by Spenke.*? 
Brillouin’s method is based on the idea that we first construct formally the mean square 
of the total electronic current from the expression of the current in terms of the distribution 
*» =f), which 


is valid at equilibrium. Bernamont introduced the probability distribution of the time 


function f and then insert the well-known formula in statistics, (| f—<¢f) 


between collision (actually the distribution of the free path of an electron) and derived 
the correlation function of current, but he gave only Nyquist’s formula at low frequency. 
Bakker and Heller considered the various statistics, especially the Fermi statistics, and re- 
place the formula (|f—(f)|?)=(f)> with the one obtained by statistical mechanics, 
CIf—<foP >= —kT OC f)/0E, where € is the energy per electron. They calculated the 
correlation function in a way similar to Bernamont’s method, but got the results valid over 
all frequency range by making use of Wiener-Khinchin’s theorem, which states essentially 
the relation (2-13). The key point in their theory may be said to be the determination 
of the fluctuations of the electronic distribution function f(x, p, t) in the following form 


5) 


““dsdp. (5-1) 


ce 


d(|f(«, p)— (f(x, p))\?)=—kT 24 = P)> 


‘ 


The quantity on the left-hand side means the contribution to the variance Clf-—< >|) 
from the electrons, whose momentum p and time between collision (free time) s fall into 
the ranges dp ==dp,dp,dp. and ds, respectively. Bernamont, and Bakker-Heller made use 
of the conductivity at frequency zero given by Lorentz’ theory of electrons, while Spenke 


employed the conductivity valid at an arbitrary frequency, which is obtained by solving 
Lorentz-Boltzmann’s equation 


0 > ) fe) — 

Bie mos one E Vp ee _ Larfery”t . 
ap th Ge BO Spa oes 
in the case of alternating field. f’ (x, p) denotes the Fermi distribution. The result given 
by Spenke is in accord with that of Bakker-Heller. His method was, however, different. 
He obtained directly the power spectrum of the electric current by the method of Fourier 
series. 

All these theories are based on the assumption of instantaneous collisions. In the 
quantum mechanical theory of transport phenomena in metals, the equation (5:2) is derived 


from Bloch’s equation.”” When we derive Bloch’s equation by the time-dependent perturbation 
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theory, we have to assume a kind of instantaneous collision.” In the following we shall 
therefoze proceed on this assumption. In the quantum mechanical expression, the momentum 
p is the wave vector k multiplied by 5, and the velocity p/m the group velocity b7'd&/dk. 
For simplicity let us suppose the energy per electron € to be spherical : 


E(p) =p*/ (2m), (5-3) 


m being the effective mass, and further the mean free time 7, to be a function of the 
energy € and the temperature T. Then we may use the classical equation (5-2) also 
in quantum mechanics. Besides these assumptions, when we want to apply our statistical 
theory, we should make the assumption of Gaussian process. In the case of noise problems 
this assumption is usually done. Thus we shall start from the stochastic differential equation 


corresponding to (5-2) : 


{2.42 .—B() See eal tebielaop)) (5-4) 


Ot m Ox 


c¢ 
In the previous theories of Lorentz and others the determination of the conductivity and 
that of the fluctuation of current were done separately, i.e., the former was done under 
the existence of electric field in a non-equilibrium condition and the latter at equilibrium 
with no field. In our theory based on the stochastic equation (5-4), these will be done 
simultaneously when the current exists under the action of electric field. Brillouin considered 
also this case, but he produced the average current by shifting the Fermi sphere without 
deformation and derived a term proportional to the square of the average current. As is 
well-known, this term, i.e., the so-called “ current noise,” arises from different mechanisms,~” 
and such a term should vanish when we consider only the Brownian motion of electrons 
in the conduction bands. Our theory will not give such a term. 

According to our general theory the statistical property of the fluctuating term F,(x, 
p) in (5-4) is completely determined by the diffusion matrix D, (4:21), and this matrix 
is connected with the matrix G® or AM, (4-24), which will appear in the stochastic 
differential equation (5-4). Thus let us first determine the matrix S, the second derivative 
of the entropy with minus sign, or the generalized force (2-2), the first derivative of the 
entropy. This entropy is the total entropy of our system composed of the free electron 
gas, the crystal lattice, the heat reservoirs, and the wotk source. The heat reservoirs are 
used to fix or change local temperatures of the lattice. Let us assume each local temperature 
to be changed sufficiently slowly, so that the thermodynamical considerations may be applied 


to determine the generalized force above mentioned. Similarly the electric field generated 


by the work source is supposed to change slowly. Under these conditions the local equilib- 


rium distribution 


f° (% P, = |exp he +1} (5-5) 


will be a good approximation to the electronic distribution function f(x, p,t). As was 


done in the previous section, let us neglect the fluctuations of temperature and of electric 


field, and regard them as given functions of position vector * and time ¢. Consequently, 
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our state variables are only the distribution function, and we need only the generalized 


forces corresponding to it. This force is of course not the derivative of the local electronic 


entropy : 
S(x)=—E| {flogf+ Af) log (1—f)} 2dp/h’. (5-6) 


If we change the electronic distribution f(x, p, ¢), certain amount of heat will be supplied 
from the heat reservoir and work will be done by the work source automatically. Thus 
the generalized force will be given by the derivative of a kind of free energy, or of the 
minimum work, which is necessary to take the electron gas out of the local equilibrium 
f° into the given state f. Since local electron gases are quasi-independent of each other, 
we may determine the force for each local gas with fixed volume dx==dxdydz and a fixed 
position x in the crystal. In this case, however, we have to bear in mind the redistribu- 
tion of electrons between local gases, which occurs in response to the value of chemical 
potential s(x, t) at each position. Since the value of chemical potential is determined by 
temperature, we may regard it as given. Thus if we consider one local gas in order to 
determine the generalized force, an electron source characterized by the given value of 
chemical potential (x, ¢) should be attached to that local gas. Taking these reservoirs 


and sources into account, the change of local minimum work is given by 
OW nin. (%) =0U(x) a T (x) os (x) as ON(x) ’ (5 7) 


where U(x) and N(x) denote the internal energy and the number of electrons per unit 


of volume, respectively : 


U(x) =| Ef (x, p, )2dp/h, N(x)= | f(x, p, 8) 2dp/b°. (5-8) 
The generalized force associated with the state variable f(x, p, t) is given by 


Dcitilnadtte Ry gilt tee ia pis) 
—~= p(x) —E—kT (x) lo — : 
Of (x, p, t) (x) (x) log Loft pot) Sat 


The Fermi distribution (5-5) is obtained just by the equilibrium condition A(x, DP: tho 


A(x, p, )=— 


In the case of Gaussian process, we restrict ourselves to the linear approximation of the 
force with respect to the deviation f(x, p, f) sad ak 7g Rai cen b= get a linear term it is 
convenient to intreduce a function w(x, p> t), which measures the deviation in energy unit : 
2 E+n—p =. 
Gr prt = [expe +i} ; 5-10 
iT ( ) 
Inserting this relation (5-10) into the expression of force (5-9), we find that this func- 
tion w is nothing else than the force A itself. On the other hand we know that this 


function w appears just in the expression of the local rate of entropy production” 
(dS/dt) irr. (x) = Aig (x) zx w(x, P, t) (df/dt) ir.2dp/B*, (5 ol 1) 


where (df/dt),,,. denotes the rate of change of f due to collisions with lattice. This shows 
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the correctness of our force A, since it appears in the rate of entropy production as the 
product with the dissipative part of the generalized “ velocity” (see Part I, §4). By 
expanding (5-10) with respect to w/kT and retaining only the zero-th and the first powers, 
we get 


f(x, p, 1) =f? + (Of°/9E) w(x, Pp, £) (5-12) 


and hence 


f(x, p, A -—fPO™, P, t) . (5-13) 
af'/dé 

The generalized force (2-2) is obtained by dividing this A(x, p, t) by the local tempera- 

pire.J (%)” : 


A(x, P> t) =w (x, P> t) a 


2 és| f] = A(x, P, t) = Selle : (5-14) 
Of (x, Pp, t) Diep t) T OF JOE 


where S[f] denotes the entrcpy of our total system including all the reservoirs and sources. 


The matrix S in the expression (2-2) is in the present case given by 


dete —OS{ fl — O(x—x')0(p—p) __ (5-15) 
Of (x, p, t) Of (x’, p’, t) ZT (x)ofo (06 


This is the generalization of (4.22) to quantum statistics. 
Next let us determine the matrix D, or G®, or A. To do so we should compare 


our stochastic differential equation (5-4) with the one in the general theory (4:20), or 


Of (x; P) — (( G® G® eel / OS| f' 2dx'dp' 
a a +V (x, p) \\4 + a a ": 


+F,(x, p) (5-16) 


in the present notations. Incerting OS f\/of from (5-14), we get at once by inspection 


5 (x, P; x’, P)= 


V(x; p) ={-P EO Soe 


=f Pe | {-#@-T- HV pe{— Sie hy, (5-17) 


G («, psx’, p)=-TLL| P a Se Ont montis 


Oem \ ern Ox 
(5-18) 
0) 
G(x, p 3x’, P) =— ‘4 *f a(e—*) 0(p—p’)- (5-19) 


When we derive (5:19), we have remembered the fact that the symmetric part G® 
should be coupled with the dissipative term on the right-hand side of (5-4). “Then the 
other terms are settled. From the expression (5-17) we know that V(x, p) may be 
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interpreted as the rate of change of the local equilibrium f° due to the work done by the 


generalized forces 
= = 0 L ) eee 5-20 
X,(x, t)=—eE(t)—T oe (ai pages 2) Bee ( ) 


which drive the electronic current and the electronic energy flow, respectively. ‘1nese forces 
(5-20) are those treated in the thermodynamics of irreversible processes. In our theory 
there appear two kinds of generalized forces: the previous force A associated with the dis- 
tribution function, (5-13), and the present forces X, (5:20). The former arises from 
the thermal disturbing effect of the lattice, and makes the distribution function f approach 
to the local equilibrium distribution f’. The latter forces are generated by the external 
reservoirs and sources, and tend to alter the local equilibrium f’. When these two effects 
are balanced, a local steady state will be realized. Although we have neglected the fluctua- 
tion of forces X, the force A is regarded as fluctuating, so that this balance can occur 
only on the average. This will be seen in the next paragraph. Remembering (4:21), 
we get from (5-19) the matrix D: 


kT (x) L 9 ay N Be rN ay, “s 
ace Fh a(x x’) 0(p—p’). (5-21) 


The matrix A, (4-24), is at once given as follows : 
A® (x, p35 x', p)) =101 (6) 8(x—2') 8(p—p’), (5-22) 


by making use of the expression (5-15). These (5:21) and (5-22) are the generali- 
zation of the previous results (4:26) and (4-25), respectively. According to (1-17) 


D(x, p; x’, p= 


and (1-19), the probability distribution of the fluctuating term ¥,(x, p) and its first 


two moments are thus determined as follows: 


+o 


Whew, p)locesp{—b | di \\ T(E) Ae (x, p) _2dpdx_ \, (5.23) 


—kT (x)of°/de 
(F(x, p))=0 > 


(A, (x, P) Fu (x’, p=" | — oF | 3 (~—x") O(p—p’) d(t—t’). (5-24) 


ba) 


Now let us solve our stochastic differential equation (5-4) under the assumption that 
terms of higher order than the second with respect to the force X and terms containing 
the space and time derivatives of X may all be neglected. Namely we seek for a solution 
linear in the force X. In this approximation w(x, Pp, t) introduced previously in (5-10) 
may also be assumed as linear in the forces X. Thus we may use the expansion (5-12). 
We shall call this type of solution linear response solution. As was done in the preceding 


section, in correspondence to the expansion (5:12), we approximate the fluctuating term 


A,(x, p) in the form 
A, (x, p) =Of/3E-Y, (x, p), (5-25) 
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higher terms being neglected. Inserting the expressions (5-12) and (5-25) into the 
stochastic equation (5-4), and comparing the coefficients of Of°/d&, we obtain 


Ow/Ot+w4/t,.=—p/m: {X,(x, t) +EXe(x, t)} +, (x, P)- (5-26) 
When we derive this equation, the terms 0v/Ox and O°f’/dxd& have been dropped _be- 


cause they contain the spatial derivatives of X, the term Jw/dp because it appears as the 
product with the electric field E(t), and the term w0°f’/Opoé because it contains the 
second order derivative 3°f°/d€*, which was neglected in the expansion (5-12). According 
to (5-23), the fluctuating term I ,(x, p) and therefore W(x, p) do rot depend on 
w(x, p, t). Thus the right-hand side of the equation (5-26) may ke for the time teing 
regarded as a given function x, p, and t. Then we can write down at once the formal 
solution of (5:26). If we impose the initial condition at a time f, we get 
is 
w(x, p, t) =w(x, P, to) e (¢~to)/te — p/m : lea og? I {X7(x, 5) 


to 


+EXo(x, pds ler CMD, (x, p)ds. (5227) 
When our system is aged (t,—> — 00), the distribution function is thus determined as follows : 


f(x, p, t) =f? (*, p, ) + | et )Ito() F(x, p)ds , (5-28) 
where we have defined a new distribution function 


t 
foap—(Of*/9E) p/m Je Alte {KEK de. (5-29) 
This distribution function f° reduces to the one usually called as Lorentz’ solution, if the 
generalized forces X are independent of time. It also corresponds to the solution obtained 
by Spenke, when the forces X are proportional toe", ff" contains the effect of work 
done by the generalized forces X, which was not included in f°. The distribution function 
f° is the object or target, toward which the distribution function f approaches efier each 
collision, and the function f® is the distribution which is really arrived at, on the average, 


against the action of the generalized forces X. 
Remembering the first equation of (5:24), we see that the distribution function f” 


describes the average behaviour of our system : 
Cf (x, P> i) =f (, P> ae (5-30) 


Similarly by making use of the second equation of (5:24) we can evaluate the correlation 


function : 


Cp (x, p, )— Cf ps} AF Po YF O Ps ') Y}? 


402 N. Hashitsume 


foe) co 


= | di | du’ e~ (utu’)/To CH rau (x, P) Fiat (x; P’) » 


= (2K /,) {—Af"/A8} (x—2') 0(p—p!) | du| dild el uta) OHO le 


= (247 /«,) {—9 1/88} 0(x—x!) 0(p—p’) | do | d'O (ee 0) eh 


0 


= (2KT /z,) {—9f'/38} 3(x—x')9(p—p') | doe? 


C{f(x, p, 2) —Cf(%, py >} {Fes po 1) —Cf(%, Ps &) FD 
=kT (x) {—Of°/AE} 6 (x—x') 0 (p—p’) e— | H/o) | (5-31) 


This correlation function does correspond just to the expression (5-1) in the previous 
theories. In our expression there appears the distribution function f” as the average instead 
of f, while in the expression (5-1) the average (f) is the Maxwellian or Fermi distri- 
bution f°, since Bernamont, Bakker and Heller considered fluctuations at complete equilibrium 
with no generalized forces X. On the right-hand side of (5-31) we have got, however, 
Of’/O€ where we expect the derivative of f°. This is due to the situation that in our 
statistical theory the fluctuating term A, (x, Pp) does not depend upon the state variable 
f and continues to have local equilibrium fluctuations even when the average (f) is dis- 
placed from f" to f® by the action of the generalized forces X. The factor —kTOf’/d& 
-0(x—x’')0(p—p’) in (5-31) arises from the matrix kS~' [cf. (5-15) ], ice., the cor- 
relation function for ¢/=t, and shows that fluctuations will occur at the Fermi surface, as 
it should be. The remaining factor exp(— |t/—¢t)/z,) can be understood by the same 


argument as given by Bernamont. This is essentially concerned with the definition of mean 


free path given by Lorentz. We shall give it here in terms of the mean free time 7,. 
Let us suppose N electrons with momentum p at time ¢ Among them dN will on the 
average suffer collisions with lattice within a small time interval (¢, ¢+d¢). The mean 


free time 7, is defined by the relation dN(t) = N(t) dt/t,, or in other words N(t-+s) = N(t) 
-exp(—s/t,), (s> 0). N(t-+-s) gives the average number of electrons that do not collide 
till the time ¢+s. The average is taken under the condition that the value of N(t) be 
fixed. Thus, multiplying by N(¢) and averaging over all possible values of N(t), we 
obtain the correlation function ¢< N(t) N(t-+s) >)=(N*) exp(—s/z,). This is essentially the 
expression (5-31). 

Next we shall consider the fluctuations of electric current and of heat flow. The 
electron flow € and the electronic energy flow @ are defined by 


2d ( 
Ita, d=|-P pes, Pp; £)- ; Q=\eP 2p (5-32) 


J 


According to (5:28) the distribution function f(x, p, 6) is a linear combination of the 
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fluctuating term F(x, P), and the latter obeys the Gaussian distribution law (5:23). 
Therefore the probability distribution of f(x, p, t) is Gaussian, and its first two moments 
are given by (5-30) and (5-31). From (5-32), the flows I and @ are again linear 
combinations of f(x, p, £), whence they will have a Gaussian distribution. Their means 
and variances will be determined either by making use of (5-30) and (5-31), or directly 
by using (5:24). For the sake of later convenience we shall take the second method. 
Inserting the expression of the distribution function (5-28) into (5-32), we can separate 


the systematic and the fluctuating parts of the electron flow I and of the energy flow Q 
K,(t—5), K,(t—s) ] \Xoe(x, 5) \Qii (*) 


as follows : 
vf > ( 
(x t) + | fs 
Q; (x, t) tes 
easter ae (5-33) 


Here the fluctuating parts D, and ©, have been defined by 


jeqate a5 ea ts (x, , (ee 


t 


FP (*) = | ds | EC s)\rd ar Be, (x, p) 2 


* (5 +34) 
Qula)= | ds | ee 9lree PA, p) PE, 
and the decay functions K, by 
Bs & Of® \ 2dp 4 . 
= ilircer | — fi | pe 1.2313 (535) 
fone fewer ME], pose. 6: 


According to the first equation of (5 -24) we know that the first term of (5-33) describes 


the average response and the second term the deviation from it: 


CE (a) =0, (Q,(x))=0. (5-36) 
The correlation functions of the fluctuating terms can be evaluated at once by making use 


of the second equation of (5-24) : 
(Ga (x) FD 15 (x') » ’ (D4 (*) Li, (x) | 
(QO); (*) F 5 (x")) ? (Q)1;(x) Q(x’) ) 
K.@—), K,(’—) 
no, egy eae-™ 
Ky Ca. K; Gy 
ly j=, ZI (5-37) 


==kT (x) 


Te will be found that the correlation functions are completely determined by the decay 


= ss e cA 1: te 
functions K. Tnis is true, even when the generalized forces X are constant and the !inetic 


coe ficients 
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_ 2 Of’) 2dp 
= { ae NT Ge) G4 — = 5.38 
K=\ K,(u)dun—— | -(€) A: 73 (5-38) 


0 


appear in the first term of (5-33). On the right-hand side of (5-37) the time integral 
of the decay functions does not exist, in contrast to the case of polarization (4-16). The 
reason is as follows. In the case of polarization the quantity conjugate to the electric field 
was the electric polarization, but in the present case the quantity conjugate to the voltage 
is the electric charge and not the electric current." The electric current is given by the 
time derivative of the electric charge. From (5-33) the decay function for the electric 
charge will be a time integral of K,. The correlation function of charge is then given by a 
double integral of K, according to the general theorem of Takahasi. Since the correlation 
function of electric current is given by the second derivative of the correlation function of 
charge, the former will be hee 
Usually we analyse the fluctuating flows O, and , into the Fourier components : 


Ss 
ee eyes 2 \ GD .; (x) Cade. 
27 ae 


a oat ie Pe (5-39) 
V2 
Do: (x) = - \ LD ED War viet 


V2 is necessary in order to make the absolute values equal to the root-mean-square values. 
Since these components are linear combinations of , or &,, their probability distribution 


is Gaussian, and their means and correlation functions are 
(rw (X)D=0, (Ouc(x))=0; (5-40) 
ee (x) Surg (2) Ds CaSat (%) Qry (2") 
COT (%) Bary), (Oi (x) D1, (2") | 
(" (w),  Jo(w) 
Is(@), Js (@) 


Here the asterisk denotes the complex conjugate. The coefficients are the Fourier transforms 


=—* kT (x) 


pe 


Ja, 0 (x—x') 0(w—a’). (5-41) 


of the decay functions K : 


J, (w) = K, ().cos (wt) di = 2_{ BAACOLY |- oh ap: (5-42) 
3m J 1+a7r2 °(€) 0& jhe’ 
and are the real part of the complex quantities : 


co 


gy (wo) =|K, e-™de=2 | ee —{—f “| 2dp 
| : 3m 1+-s107,(€) 0& Pls (5-43) 


The electric current is defined by —el, and therefore the conductivity is given by 
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o(w) =F9,(0) = ze | aka | tea (5-44) 
3m J 1+0°t/ (€) eke he 


From (5-41) the correlation function of electric current becomes 

(eB) Suis (0!) =2/ kT (x) 0 (w) 0,0 (2—a!) B(w—a"). (5-45) 
This is the localized expression of the well-known Nyquist formula. In order to obiain 
the usual expression we should integrate (5-45) over the volume of a conductor. For 
simplicity let us assume that the conductor is of the form of a cylinder with length L 


and cross section Q, and further that it is isotropic and uniform or homogeneous. Then 


its conductance is given by 


G(w) =Qo (a) /L. (5-46) 


Let us take the x~axis, say, in the direction of length. The total fluctuating current flow- 
ing in this direction and having frequencies in a small band (w, w+4w) is 
w+ Aw 
rey \ deat \ (x) de/L, (5-47) 

where the volume integration should be taken over the conductor. Since the conductor 
is uniform, the current density ({(%) is constant in the direction of x-axis, and therefore 
this volume integration is effectively the integration over the cross section. Remembering 
(5-45), we get 


{(w) 2) = L\( ae dx! | [dodol Se. (x) Sore (2")) 
w+ Aw 
=2/n-1-*| dukT (x) | odo 
= (2/7) kT (Q/L) a (w) 4a, 
(|J(e) >= (2/2) -kT G(w) do. (5-48) 
Here we have assumed that the temperature T be constant over the conductor, and that 
the conductivity o(w) be approximately constant over the frequency band (w, w+dw). 
The expression (5-48) is in agreement with that given by Spenke, though he gave the 
expression for the unit frequency interval Jw=27. Bakker and Heller employed the 
conductance at frequency zero, 1/R,, and introduced a factor 
eae {Sf} 2éP [\ 2,6{— Lae lea Pacat ame 0A(5 (89) 
1+oe°r2 Ge) ob OE h G(0) 


as was pointed out by Spenke. The quantity q, (w) introduced in (5-43) is the complex 
admittance derived by Spenke, if it is multiplied by Qe°/L. 


§6, General remarks 


In this section we shall give a few remarks on the nature of our statistical theory 
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developed in the preceding sections of this paper and in Part I. 

In our theory the system under consideration is assumed to be described by the two 
classes of state variables. The variables belonging to the first class are those describing the 
macroscopic modes of motion (“collective motion ”) of the system, and the variables of 
the second class describes the microscopic modes of motion (“ internal motion”). We, 
however, pay attention only to the former variables, and the effect of the latter variables 
on them is incorporated into our theory only as the origin or a source of their fluctuations. 
Namely, the degrees of freedom of the latter variables are regarded as constructing a kind 
of “heat reservoir.”’ This will be seen most apparently in our treatment in § 4 of Part 
I. In this case the momentum of a colloidal particle was the only macroscopic variable 
of the system, and its statistical distribution (when the system is aged) was Maxwellian. 
This distribution was nothing else than that given by Boltzmann’s principle (1-3), which 


can be written in general in the form given by Einstein” 


W (a) x exp {—Wrin, (@) /kT}, (6-1) 


when there is only one heat reservoir of temperature T. Wy,i,,(@) means the minimum 
work [see § 4 of Part I]. If we call the macroscopic degrees of freedom “‘ the system # 
and the microscopic ones “the heat reservoir,” the probability distribution (6-1) may be 


« 


said as “canonical distribution.” The canonical distribution in statistical mechanics is valid 
for microscopic variables, but as is well-known,” it also valid for macroscopic variables, 
provided that the energy is replaced with the minimum work or free energy determined 
by Gibbs-Helmholtz’ relation from that energy. And the canonical distribution thus obtain- 
ed is the one given by (6-1). If the distribution (6-1) or (1-3) is “canonical” in 
this sense, its generalization, the path probability (1-11) or (1-12) will be the “ canonical 
distribution of path.” From this view-point the kinetic coefficients G® are found only to 
be “‘ coupling constants” between “the system” and “the reservoir.” The energy is ex- 


changed between the macroscopic and the microscopic degrees of freedom at a rate determined 
< 


by these ‘‘ coupling constants.” 


In § 4 c) we have referred to the strong collision assumptions. The strong collision 
theories do not immediately lead us to the Gaussian process, since they assume Poisson’s 
distribution for the number of collisions occuring in a sufhciently long time interval (— 0/2, 
+0/2). Only in the limit of infinitely large number of collisions per unit of time 
they lead us to the Gaussian process.” In this sense the theories based on the strong 
collision assumptions describes more precisely the phenomenon than our theory based on 
the weak collision assumption. Thus we see a possibility of extending our statistical theory, 
especially the stochastic differential equation, to include the case of a finite number of colli- 


sions per unit of time. In this extended theory, the dissipative and the fluctuating terms 


of (4:1), say, will be combined into the following form 
Di 4np9(t—t), (6-2) 


where the random variables t, and 4p denote the instant of the k-th collision and the 


value of momentum change by this collision, respectively. The d—function means that the 
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instantaneous collisions are assumed. This extended theory will be closely related to the 
theory of shot effect.” 

In § 5 we have derived the correlation function of the distribution function, (5-31), 
which was a refined form of the previous results (5-1). Spenke introduced the factor 
1—f° in the expression —kTOf°/dE=f"(1—f") on the tight-hand side of (5-1) by 
reason of the quantum exclusion-effect for the collision. | According to his argument the 
momentum in this factor 1—f° should have in reality the value after collision, while that 
in the factor f° is the one before collision. The concepts of ‘before’? and “ after” 
collisions are strange for thermodynamics, and they can not at once be introduced into our 
statistical theory. There exists, however, the possibility of introducing these concepts. * 

Also in § 5 we have got Nyquist’s formula (5:48). In this expression, however, 


the classical factor kT appears instead of the quantal average energy of harmonic oscillator 


E(o, T)= bo | bo ; (6-3) 
be exp (bw /kT) —1 
Namely, the dynamical quantum effect has escaped out of our theory, although the Fermi 
statistics was incorporated. This of course arises from our starting equation of motion (5-2), 
or in other words from the assumption of instantaneous collisions. Our statistical theory 
is essentially semi-classical, and the Cetailed description of the collision process is of course 


beyond the realm of our theory. 
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Appendix A. Path-integral evaluated by the method of characteristic 
function for the ease of Brownian motion of the harmonic oscillator 


In $4 a) we have had recourse to the general theorem of Takahasi, when we deter- 
mined the correlation function of the polarization. If we want to calculate it directly, the 
method of path integral is convenient. The path integral (1-13) may of course be 
carried out by Onsager-Machlup’s theorem (1-14). We shall give here, however, another 
methed based on the use of characteristic function. 

The transition probability corresponding to Langevin’s equation (4-1) is, as is well- 


known, given by 


* The averaged equation (5+2) becomes then the usual Lorentz-Boltzmann equation containing the 
cross-section of collision, from which the simplified equation (5+2) is derived. We can derive an equation 
similar to Fokker-Planck’s equation in this case too. In this generalized Fokker-Planck equation the functional 
derivatives d/6f with “f before collision” and d/df” with “ f’ after collision” appear in the combination 
6/3f—6/of’. These equations have been obtained by H. Saté, Bussei-ron Kenkyu, No. 67 (1953) 91, using 
the second order perturbation theory of quanturn mechanics. 
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P (x, p; 4t; x+d4x, p+4p) 


pa A CS LL) exp| Peal ee ACL (A-1) 
ad 47D, 4t 4D, dt 7 


This can also be derived from (1-17). In this case the 0—function on the right hand 
side will be obtained by introducing a virtual friction constant 7 in the equation of x and 
by taking the limit 7—>0 in the final expression of the transition probability. The path 
integral (1:13) is the convolution of the transition probability. It will be convenient to 
introduce the characteristic function of the transition probability. For this purpose we 
rewite (A-1) into the following form 


P (x(s), p(s), 53 x(s+ds), p(stds), stds) 
_ O[x(s+ds) —x(s) —p(s)ds/m] 
a 


|p (s+ds) — p(s) (1—ds/z) + {me,?x(s) +E (s)} ds|? 
4D,,ds 


xexp| |. (A+2) 


Then its characteristic function becomes 


X(x(s), p(s), s|A(st+ds), w(s+ds), s+ds) 


+0 +0 


== | | Y (x(s), p(s), 53 x, p’, s+ds) dx’dp’ exp {ii (s+ds) x’ + ip (x+-ds) p’t 


=exp {—D, (# (s+ds) ds—ipt(s+ds) eE (s) ds} -exp[i {2 (s+ds) 
—moay ft (s-+ds) ds} x(s) +4 {4 (s+ds) /m-ds+e(s+ds) (1—ds/z)} p(s) ]. 


(A-3) 
The characteristic function of the probability of a state (x, p) at time sds is determined 
from that at time s by the relation 


X(A(s+ds), (stds) ; s+ds) 
=exp {—D, pf (s-+ds) ds—ipft(s+ds) eE (s) ds} X(A(s), #() 5. 5), (A-4) 
where A(s) and jx(s) on the right-hand side are related to A(s+ds) and p(s+ds) by 
A(s) =A(s-+ds) —muy'n(s-+ds) ds , (A:5) 
H(s) =H (stds) (1L—ds/t) +2(s-+ds) /m-ds. 
The repeated use of (A-4) gives a formula 
XA(t), (6) 5 4) 


t t 
=exp {—D, | 1 G)ds—ie | E(S) (9)ds} XCA(H), 10(8) 5 6), (A-6) 


to 


which determines the probability at time ¢ in terms of the probability at time ¢ 
c 


Especial- 
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ly, if we put X(A(t)), (ty) 3 to) =exp {tA (to) %» +4 (tp) Po} » we obtain characteristic function 
of the transition probability VY (x, po, to 3 % p>» 4) : 


eC Po t|4 (2), pL @ t) 
Be rida vere CH xeHHCEO foie |e OR ONA)- (A-7) 
Here the function 2(s) and y(s), including 4(f) and 4 (t,), are determined by the rela- 
tions (A-5) or the differential equations 


A=moelt : eae a ee , (A-8) 
Tt m 
Since the characteristic fuction (A-7) should be regarded as a function of the final values 


A(t) and p(t), we need the solution of (A-8) in terms of them: 


A (s) cos (w,[t—s]) + sin (w,[¢—S]) , 7 mig sin(w,[t—s] |{ A () 


2T0, (OF 


es (t—s) /2T 


pA) 


1 oa (on [¢— 5) Weecs (ar ff 5) _ sin (w,[t—s}) ne) 


mw; 270, 

MAFo) 
First let us determine the characteristic function of the probability of a state, which can 
be obtained by taking the limit 4->—o in the expression (A-7). Since from (A-9) 
we obtain A(— co) =0 and p(— ©) =0, it becomes 
t 


X(A), HDs 9 =exp (—Dy | 2 ds ie | EO) AOA} 


—o —0o 


TOPROE ge | ee—9 oF (s)ds 
2 


—co 


R(t) kT 


2 my, 


=exp|— 
t 

Mire \% (t—s) eE ()ds| (A-10) 
This gives certainly the probability distribution (4-7) in the text. Next we shall consider 
the joint probability of two states at times # and ¢”. Its characteristic function is of 
course given by the average 

xX(v fh t ; 7 es fe’ t'’) 
+00 +00 
— | | &dp'W (x’, p’ t’) exp {id'x! +i! p’S Ce p', Aas gee a) 


a | \ di'dp! Woo (xl, p', e) expli i +A} x titel +H ©} P'] 


—-o —-o 
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wr we 


<exp{—D, \ [f (s) ds—ie JEO p(s) ds} 


uw 
wr eer 


=X UAW), H+ Me) 5) exp {—D, | #8 (doe | E() 165) ds 


we 


=exp| — mie Nile Ua -{+u(t')} ‘—D,| fF (s) ds 


2may, 


iiss 
2 


t 


—i{v+A(t')} | eet) Edin! +n )} |e,(e—9 eE (s) ds 


—iJEO pds], (A-11) 
where A(s), #4(s), A(t’), and “(¢’) should be determined Ly the relation (A-9) with 
the final conditions 4”=/(¢") and p!’=y(t’’), and thus they are functions of 7” and pe 
The auto- and cross-correlations constructed with x(t’), p(t’), x(t’), and p(t’) are, as is 
well-known, given by the coefficients of 1/2”, 2’, and so on. Remembering (A-9) we 
can write down at once 


pe HE EDP ED LD DD C120) =D} (0) — C9) FD 
CP) — PED ED — EDD, CLP) — Ce) >} (0) — Cpe) D}) 


Eee jeos (eo, [e”—t'}) + sind wal rat) L, 2 i sin («w,[¢’—¢']) 


Mo 270, WO, 


= eW t-/) 24 


I OME e SYN mkT jos (o[¢”—e']) — sm lodvine) 
oO; 270, 

(A-12) 
These correlation functions have already been given by Wang and Uhlenbeck.” It will 
be found that the electric field does not affect these correlation functions, although the 
means (x(t’)), etc., are shifted by it. Returning to the definition of the polarization 


(4-10), we can at once derive the relation (4- 16) from (A-12) by takiny into account 
the independence of N oscillators. 


Appendix B. The fluctuation of the distribution funetion in the 
theory of Van Vleck-Weisskopf and Fréhlich 


In the microwave region Van Vleck-Weisskopf-Fréhlich’s theory is commonly accepted 
to analyse experimental data, though there are theoretical objections." — So it will be 
convenient to summarize here the relations based on their assumption, 


which we have not 
given in the text, § 4 c). 


First we have to construct a force, which makes the distribution f(x, 


p> t) approach 
to the “ equilibrium ” distribution bp Gat Nea (4-48). 


This distribution function f. is the 
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equilibrium distribution under the electric field E(¢), provided that the value of E(t) is 
frozen to that at the instant of collision. We should therefore, in thermodynamical con- 
sideration, introduce a work source attached to the set of oscillators, which supplies auto- 
matically the work E(t) 0P(t) with this frozen value of E(t) when the polarization P(¢) 
of our system is changed. Besides this work source, the set of oscillators has the heat 


reservoir of temperature T composed of non-radiating molecules. Thus the change of 
minimum work is given by 


OW min. =OU— TOS —E (t) OP, (B-1) 
where U denotes the internal energy of the set of oscillators, per unit of volume : 


use ine + MO sh FCs Ddedp (B-2) 


The entropy S and the polarization P are defined by (4:18) and (4-42) in the text, 


respectively. Inserting these expressions into (B-1) we get 


Oe = | | \- iE IN eT 3 (t)x+kF log! Ofdxdp P (B-3) 
eas. 2m wp) 2 


In the present case all the Of(x, p, f) can not be changed independently, since there is 
the normalization condition (4-31). Taking this into account we can derive the generalized 


force associated with the state variable f(x, p, #) in the same way as was done in Spe 


LAX, Ps = (Sip; HN=—kI / fs? Gf.) > (B-4) 
where w(x, p, t) is a function measuring the deviation of f from f, in unit of energy. By 


making use of this force we can determine the quantities V, G®, and G in the equation 
(4-20) or (5-16): 


V(x, p, #) | 2 bit AER (OV [pe », 4), 


op 


kG® (x, py, PD) =A, P's) E o_ {may x+eE (t) } a 
9 9 (B-5) 
» O(x—2’) O(p—p’), 


£G® ( ps x, pr) =DG psx, p) = LEP D ax’) 8(p—p). 
Remembering (4-47), the last expression (B-5) of the diffusion matrix agrees with the 
ptevious one (4: 26), and thus, as was described in the text, we shall arrive at the stochastic 
differential equations (4:55). 

When our system is aged, the formal solution of (4:55) is given by 


a(t) \ ne —s an (t—S —eE(s) /(muet.) + A(s) . 
| a) jal ye g (t | (s) /( ) ( (B-6) 


BL de \ema (ts Gn t—9] \- EO) +00 


. 
—O 
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where we have introduced the following decay functions 


1 yas 
== tte et) go Cag (=F “Fe, 8in (pt), 
Gaal =e cos (Wy ) Y »( ) mw, (t>0) : (B- 7) 


(,(¢) =—maye—"l*e sin (wt), Pm (t) =e" cos (wot) , 
Since the probability distribution of the fluctuating terms Cé(t) and C(t) is given by 
(4-38), we obtain 
LA(t))=0, (AD AH))= (2kT/Ne.mo,) O(t'—8), 
LAWL (')>=0 


besides (4-41) in the text. By making use of the formal solution (B:6), the distribution 


function (4:28) can be written in the form 


(B-8) 


[iC NO BRO ACS 1) DRL AAR par in BRL ES 7.) 
fol Ps) kT | [Pal + (uae | 


t 


sn a | fino apy pee Otto (B-9) 
mkT 


—©o 


where the averaged distribution is 


t 


< f(x, 2; t) Ss ates exp |——t | xte | ©, (t—s) E(s)ds 


P 


27kT 2kT | 
1 P 
ee ee D Sac LES, d its B-10 
2mkT ete ls v(t ) (9) *| ( ) 
La (t) = : ~e— te jsin (wt) Sereay > 
MO 6 WoT ¢ 
(t>0). (B-11) 


I 


g(t) = etre jcos (wt) — Sale} 


Oo, T 


oe 


These decay functions ¢,(t) and ¢,(#) correspond to those given in (4:5) in the case 
of Brownian motion. Remembering (B:8) and (4:41), we can determine the correlation 
function of f(x, p, t), (B:9). The result is as follows : 


CAF Gs Pat) —C FG Pe DOPAF CH) Bt) = CFC, p', 1) D> 


=folx, pfs p’) eae lala fed + P| cos («| t/—¢]) 


stl a cia teRe a] | (B-12) 


MO, 


From (B10), we sce at once that the decay function of electric displacement D(t) 
==E(t) +47P(t) has the form proposed by Fréhlich™ : 
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4m Ne 


MW 


cite {sin (oy a ol LES | , (¢>0). (B-13) 


WoT 


Pvt) =472Ne yg, (1) = 
The correlation of the polarization can be determined from (B-12) : 


({P(t) —CP(t) >} {P@) —(P) } ype a heat cos (@,|# — fl). © (B-14) 
My 
This of course satishes the requirement of Takahasi’s theorem. 
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Letters to the Editor 


Some Relations between the Bound 
State Problem aad Scattering 
Theory 


Nobuyuki Fukuda* 


University of Indiana, Bloomington, Indiana 


March 8, 1956 


It was shown by Sawada” a few years 
ago that there exists a linear relation between 
the self-energy of the nucleon due to the 
pion field and the eigen phase shifts of 
pion-nucleon scattering. However, this is 
not correct in some cases, for instance, in 
the static neutral scalar theory, where the 
pion is never scattered by the nucleon, but 
still there appears a self-energy of the 
nucleon. Quite recently, A. Reifman, B. 
S. DeWitt, and R. Newton” have discussed 
the relation between the bound state problem 
and scattering theory in the ordinary non- 
relativistic quantum mechanics, according to 
which the energy shift of the system should 
be given in terms of the diagonal element 
of the reaction matrix in the limit of in- 
finite volume. Thus it seems to give a 
definite justification for the boundary con- 
dition which Brueckner and others’ took in 
their works in connection with nuclear 
models. 

The purpose of this paper is té show 
that Sawada’s relation holds exactly in the 


non-relativisitic case insofar as the range of 


the potential is negligibly small compared 


* On leave of absence from the Tokyo University 
of Education. 
** This work was supported in part by the 


National Science Foundation. 


with the radius R of the sphere in which 
the system is enclosed. The energy shift 
JE goes to zero as 1/R, not as 1/R*, as 
R tends to infinity, if we consider this 
problem at some fixed energy value inde- 
pendent of R, as was assumed by the above 
authors.”. Therefore, the level spacing and 
the energy shift is always at least of the 
same order of magnitude contrary to their 
expectation, so that their proof seems to be 
wrong.* Turning to field theory, we would 
like to give the expression for self-energy of 
the nucleon in the static model in terms of 
the renormalized coupling constant and the 
pion-nucleon scattering phase shifts, using 
Miyazawa’s’ paper on the anomalous mag- 


This ex- 


pression is obviously correct even in the 


netic moment of the nucleon. 


neutral scalar theory. 

We consider, first, a one-particle system 
in a central field V(r) which is enclosed in 
a large sphere with radius R and impose 
the boundary condition that the wave 
function ¢/ should be zero on the surface 
of this sphere. As is well known, it is 
convenient in this case to adopt the angular 
momentum represntation and to consider 
some state belonging to a definite angular 


momentum /, Then, writing 


f= Ri (1) Yin 8, ¢) (1) 


R,(r) has the asymptotic form for large r 


R} (x) ~— sin(ky—4lz) (2) 


or 


Ri(r) ~a1— sin (br—3l 2+) (3) 


ir 


* This will be reexamined in a forthcoming paper 


by the author and R. G. Newton. 
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where the suffix o specifies the case of free 
particle and 0, denotes the eigen phase shift 
which is to be determined quite indepen- 
dently of R. Now, from the above men- 
“tioned boundary condition, the characteristic 
values of &, and k (absolute values of wave 


vectors) are given by 


Om 


Alz 7 
k ~ Gee and 


Lia fo ) 
ki Cu a)" (n=0, 1, +++) (4) 


where k, goes over into ky, as V(r) tends 


to zero. Since the energy level is given 
by bk /2m, the energy-shift JE, corre- 
sponding to some fixed value of & and / 
furus .out tobe, im first order in 1/R, 


equal to 
JE, (k) = (k/m) Ak, 
= — (iPk/m)0,/R. (5) 
In the case of meson theo-y, the total 
Hamiltonian H is assumed to be of the 
following form, in the static limit of the 


one nucleon problem : 


ip pa Ws as ds +>) (G, d,+ Gita.) ? 
o,= Ve AF (6) 


where a, and a,* denote the annihilation 
and creation operations, respectively, G, in- 
cludes only nucleon variables, and s specifies 
the meson state. Using the relations ob- 
tained by Miyazawa, we get easily the 
self-energy JE of the nucleon, i.e., the 
expectation of H with respect to the physi- 


cal nucleon state as follows 


AE = (|H]) 


= [2 Be Oi Ce 
SHIGls) ae os inh 


Bas Gde ap speed) 7) 


where |n) denotes the incoming-wave 


solutions which are assumed to form a com- 
plete, orthonormal set. The term n=O, 
corresponding to physical nucleon states, in 
eq. (7) is the same as the second order 
self-energy with the renormalized coupling 
constant, and the other terms are written 


in terms of the transition matrix elements 
Te(ny=(nlG,|\) for s=>n (8) 
defined by Chew and Low”. 


scalar theory the T’s are all equal to zero ; 


In the neutral 


therefore the selfenergy is given by the 
second order perturbation theory as it should 
be. In the case of pseudoscalar p-wave 


theory, the explicit formula of (7) turns 


out to be 
4JE=4E”+4E!' 
dp? =— f° > dk kv (&) 
An ape ow; 


ce 


1 
dE'=——_\| dkdl 
lv PE Cer Oe) 44 sin? Buo(L) 
(a, + o,) FO, Ox 
+4 sin? 0x, (0) +sin’ Oy (1) (9) 
where v(k) is the cut-off function, O43 (k) 
the eigen phase shift for the state of total 


isotopic spin i/2 and total angular mo- 

mentum j/2, and the multiple production 

pions is neglected. 

Detailed discussions, especially in con- 
nection with the work of Brueckner and 
others”, will be given at another opportunity 
by the author and R. G. Newton. 
iy Gx Sawada, private communication (1953). 

2) A. Reifman, B. S. DeWitt, R. Newton, Phys. 
Rev. 101 (1956), 877. 

3) Brueckner, Levinson and Mahmoud, Phys. Rev. 
95 (1954), 217; Brueckner, Phys. Rev. 96 
(1954), 508; 97 (1955), 1353; Brueckner and 
Levinson, Phys. Rev. 97 (1955), 1344; Eden 
and Francis, Phys. Rev. 97 (1955), 1367. 

4) Miyazawa, Phys. Rev. (to be published). 

5) Chew and Low, Phys. Rev. (to be published). 
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nuclei has been studied by many anthors. 


corr 


not 


excited 


The nuclear level scheme of even-even 
1)—4) 
Recently the gamma-gamma angular 
elation measurements make it possible 
only to assign the spin value to the 
level but also to determine the 


Pebrnatyia7s 956 radiation characters of cascade gamma ray, 
Table 
Element Level Energy Level Order 1 T2 7s E/E; 72/73 6 sae ry Reference 
99Cag,44 2.54 2 16°38 2543\219 .~O -- Sc (a) 
ogFeng®® 2.59 3 0.845 1.81 ~2.7 3.06 ~300 +0.23 Mn*é (b) 
2.88 4 0.845 2.06 ~3.0 3.40 ~100 0.23 Mn** (b) 
50° Zr 346% 2.76 Zi 1.044 1.72 2.76 264 ~0.1 — Ga®® (c) 
paCaeag' 1.46 3 OSs 0lo3  4oue 4) 8.0 = Ga"? (d) 
1.73 4 0.84090 «= — 4712.06 — Ga® (d) 
gySe4o"® 1.21 2, 0.567 0.64 1.21 214 ~0.4,—-1~—0.55 As‘ (e) 
eMo5% 3.27 3 0.87 52:40 39278 317600 = act (f) 
46Pd601% 1.55 3 0513 1:04 155" ys025-——9 =O18 Rh106 (g) 
ysCdy14 1.263 2 0.550 0.713 1.263 2.30 ~16  —0.106 Int (h) 
sOONggl® 2.09 2 1.27 080 209 165 ~1 ~+3 Int6 (i) 
sg lergitt 1.24 2 0.568 0.67 1.24 2.18 Flag y atlas Sb122 (j) 
5g Tez41°6 1.42 2 0.55 0.74 142 218 10 = ai (k) 
sgXeqo!26 0.86 2 0.38 048 086 226 5 aay as (1) 
74 W 09182 4:222 3 0.101 1.122 1.222.121 —1 0O+D .— (m) 
psPt, {182 ~ 0.612 2 0.316 0.296 0.612 1.95 4.3 +44 Ir! (n) 
BPC; 45194 0.620 2 0.327 0.293 0.620 1.92 large +10 Iri9s (o) 
rsPtys!° 0.688 Fd 0.358 0.32 0.688 1.92 100> —4.35~—4.0 Aut% (p) 
soligyis!%8 1.087 2 0.411 0.676 1.087 264 35 -—085  Aul% (q) 
sol gio? 0.947 2 0.368 0.579 — 2.57 large very small T1200 (r) 
Reference (h) E. D. Klema, Phys. Rev. 87 (1952) , 524. 
(1) Scharenberg, Stewart and Wiedenbeck, Phys. 
(a) J. W. Blue and E. Bleuler, Phys. Rev. 100 Rev. 101 (1956), 689. 
(1955), 1924. Gy) M.G 
, j . G. Glaubman, Phys. Rev. 98 (1955), 645. 
(b) Bishop, Wilson and Halban Phys. Rev. 77 (k) M. L. Perlman and J. P. Welker, Phys. Rev. 
(1950), 416. 95 (1954), 133. 
ie R. Metzger and W. B. Todd, Phys. Rev. () M. L. Perlman and J. P. Welker, Phys. Rev. 
92 (1953), 904. 95 (1954), 133. 
()inAs Mukesj and P. Preiswerk Helv. Phys. (m) Murray, Bohem, Marmier and DuMond, Phys. 
Acta 25 (1952), 387. Rev. 97 (1955), 1014. 
(d) Kraushaar, Brun and Meyerhof, Phys. Rev. (n) Paggerly, Marmier, Boehm and DuMond 
10] there 139. Phys. Rev. 100 (1955), 1364. 
(e) Kurbatov, Murray and Sakai, Phys. Rev. 98 (0) Mandeville, Varma and Saraf, Phys. Rev. 98 
(1955), 674. (1955), 94. 
J. J. Kraushaar and M. Goldhaber, Phys. Rev. (p) R. M. Steffen and D. M. Roberts, Phys. Rev. 
89 (1953), 1081. 83 (1951), 222. 
(f) Medicus, Preiswerk and Scherrer, Helv. Phys. (q) P. E. Cavanagh, Phys. Rev. 82, 791 (1951). 
Acta 23 (1950), 299. P. Schiff and F. R. Metzger Ph Rev. 90 
(g) B. Kahn and W. S. Lyon, Phys. Rev. 92 (1953), 849 . eat, Sas 
(1953), 902. CD. Sate 
J } . D. Schrader Phys. Rey. 92 (1953), 928. 
E. D. Klema and F. K. McGowan, Phys. Rev. (rt) Bergstrém, Hill and Depasquali, Phys. Rev. 92 


92 (1953), 1469. 


(1953), 918. 
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thanks to the advanced scintilation counter 
techniques. In case of even-even nuclei it 
happens to reveal that there are many 
nuclei which have excited levels of spin 2° 
‘other than the well-known first 2° excited 
level. We have collected in table a list of 
all nuclei known up to present for which 
the spin value 2° seemed to be established. 
In Table 7, and 7, are the gamma rays 
decaying from the first excited state to the 
ground state and from the 2* level to the 
first excited state respectively and 7, is the 
cross over gamma ray. The branching ratio 
of 7, to 7; is denoted by 72/75. O is 
defined as the ratio of the reduced matrix 
elements of quadrupole radiation to dipole 
radiation.» E/E, is the ratio of the energy 
of 2* level in question to that of the first 
2* level. 


and some of the results of angular correlation 


Since the data are not sufficient 


measurement do not seem quite dependable, 
it may be dangerous to draw a definite 
conclusion from this table. But the author 
believes it is worth noting the following 
several points. 

1) The proton number of the nuclei 
collected in the table occurs in the vicinity 
of the magic number. As for the neutron 
number such a fact does not seem found so 
far as the present table is concerned. 

2) When the branching ratio 7/73 
is large, O is always either small or large. 
Moreover 7» is emitted mostly by a magnetic 
dipole radiation if the proton number is 
just below the magic number. 

Several isotopes have a surprising simi- 
larity not only as to the energy scheme but 
also as to the branching ratio and the 0 
value. Pt”, Pe’ and Pt'® present a good 


example. 


1) G. Scharff-Goldhaber, Phys. Rev. 90 (1953), 
587. 

2) P. Preiswerk and P. Stihlin, Nuovo Cimento 10 
(1953), 1219. 

3) A. de-Shalit and M. Goldhaber, Phys. Rev. 92 
(G952)) el Zdule 

4) M. Nagasaki and T. Tamura, Prog. Theor. 
Phys. 12 (1954), 248. 

5) L. C. Biedenharn and M. E. Rose, Rev. Mod. 
Phys. 25 (1953), 729. 
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It has been pointed out that the re- 
normalization theory can be internally con- 
sitent only when the observed value J, of 
the coupling constant lies in the normal 
gone” LNG): ee sathe renormalized coup- 
ling constant). Then, it is natural to ask 
how the renormalization theory fails in 
experiments, when /,, is out of N(9,)- 

Since all of the S-matrix elements are 
described with the renormalized quantities, 
it is interesting to find essential differences 
between the renormalized Green’s function 
with g,, within N(¢,) and the one with 
J out of N(J,). In order to obtain the 
renormalized quantities G,, Leta CRC eraa vee 
first cut off the effects of the high internal 
momenta (k> A). Then, we make the 
limiting process A> ©, and replace 7, by 


Joo and renormalized mass m by the observed 
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mass m,,, after the renormalization, to 
obtain G.(9») and Iu.(Gon) - 

The limiting process i!->co can be 
avoided, when use is made of a cut-off 
method which with finite .1 leads to the 
ordinary renormalized Green’s function being 
We shall show that 


such a cut-off, called the renormalization cut- 


independent of 1. 


off (or simply RCO), really exists in cases 
of interactions of the first kind.° 

As a first step for deriving RCO, we 
shall cut off the high internal momenta 
for Green’s function of the scalar field (or 


the electromagnetic field) * as follows ; 
[G.(-F) =F ++ (8) 


(teint 


Here G, is the unrenormalized Green’s 
function, « is the mechanical mass and 
The last 


term in (I) has been deiermined so as to 


S3(—F*) is the mass-operator. 


satisfy the three conditions ; i) the renorma- 
lized Green’s function should not depend 
on the cut-off except through the renorma- 
(which should be 
replaced by ¥,,), and only the Z factor 


lized coupling J, 


depends on A, ii) the renormalized mass 
should remain unchanged through the cut- 
off, and iii) G,(—#) should be the free 
propagator at —k’ =I’, that is, [Gx(®)]}3 
=—/? +m’, 
cut-off is just identical with Ward’s one 
used Gell-Mann and Low”). 

- However, this cut-off method has a 
defect that the Z factor Z(/°, Ya) becomes 


complex. 
0 
ik ( A i YA We ses - a ay ee Ts 
ae a VAL ap Le ( k°) | | kh m 
(1) 


* It is easy to extend the similar discussion to 


It can be shown that this 


cases of spinor fields. 


This is because S}(—f*) is, in general, a 
complex quantity which is due to the inter- 
ference thresholds’ being branching points. 
The imaginary part 22 (39,4) oF LETTE 
is the contribution from the displaced poles”. 
Thus, it should be finite even for 


As the renormalization factor should 


A—>oo% 


be a real quantity, we modify eq. (I) as 


follows, 


[G.(—F) 1 =F +24+31(-P) 
) RASA I-VO’) ayy 


MP —m* 


+ (F+m* 


This is our RCO. We can derive the 


following results : 


2 0 Ae (Pee 
G; aoe Jon ie (—k) = Ee 
uf L448, Jon) 


=G.(—F, Jon) Z*(A’, Jos). (2) 
Here G°(—&) is the free propagator, 


ZAP, Jy) is the renormalization factor 
defined by Eg. (1) and (II). The Z(—k*, 
Yor) is the function obtained by replacing 
MW by —P\ and gy by 9° in. Zhu 
It can be proved that 2" (,.93,) As just 
For (II), the 
conditions (i), (ii) are still valid, while the 


the real part of Z(1’, 9,,). 


condition (iii) is violated only by the 
correction due to Z’(.P, ¢,,) {a ae 
Eq. (2) reduces to the result of the ordi- 
nary renormalization theory as /P—>co, but 
even if we keep 1 finite, to replace 7, by 
Jou leads to the same renormalized Green’s 
function. 

The renormalization cut-off for the 
vertex /’, can be introduced in a way similar 
Then we 
can show that, in the quantum  electro- 
dynamics, the Ward identity holds even for 
the finite 1. 

It is remarkable feature of RCO that 


to the case of Green’s function. 
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the renormalized propagator G,(—k) with 
Jon (te @5 Jp —>Yon) can be obtained by calcu- 
lating Z(A’, Ja) with various values of the 
cut-off. 

Eq. (2) shows that the propagator 
G,(—k) becomes that of the free field at 
—k = >m* except an imaginary correction. 
This means that if we enter the inside of 
the proper field we should observe its source 
field. 

Since the order of divergences of Z(9.,) 
is logarithmic, we may approximately cal- 
culate Z"(A?, 93) with A’?>m’° by using 
the straight cut-off instead of using the 
RCO ; the error induced in this case is made 
up of terms of O(m'//’) log (A? /m”). 

When g,, is out of N(g,) and the 


renormalization factor is negative, there 


should exist a high energy region where 
Z"(—F, Jo) is negative. Eg. (2) shows 
that the sign of Z* has various observable 
effects ; e. g., it affects the scattering phase 
shift. To analyse the high energy pheno- 
mena, it seems convenient to introduce the 
“ effective coupling’. Detailed accounts of 
the RCO method and its application to the 
high energy phenomena will be presently 
published in Nuovo Cimento. 


1) S. Kamefuchi and H. Umezawa, Prog. Theor. 
Phys. 

2) S. Sakata, H. Umezawa and S. Kamefcuhi, 
Prog. Theor. Phys. 7 (1952), 377. 

3) M. Gell-Mann end F. E. Low, Phys. Rev. 95 
(1954), 1300. 

4) R. Eden, Proc. Roy. Soc. 210 A (1952), 388. 


ERRATA 


Note on the Decay Interactions Hyperons and Heavy’ Mesons 


M. KAWAGUCHI and kK. NISHIJIMA 


Prog. Theor. Phys. 15 (1956), 180 


P. 181 left, 9th line, for 4I;=-£1/2 read 4J=+1/2 and 4I;=+1/2 

P. 181 right ii) Case of odd spin and odd parity, “ Remarks” in Table, 
for 7(0°) =7(0*) read t(0°) =4r(0*) 

P. 181 right 5th line from the bottom, for 1(0°)=r(0*) read 7(0°) =4r(0*) 


P. 181 right footnote** for T(0°) read 7(6°) 
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The Atmospheric Effects on the Intensity of High Energy s-Mesons 
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and Shuzo OGAWA** 


Physical Institute, Nagoya University, Nagoya 
(Received September 23, 1955) 


In order to reconsider the present model of the cosmic ray in middle energy region, calculations 
are made for the atmospheric effects on the oblique intensity of high energy y-mesons under the 
following assumptions : 

1) The p-mesons are originated only through the decay of z-mesons. 
2) The source function of these z-mesons decreases exponentially with an atmospheric depth. 

Zenithal dependence and the absolute intensity of the p-mesons at sea level deduced theo- 
retically are compared with a narrow angle counter telescope experiment by Sekido, Yoshida and 
Kamiya. Satisfactory accordance seems to suggest the consistency of the present assumptions. 
Correlation coefficients of the temperature effect are also obtained on the oblique y-mesons. It is 
shown that the negative temperature effect can be mainly attributed to the variation of the height of 
pemeson production, but is partly dependent on the variation of the density distribution of the air. 
The correlation coefficients of the temperature effects on the vertical y-meson are also compared with 
the experimental results of Duperier. 


§ 1. Introduction 


It is well known that the intensity of cosmic rays is influenced by the temperature 
of the atmosphere. This temperature effect is known to be relaced to the unstable com- 
ponents in the cosmic rays. Besides the so-called ‘ negative’ temperature effect, Duperier”’ 
showed the existence of the ‘positive’ correlation between the sea level intensity of 
j-mesons and the temperature in the upper atmosphere from the analysis of the observed 
intensity variation. The negative temperature effect comes from the variation of the height of 
the s/meson production and the positive one is considered to be caused by the variation 
of air density of the atmospheric layer where 7-mesons decay into //-mesons. 

Several reports have been published on the analysis of the intensity of //-mesons' 
with regard to the positive temperature effect. Barrett et al.® showed that the value of 
the coefficient of this effect was in agreement with that predicted theoretically for the 
intensity of very high energy //-mesons underground, provided that all of them originated 
from the decay of 7-mesons. Bt appreciable discrepancies are seen among the results 


obtained by other authors for the /4-meson intensity of lower energy at sea level. 


a) 


* Now at Scientific Research Institute, Tokyo. 
** Now at Hiroshima University, Hiroshima. 
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Since December 1951, a narrow counter telescope with a thick iron absorber has been 
operated by Sekido et al.'"’ to investigate the intensity distribution of cosmic rays over the 
celestial sphere. To make free from the complicated geomagnetic deflections acting on the 
primary particles, the observed particles are selected as to be energetic by keeping the 
counter telescope nearly horizontal (with a zenith distance 80°). The median energy 
of “-mesons observed under this condition is, as will be shown in the section 3, about 
40 Bev which lies between that of particles observed by Barrett et al. and by other 
authors with ordinary counter telescopes at sea level. Therefore, the continuous intensity 
measurement by this telescope is expected to offer a useful data for the analysis of the 
temperature effect. In this experiment, the zenithal dependence of the /4-meson intensity 
was also measured with three different thickness of the absorber in the telescope. 

In virtue of this experiment, it becomes possible to test the present model of the 
cosmic ray in the intermediary energy. With this intention, the authors have estimated 
the {meson intensity theoretically as a function of an atmospheric temperature, energy and 
zenith angle, and compared the flux and the zenithal dependence of the /4-meson intensity 
with the observed results. The temperature effects of the nearly horizontal cosmic ray 
particles are also calculated. Our analysis shows satisfactory accordance of the theory with 
experiments, except of the positive temperature effect. 


§ 2. Intensity as a function of depth and zenith angle 


Most of the particles observed by a nearly horizontal cosmic ray telescope should be 
high energy //-mesons originated from the decays of 7-mesons in the upper atmosphere. On 
the production of these z-mesons in the atmosphere, we make simply such an assumption 
that its source density decreases exponentially with atmospheric depth x along with the 
line of motion. Then, we can obtain the following equation for the variation of =(E’, x) 


which is the z-meson intensity of energy E’ at x, 
dr (E!) /dx=F (B') exp (—x/2,) /hy— 2 (E!) (1/dn-bm gc /E!p 9) - (1) 


The first term is the rate of the production of z-mesons, and 4, and F(E’) are the 
absorption mean free path of z-meson producers and the differential energy spectrum of 
the produced z-mesons, respectively. In the following, we can safely take F(E’) of the 
form I: (E’)~** where I, is a constant. The second term indicates the processes which 
correlate with the decrease of 7-meson intensity ; nuclear interaction and 77— pt decay. A, 
m, and t,, are the absorption mean free path in air, the rest mass and the proper life 
time of the 7-meson, respectively. 0, the density of air is a function of x, which can be 
expressed as =xcos@/H where @ is the zenith distance. H is RT,/Mg (M= molecular 
weight of air, g=acceleration of gravity, R=gas constant) and T,, the atmospheric 
temperature, is regarded to be independent of x in the upper atmosphere. Therefore, in 
the following discussion, H can be treated as a constant with a value 6.46 X10"cm. 


Based on this approximation, the solution of the equation (1) is easily obtained, 
namely 
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a 
v1 (E’, oo. () = F(E’) [4 et ay- (Bz,/E cos 4 en BIA I Bx] B COS Ody! 
0 


=F (Eee x/y | — ; 1 = : x/ A ! 1 Cree | (2) 
1+B,/Ecos0 2+B,/Ecos@ 213+ B,,/Ecos 4 ; 
where 1/2=1/4,—1//., B,=m,CrH/ct,, E'=E/r and r=my/mn, my being the rest 
mass of the f-meson. Now we shall take account of the //-meson component which arises 
from the source function 7(E’, x, 4). The probability P(x) of the surviving /4-meson of 
energy E to travel from x to x, is obtained from the equation, 

dP. Gd) [dx = —P,,(x’) -m,c(E(x) p(x) Tu - (3) 
where P,,(x’) is the survival probability of /-mesons from x to x’, m, .is the rest mass 


and t, is the proper life time of the #-meson. The solution of the equation (3) leads 


to the following 


(4) 


P Gey xp, O) =I x E-B(—»*) te 
an IB 

where B,=m,cH'/c,c and H' =RT./Mg. (? means the ionization loss of /4-mesons 

through 1 gram/cm” of air. T, is the mean temperature of the lower atmosphere. The 

energy of the //-meson originating from the decay of the 7-meson with energy Ehasea 

small range between E’ and ZE’. But it is a good approximation to put it as a unique 

energy rE’. Then the increase dN,, of the number of //-mesons by z—yp decay within 


the atmospheric depth dx is as follows 
dN, (x) = (B,/Ex cos O\x(E/r, x, @)dx. (5) 
By connecting the equations (2), (4) and (5), we can obtain the number of //-mesons 


at the atmospheric depth x as follows, 


CE, 0) =| "FE /2) [anlee 


B,. | x E = B (x, aS x) By | a+ Bx) cos 8 


ce OG Xe E 
oo F AL i 
F St AG n jl n ; : d: 4 6 
1 pA’: 1 iwi i‘ 6) 


This integration can be performed analytically with following two approximations. First, 
x in the term [x/xp° {E—P(x,—x)} Pr eee oss may be neglected when E> (x, and 
replaced by x when E is not so larger than (x, where %, is the mean depth of the 7-meson 
production. Wereafter we shall put x, equal to j,. Secondly, the upper limit %0 of this 


integration is replaced by infinity, because the integrand involves the term e“*= which 


rapidly falls off with x. Through these procedures, we finally reach the following equation, 


Be, ki {E—B(x)—%) H] nya C+ Bs) cus O 
Ex, 


cos @ 


dn (— 
wE, ) FEM 


seo ili (E4 i: | 
B, ) 1 =2 tay lose! + Px,)cos WI 
7 a ae STS I Z 
rit ( (E+/x,) cos 9 1+B,/E cos ¢ 2 ) Gi) ni) poe 1a-B,./ Ecos U 


(7) 
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The intensity of //-mesons at x, is given by integrating the equation (7) with energy E, 
I(0)=\ n(E, O)dE. (8) 
J Ko 


E, means the minimum energy at the point of the origination of the meson which is 
detectable with the telescope. We can approximate that E,=E,,;,,+)/3(%)—x,), where Eyyin 
is the minimum energy to penetrate the absorber in the telescope. The integration of the 
equation (8) is performed numerically. 
The numerical values of various constants in the equation (7) are as follows, 
1) 4,=120 g/cm’, /,=60 g/cm’. 
2) B,=(m,cr/ct,) -RT,/Mg=90 Bev., B, =m,CRT,/ct,Mg=1.25 Bev., where 
T,=222K and T,=256K, respectively. 
3) : B is the energy loss of “mesons per 1g/cm? of air, which is a gradually 
increasing function /7(E) of the /-meson energy E in the high energy region. 
For the relationship 7(E) we used the one which has been given by Halpern 
and Hall’, and to calculate (E, 0) by the equation (7) we adopted the 
constant value of 7 which is the mean between (E) and G(E,), where E,, 


the energy of #/-mesons at sea level, is a function of E. 


§ 3. Zenithal dependence of «-meson intensity 
Fig 


Ui ae a 5 eS Ge a The zenithal dependence of the ie 
70° meson intensity at sea level has been 

obtained from the equation (7). The 

és calculations were done at the nine 

7 zenith angles: 0°, 40°, 55°, 60°F Gas 


70" 5750p BO" Vandy B33 99h Pehoalt 
be noted that in the case of nearly 
horizontal direction (83.3°) the relation 
(?=xcos $/H no more holds because of 
the roundness of the earth surface. In 
order to include this effect in a simple 
approximation, @* was used instead of 
Y in the term B,/E cos in the equa- 


tion (7), where 0* is slightly smaller 
than 0. 


2 ee es Se, 


INTENSITY IN ARBITRARY UNIT 


Fig. 1 Zenith angle dependence of the di- 
fferential energy distribution of cosmic ray pe 
mesons at the originating point. Three points 
attached to each curve are minimum energies 
of particles to be able to penetrate the absorber 
of 21lg/em? Fe, 523g/cm? Fe, 1588g/cm? Fe 
at sea level, 
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Fig. 2 Theoretical curves for the zenith angle distribution of cosmic rays capable of penetrating 
a thick Jjron absorber. Three curves (a), (b), (c), correspord to the cases of 211g/cm* Fe, 
523g/cm? Fe, and 1588g/cm? Fe, rest ectively. 


Fig3 

joC 2 8 70 _* 79 80 83.3 The results are shown in Fig. 1 
Al and Fig. 2. Fig. 1 gives the energy 
ya spectra of the //-mesons at the points 
* of origination. Fig. 2 shows the zenithal 
5 dependence of the //-meson intensity at 
= sea level for the different thickness of 
pool 2h isZomiFe ; the absorber in the telescope. These 
50 curves in Fig. 2, however, do not directly 
a, correspond to the experimental data, 
2 since the telescope has a finite solid 
s angle. In Fig. 3 the solid lines te- 
3 present the theoretical curves wich the 
=I 5230 / om’Fe above correction, which should be com- 
~ , pared wich the experimental values. 
30 Normalization between them is given 
et by only one point. Accordance between 
ee the theoretical and the experimental 
a values is satisfactory, as shown in this 
2 figure. 
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Fig. 3 Observed zenith angle distribution of cosmic ray intensil 
absorber is compared with theoretical curves in the three cases of di 


@: normalization point 


ty by a ccunter telescope with an iron 
fferent absorber thickness. 
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$4. Atmospheric effect 


In this section, we shall study the atmospheric effect on the oblique cosmic ray 
intensity at sea level. Particularly, calculations are done for a particular condition cor- 
responding to the observation by Sekido et al. whose equipment consists of the counter 
telescope with an absorber of 1,588g/cm’ Fe, the zenith distance being kept at 80°. 

The variation of the y-meson intensity due to the change of atmospheric condition 


is usually espressed as, 
01/I=A,0T + A,OH+ A,op , (9) 


where 0T is the variation of the temperature of the atmospheric layer where z-mesons are 
produced, 0H is the variation of the height of the /-meson production and dp is that of 
the ground pressure. As pointed out by Olbert’), however, this expression is incomplete 
because it does not include the possible variation of the intensity due to the temperature 
distribution of the lower atmosphere. This variation is more closely related to the ioniza- 
tion loss of the /-meson and it brings the change of the air density along the path of 
the particles. Accordingly, this variation results possibly in the change of the survival 
probability of j-mesons, even when there is no change in the production height H of 


f4-mesons. Therefore, the following equation 
OLil=—A.Ot, +A,0T,+A0T.,+A,0p (10) 


is better than the equation (9) for the estimation of the atmospheric effect on the intensity 
of /-mesons. In this equation, T, is the temperature of the z-meson region, which is 
about 20 mb for our particular condition. The atmosphere traversed by //mesons is 
divided into two parts, OT, and OT, being the temperature changes of the upper and lower 
part, respectively. For the determination of the boundary height between these two regions, 
the yearly change of the atmospheric temperatures at different pressure levels have been 
examined with regard to the data obtained by two meteorological observatories in Japan. As 
a result, an appreciable discrepancy is seen between the temperature change of the upper 
and lower part and the boundary height of them lies near 300 milibar. Therefore, in 
the following discussion, we shall adopt 300 milibar as a boundary height between the 
atmospheric layers relating to the second and third terms in the equation (10). 

To obtain the theoretical values of the regression coefficients attached to each term of 
of equation (10), the equation (7) was modified as follows : 


ME, T;, T,, fips x) =K,T,F(E/r) sa An : =F Ce) | Bets 
Ay Xs E 


° shee RGR Ie 
x '(1+K,T,) Sete ae hows a 
eau, hee US al nti +k,T, (11) 
oe, (2 4 EB (x)= 2) a Kyuls 
Xo E—B (X)—x,) i 
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where K,,=m,,¢ R/ct,E cos 80° Mg and K,=m,c R/ct, (E+ x) cos 80° Mg. T,, Ts and 
T. are the mean temperatures of each atmospheric region relating to the first, second and 


third terms of the equation (10), respectively. x, and Xi») are the atmospheric depth of the 


sea level and the 300 milibar level along the path of the particles. 


As the intensity 
variation due to the change of T, becomes 


jn, 1 ee Tos x) dE 
ee a NE eg (12) 


Ol. at 
: | pdE 


the equation (11) gives the value of the coefficient A, as follows : 


5 es | (34/37, )4E/\ udE (13) 


In like manner, 


c c 


A,= \ (94/8T;) 4E/ dE , 


Ti 


A,= \ (9 /AT.)4E/\ dE , (14) 


and A, =| (311/dp)dE/\ pd E , 


respectively, where p=x, cos 80°. 
(1) Positive temperature effect: A, 
This effect is attributed to the competition between the nuclear capture and the 7—/ 


decay of 7-mesons. From the equation (13) 


[ {u/T.+ @f/9T.) (HAY AE 


i= ; ; (15) 
| pdE 
LG aK Te) 
4 3 oa 1 = Sao! nl Be d - (16) 
in which faye ens Py An/ A) ay che 


(2) Negative temperature effect in the upper atmosphere : A, fh 

This effect is, as discussed above, divided into two parts: intensity variation due to 
the change of the height of /-meson production and that due to the change of the ue 
of ionization loss of particles which are corresponding to the first and the second terms in 


the following equation, respectively. 


1 X20. P'A+K.T») x 4 a ole | pdE 
A= at —| ke eee +( Ce eee 2s 
| pdE 
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E 


ld (17) 
E— (Xs99—%) 


+- | — Ky lop 
pd E * 


where’ I*’"(x) =01" (x) /0x . 


(3) Negative temperature effect in the lower atmosphere : A, 


A= I \ — Ke log & ) nde + ay —K, log a ae : dE (18) 
| ede Xo9 | pdE = i 0 1 


(4) Barometric pressure effect: A, 


This effect grows with varying x,, and we obtain 


1 i 1 p 
= : K T{= =e +) dE 
oe | Bik p BY {E— [3 (x,—x,) } cos 80° 
\ pd E 
Emin+ B(x —%1) (19) 
il »Emin+ B{ (x9 + 6x) —x;} 
— lim LdE/Op | : 
i pdE Sp>0Ly Eynin +8 (xo — x) 
Emin+ B(x —x)) 


The numerical values of these coefficients are presented as follows, 


A, +0.0568% /c 


4, —0.305 %/c first term 0.29» fPe 
second term Oleg) -c 
A, —0.157 %/c first term —0.10 %/°c 
second term — 0.057% /°c 


A, —0.072%mb 


$5. Discussion 


(A) Zenithal dependence and absolute intensity 
In Fig. 3, the theoretical curve shows good accordance with the observed data. The 
normalization is made on the point (65° 


» 211g/cm*Fe). To examine the consistency of 
this normalization 


» some estimation of an absolute intensity of oblique -mesons will be 
necessary. For this purpose, we shall determine the value of I, in the equation (7). 
But unfortunately, the complicated aspect of nuclear cascade makes difficult to estimate if 
from the knowledge of the primary flux at the top of the atmosphere. In this section, 
therefore, I, is estimated by the use of the experimental data on the ener 
high energy /-mesons at sea level. 

We define the function J(E 


/-mesons with energy lar 


gy spectrum of 


1» 9) to be the sea level intensity at zenith distance @ of 
ger than E,. Then, from the equation (7), 
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JE, 0 =," F(E, Nae, (20) 


where F(E, 0) =1/I,-(E, 9) and E,=E,+2(x—4,). The term §(x,—4,) means the 
energy loss of //-mesons from the points of production to the sea level. I, can be determined 
by the equation (20) when J(E,, 4%) is known from the experiment. 

In the following, we shall estimate, for example, the intensity of #-mesons observed 
by the telescope with 523g/cm* Fe at the zenith distance 75°. (The observed intensity 
under this condition fits the theoretical curve very well as shown in Fig. 3.) J(E,, 0) 
is determined by the result of the measurement by Caro et al.’ on the energy spectrum 
of vertical #-mesons. Various values are to be obtained corresponding to the different 
values of E,. As a result of calculation, however, it is shown that the value of J, thus 
obtained is practically independent of E, in the energy interval from 10 Bev to 40 Bev 
and equals to about 0.36. (As shown in Fig. 1, most of the particles observed under 
the condition (75°, 523g/cm” Fe) have energy in this interval.) This fact means that 
the form of the energy spectrum of the observed vertical /-mesons is similar to that 
deduced theoretically, and indicates the validity of our assumption E~**, on the production 
spectrum of z-mesons. The absolute intensity of #/-mesons derived with this value of J, 
is 3.1X107*/cm’. sterad. sec, which is in good agreement with the observed value 
2.8X107*/cm*. sterad. sec. This accordance seems to suggest that our present model on 
the cosmic ray is consistent. 

(B) Temperature effect 

In the preceding section, it is pointed out that the negative temperature effect of the 
fi-meson intensity is caused not only by the change of the production height of /#-mesons 
but also by that of the density distribution of the air. In the equations (17) and (18), 
the first terms correspond to the former and the second terms correspond to the latter. 
The necessity to take account of the second. factor and to divide the atmosphere into three 
regions is clearly shown in the values of the correlation coefficients A, and A, of the 
negative temperature effect in the upper and the lower atmosphere. For A,, the effect of 
the second term is about 5% of the total, while it is as large as 30% for A,. 

As an example, these values of the correlation coefficients of the atmospheric effect 
can be compared with the results obtained by Duperier. But it should be noticed that 
the equation (11) is not available because it contains an assumption that the /4-meson 
production is negligible under 300 milibar. The values of correlation coefficients of the 
temperature effects derived by the equation (7) instead of the equation (12) are shown 


in Table 1 with corresponding experimental results by Duperier. 


Table 1 


positive temperature effect negative temperature effect 


(%|*c) (%/Km) 
Theoretical +0.045 —4.07 
Observed by Duperier +0.124+0.32 —3.48-£0.55 


+0.228+0.045 —4.08+0.52 


”? 
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A good agreement is seen for the negative temperature effect, while the appreciably larges 
value compared with the theoretical one is given by the experiment for the positive 
temperature effect, the reason of which is left to be searched for from some other view- 
point. 

It has been shown in section 3 that the zenithal dependence of the /-meson intensity 
is in good agreement with the result measured by Sekido et al. The observed intensity 
is also consistent with that estimated from the theoretical consideration as shown in 
section 5(A). From the result on the anisotropy of cosmic rays over the celestial sphere, 
Sekido et al. estimated that the average momentum of the primary cosmic rays which 
produced the //-mesons observed by their counter telescope is about 2 Stérmers (240 Bev/c). 
According to the theory, the energy distribution of the mesons observed by this telescope 
is shown in Fig. 1. When the zenith distance of the telescope is 80°, the /-meson 
enetgy corresponds to 21 Bev at the production layer. Although the strict determination 
of the energy of the primary cosmic rays which are most effective for the production of 
such /t-mesons is difficult, the estimation of Sekido et al. is fairly consistent with the 


theory. 


The authors would like to express their gratitude to Professor Yataro Sekido for his 


valuable suggestions and discussions. 
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Detailed discussions of mass reversal in the quantized field theory are given. The construction 
of the mass reversal operator M is possible and the explicit form is given. It is shown that the mass 
reversal operation does not imply the hypothetical reversal of the sign of the intrinsic mass of the 
elementary particle, but the change of the direction of the intrinsic spin relative to the momentum 
for the spinor field. One result of this operation on the interaction Hamiltonian is to forbid the 
mixing of the couplings with and without derivatives for the pion-nucleon interaction. It seems natural 
to take the mass reversal as a new fundamental invariance (symmetry) principle other than those 
hitherto investigated. 


§ 1. Introduction 


Several attempts have been suggested to explain the seemingly paradoxical facts between 
the copious productions of the new particles and their metastabilities by introducing the 
new quantum numbers as many as required. As the other approach to this problem, we 
may try to discover the physical laws from all the possible invariance principles in the 
framework of the present field theory and then determine which physical laws, accordingly 
which invariance principles, should be discarded and which ones should be reserved or 
generalized. It will be worthwhile for this approach to deduce the selection rules, which 
restrict the interactions among the new particles, from the investigation of the symmetry 
properties of physical laws with respect to mirage, charge-conjugation, etc., or to find out 
the superselection rules, as Watanabe’ has summarized in his review articles. In this 
respect the mass reversal recently proposed by Tiomno” in cnumber theory will be investi- 
gated in detail in the framework of the quantized field theory. 

In Tiomno’s paper, mass reversal is supposed to reverse the sign of the explicit masses 
and the masses of boson field operators and to interchange the large components with the 
small ones for the spinor field. As the spinor field has no classical analogue and further 
the mass reversal does not hold in the classical mechanics, we cannot determine whether 
his opinion is allowed in c-number theory or not. However, if we attempt to pass from 
c-number theory into q-number theory with Tiomno’s interpretation of mass reversal, there 
appear some ambiguities concerning the mass reversal for the spinor field. This situation 
makes us to take another interpretation of mass reversal for spinor field than Tiomno’s. 

The charge conjugation is usually understood as the exchange of two real 


‘ 


‘ charge 
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conjugate’ states of the parti-'s. However, the mass reversal could not be considered as 
the real exchange of two “ mass reversed” states, because the negative mass state of the 
particle is non-existent. Thus we take it as the transformation from one description of 
the system to another one. Moreover, in q-number theory, mass has the same role as the 
arguments (xyzt) of the field variables in that they are nothing but the parameters. For 
these reasons, we may assume that under mass reversal the spinor field undergoes the 
similar transformation to the mirage transformation. In other words, from the analogy of 
mirage, we say that two state functions Y(«) and %y,(—«) represent mutually reversed 
states if the expectation values of the physical quantities in the states Y(«) and Yy(—«) 
are equal. It will be shown that this mass reversibility (invariance under mass reversal) 
can be stated as follows: The probability of finding the physical system which was in 
the state Y;(«) at the initial instant and in the state 7 y(«) at the final instant is equal to 
the probability of finding the system which was in the reversed state Yu (—x«) at the 
initial instant and in the reversed state Y,,(—x«) at the final instant. It should be noted 
again that our concept of mass reversibility does not mean any hypothetical inversion of the 
intrinsic mass. 

In Sec. 2, mass reversibility is formally defined in q-number theory and the unitary 
operator M for mass reversal is introduced. In Sec. 3, we demonstrate the existence of 
the unitary operator M for the various fields, completing the proof of the invariance of the 
theory under mass reversal. The form of the operator M is given explicitly in the opera- 
tional expression. It will become clear through the discussions in Secs. 2 and 3 that the 
operation of the mass reversal for the particles with non-zero mass does not imply the 
reversal of the sign of the intrinsic mass, but the change of the direction of the intrinsic 
spin relative to the momentum for spinor field. In Sec. 4, we shall show, with the 
similar method used by Umezawa et al”. in the study of time reversal, how many defini- 
tions for the fundamental mass reversal are possible. For the most simple interaction, we 
can take as the mass reversal two types: one is the proper mass reversal called M, in the 
previous note” and the other (M,) is the product of M, and charge-conjugation. 

In Sec. 5, we deal with the various types of nucleon-pion interaction and nucleon- 
lepton interaction, taking into account the fact that in principle it will be permissible to 


reverse the sign of masses of the specified particles only among all the particles concerned. 


For the nucleon-pion interaction, the mixture of couplings with and without derivatives is 
generally forbidden, and for the nucleon-lepton interaction, 
either a linear combination of (V) and (PV) 
(PS) and (T) interactions is allowed 
same families are reversed. 

In the final section, we shall have the 
mass reversal. 


Tiomno’s result which states that 
interaction or a linear combination of (S), 


» is shown to be true only when two masses of the 


further discussions on the meaning of the 


§2. Q-number theory of mass reversal 


Throughout this paper we use the same notations as those in the review articles of 


Watanabe in order to compare the mass reversal with the conventional inversions and to 
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recognize the differences between them. We take the interaction representation in this 
paper, in which the time-development of the state function Y(t) is governed by the interac- 
tion Hamiltonian H(t, «) and expressed by 


TEN) aides, ys) & (t,)5 (251) 
with 
dU (t, t,3 &) /dtp= —iH(t, «)U(, t3 1) 5 
(2:2) 
dU (ty, ty 3 K) /dt, =1U (ty, t 5 x) H(t, K), 
and 


U(t,, A Kk) =1, U~ (tos fi «) =U* (t, f5 x) =U(t, fy 5 Kk), (2:3) 


while the time-development of the physical quantities Q(x, «) is governed by the free 
Hamiltonian H, and expressed by 


OG; =U, Gy 4? *) QO. ®) Chet hs (2-4) 
with 
dU (to, ty 5 K) /dt.= — i, (ts, K) Uy (te, 3 K), 
Oy, #13 kK) =1, etc., (2755) 


the symbol « representing the mass of the particle. 

Now we shall proceed to define the “ mass-reversed states” in the quantum-mechanical 
language. Since, in the quantized field theory, the arguments (xyzt) of the field variables 
play simply a role of the parameters attached to particles and in this connection mass can 
be assumed to play the same role as these parameters, we can make the analysis of the 
mass reversibility in a similar way to that of the space inversion. Let us call Yy,(t,—*) 
the reversed state of #(t, x) on the analogy of that of mirage, if the expectation values 


of physical quantity Q(x, «) for Y(t, «) and those for W(t, —«) are related by 
(Fy (t, —K) > Q Gs —K) P u(t, —1)) = py? (t, K) Q (ee K) ?. (t, K) ) ? (2 i 6) 


where (, is the sign function for Q(x, «) under mass reversal and Q(x, —«) should be 
understocd as obtained from Q(x; «) just replacing « by —«, whose precise form will be 
shown in Appendix, and the argument « of the state vector is omitted below where no 
confusion will resulé. 

We can now define mass reversibility as follows: If &,,(t) defined in eq. (2-6) 
eapesolution of eqs. (271) and (2-2) on condition that Y(t) is a solution of eqs. 
(2:1) and (2-2), then we speak of mass reversibility. 

In order to verify the invariance in question, let us assume that a time-independent, 


unitary operator M is introduced by 
Q(x, —K) =pyu(MQ (x, «)M"*), (2:7) 


where M is supposed to operate on the field variables involved in Q(x, «). It is now 
easy to show that if M exists, we can build ¥ (¢) defined in eq. (2:6) from a given 
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W(t) as follows : 
LT y(t) =e*ME (t), (2-8) 


where e'* is the arbitrary phase factor, but in the following discussions we assume it to 
be included in M. Ie will be shown in Sec. 4 that the operation of the mass reversal 
transforms the state vector Y(t) into the reversed state Ly, (t) =MY¥ (t), but not into 
the state “* (+) M. 

To establish the reversibility, we must verify that / ),(t) given by eq. (2-8) is the 
solution of eqs. (2-1) and (2-2), when ¥(#) is a solution. Take the two  transforma- 
tion functions U(t, 0; «) and U(0, —t; «) which are given from eq. (2:2) by 


dU(t, 0; x) /dt=—iH(t, KYU LO 5 1); 
Le 
dU(0, —t; x) /d(—t) = +iU(0, —t;«)H(—t, x), 
and renaming « as —<« in eq. (2:9), we have 
dU(t, 0; —x) /dt=—iH(t, —x) U(t, 0; —K), 
(2-10) 
dU(0, —t; —x) /d(—) =+iU(0, —+; —«) H(—t, —x), 
with 
OO. 0e 2 ey 1. 
Applying M to eq. (2:9), we obtain 
d{MU(t, 0; x) M~} /dte= —iH(t, —«) MU(t, 0; x) M", 
(2-11) 


d{MU(0, —+; k)M~"\ /d(—t) = +iMU(0, —t; «)M"H(—4, —k), 
with 
MU (0, 0; «)M=1, 

in virtue of the assumption of the time-independence of M and ?Pu=+1 for the energy 
operator in eq. (2-7): 

H(t, —«) =+MH(t, «)M-, (2-12) 
Comparing eq. (2-11) with eq. (2-10), we obtain 

MU(t, 0; e)M"*=U(t, 0; —K), 


23 
MU(0, —t; x)M7=U(o, “gis: =i) 5 


Combining the two equations of (2-13), we get for U(t, —t; —x) =U(t, 0; —K«)X 
LG pe ff uote) sing 


U(t, —t; —«) =MU(t, —FS Ke) (2:14) 
With this relation, we can easily verify that if 
POU (Ghete eid (ads (25153 


then 
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Oh) ia aay — 6) Uy (=o). (2-16) 


Thus it has been shown that if M exists to satisfy eq. (2:7), mass reversibility is guaran- 
teed. We shall show in Sec. 3 that such an M in fact exists. Finally, we shall give the 
proof that if the reversion operator M defined by eq. (2:7) exists, it automatically satis- 
fies the requirement that it should be time-independent. 

Taking a transformation function U,(¢, 0 ; k), Q(t, «) can be expressed from eq. (2: 4) 


Q(t, K) =U (0s a) OKO, ke) Us, 05 K) (2-17) 
and here renaming « as —K, we have 
Q(t, —K) = 16 ye (t, 0 > —K)Q(0, —k) Us 0; —t«K). (2-18) 


Then the defining relation for M(¢) will take the form, in virtue yeep MOOT) 

Q(0, —K) =pu U,(t, 0; —K) MU," (t, 05 «) Q(O, &) 

MUO Ry Uy ee 0s — 8) (2:19) 

which reduces to the relation 

M(t) =U,(t, 0; —x)M(0)U, "(4 0; «). (2-20) 
Differentiating eq. (2:20) with respect to ¢, it follows, on account of egs. (2:12) and 
(2-5) and also of the time-independence of M (0), 

dM (t) /de=i(M(t) H(t, «) — A(t —«) M(t))=0 


which shows that M is time-independent. 


§ 3. Mass reversion operator 


In this section we shall consider mainly the transformation of spinor field ¢/(x, «) 
because the behavior of the spinor field under mass reversal is expected to be rather dif- 
ferent from that under mirage, etc. Under Lorentz transformation denoted by $8 the field 


quantity F will be transformed as 
F' (x’) =8F (x) =8F 8 x). (3-1) 
As a consequence of our assumption, we can apply this relation to the mass reversal 


replacing x and $ in eq. (3-1) by mass « and the symbol of the transformation of mass 


reversal nt. Therefore we have for the free spinor field 


fi (x, ey =mp(x, —) =Arsh (% *) 
=m (x, me’) (3-2) 
with A=+1, +1. . 
Now we shall consider eq. (2°7). to deduce the relations between the operator M and 
the field variables. To avoid confusion about the meaning of the field variables ¢/ (x, «’), 
we follow the deduction given by Watanabe, where the field equation is not explicitly taken 


into account. (See Appendix.) Then we get as the effect of mass reversal on a spinor 
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field (x, «) and on a boson field 6(x, «) respectively, 
My) (x, «) M' =e .¢h (x, —K), (3-3) 
M$(x, «)M=+6(x, —x), (3-4) 
e* being the arbitrary phase factor. 


We shall proceed to look for M satisfying eqs. (3-3) and (3-4). 


We can expand any solution of Dirac wave equation for spinor field as 


G(x.) = (VAP SIS Aas (k) uth, we) &he—ho) 1b * (ke) v, (k, i) een eae 


Te »=1 
Y* (x, ) = (V)PSTS) {a,* (Ie) u,* (he, ) eF*-¥ 4b (ev, * (ky 1) ee ) 
ke r=1,2 3 . ) 


where u(k, «) and v(k, «) are the usual Dirac eigen-spinors, and v, (hk, «) = —7,u,(k, «) and 


v, (hk, k) = —7,u,(ky«). We can detive the following relations among Dirac eigen- 


spinors by a straightforward calculation 


( uy(k, eK) vy (Kk, x) | 
AV i? =| ) 
u(k, —k) v, (k, x) 
(3-6) 
. | Vv; (k, =m) | us (k, K) | 
Vi = (ak) : 
te 0) “a gas / 


where O is Pauli’s spin matrix vector and the factor Wk is resulted from the considera- 
tion of the normalization of eigen-spinors u(k, «), u(k, — 4), v(k, x), and v(k, —«). Since 
the creation and annihilation operators a*(k), 6*(k),---are usually considered to be inde- 


pendent of the sign of the parameter «, we have for ¢/(x, —«) in virtue of eq. (355) 
h(x, —*) =(V) Bae ee 14, (ke) 1, (ke, — 1) ef 8-09 4B Ue) 0, Uk, By eo 


Ps =H) = (VV SIS) {a,* (i) ue, 1) N45.) 0,4 (ey —) ee 
Kk r=1,2 

ara 
Substituting the expressions (3-5) and (3-7) in eq. (3-3), we obtain in virtue of (3-6) 
le) ee ir (O-k) /a,(k) ‘b, (k)* y(O-k) /b, (k 
m6 )u hy i ely hy: eis 1 es A. 9) i(k) 

(Od) ‘ Vie a, (kh) ) M5. Cs) um VB (6.4) y 
(3-8) 

From these relations we can also verify directly that M is time-independent, 

dM/dt=i|M, H,] (3-9) 


with 


ah ete VIP +4? (a,* (k) a, (kt) £,* (k)b,(k)), 


which was already proved formally. 


Finally the mass reversal operator M satisfying eq. (3-8) can be written as 
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M=M'M, 
with 


My=ITH (—e-t) Nr ® (_ gr) Ne (3-10) 
k r=1,2 
and 
M'= {1 — (1—a@) NF (k) — (1+) Ne (k) + Bay* (ke) ay (he) +8 *a,* (ke) a, (i) | 


<[1— (1 —@) Ny (k) — (1 +a) Ny (k) + 86)* (kk) 5, (ke) + B*6E (ke) b, (ie) J, 


(3541) 
where 
N: (k) =a (k) 4,(k), Ne (I) =6,*(k)5,(k), a=, p=, 
Vk? Vk? 
The arbitrary sign of the entire M thus defined is so chosen that 
MP Hee (Sais) 


where Y,,,. denotes the vacuum state vector. 
Especially, if the direction of the intrinsic spin vector is parallel to that of the mo- 
mentum vector of the particles, eq. (3-8) reduces to 


a, (k) a, (Kk) 1b, (k) | b, (k) 
mf Jarra —er| } m| Jari=—er| } (3-13) 
a,(k) a, (ke) 6, (Kk) b, (k) 

which shows that M has the form by (3-12) 
M=ILIT(—e-®) Nr © (ety NF (3-14) 
Kr 


As eek the charged boson field, similar treatment can be applied. Expressing the 
@ -field by its Fourier expression, 


iG. eS iOw, 1) a) SED hye eS?) 
k 


(3-15) 
o* (x, K) = 5" (2a, V) Sala cis (k) et keae— kot) +6 (k) ee 
k 
we can deduce, from eq. (3-4), 
Ma(k) M-'=+a(k), Mb(k)M*=+6(k). (37916) 


Now the operator M satisfying the condition (3-12) can be expressed in the opera: 


tor form as follows : 
M=(£1)®, 0=D(N,(B) +N}, (6-17) 


with 
N, (k) =a* (k) a(k), N_(k) =b* (k)b (k). (3-18) 


§4. Types of mass reversal 


In this section we shall attempt to find how many types of transformation are pos 
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sible on the condition that the theory should be invariant under the mass reversal. For 
this purpose we can conveniently take the formulation similar to the one used by Umezawa 
et al. in the study of time-reversal. 


In the canonical formalism, the fundamental equations are given by 
—),,Ug (x, &) ba € As fis a Cog) ai? (4-1) 
[u,* (x, #) u(x’, «) lz =iRas (0, «) 4 (x—x’, K), (4:2) 


where T,," represents the free part of the total energy-momentum four vector and the symbol 
R(O, «) denotes a differential operator appropriately defined. Now, if these fundamental 
equations are proved invariant under mass reversal, we speak of mass reversibility. Then 
the restriction on the interaction Hamiltonian is derived from the requirement of the in- 
variance of eq. (2-2). 
In order to find out all the possible transformations of mass reversal, we now proceed 

to consider the following most extensive transformation of mass reversal ; 

P (t)>P yu () =0* ()M +ME (t), 

(4-3) 

U, (x, K) uy! (x, «’) = (Mm) gas (x, &), 
where the unitary operators M and M’ are supposed to operate on the state vector, and the 
suffices a, /3,:-- of the unitary operator nt should be considered to extend over both the 
field variables (u,,u3:::) and their hermite conjugates (uj, uj--:). As the phase of the 
state vector is not observable, either M or M’ must vanish. 


Incidentally we may consider the case M’=0. The matrix element of any physical 
quantity Q(x, «) is rewritten as follows : 


(F(t), QluGsy «) ]Y (4)) = (Pare), MQLin™ w! (x, x’) |M* Wy (t,)). (4-4) 
Now, let us assume that the field variable is transformed linearly ; 
Mu (x, «’) M-= No! (x, «’) (4-5) 
or 
m7? Mu! (x, «’)M*=im Nu’ (x, «’), (4-6) 


where the suffices of the operator N should be understood, like those of the operator 111, 
to be extended over all the field variables (u,, Usy"'Ug, Us**+). From eqs. (4:4) and 
(4:5), we can conclude that the operator im appears always in the form mw'N, which 
enables us to take m as that in eq. (3:2) and leave N arbitrary. 

Applying the mass reversal transformation to eq. (4:1), we have 


9, un! Gy 6) elas Ue) 2 Le Ce x’) |]. (4-7) 
On the other hand eq. (4-1) takes the form: 
ae ck te cs; x’) =< [u,’ (x, K’) ’ ra (x, Kk’) ai} (4 ; 8) 


since u,’(x, «’) are the field variables in the new coordinate system. In order that eq. 
(4-1) is invariant, it is necessary that eq. (4:7) should be identical with eq. (4-8). 
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This gives the following relation 


He KIN (OS eh) Nu! (x, 1) a! * (x, 4) QE OY i) (x,-K’), (4:9) 
where we have used the fact that T.,’ can be expressed generally in the form 


Ta, wy l= \e5 Cg 1) 2, CO) )uy 0) ds (4-10) 
with £"(0) denoting the differential operator. 
Now for further discussions we separate the solutions of eq. (4:9) into two types 


M, and M.,. 


M,: Without any assumption concerning the commutation relations between field variables, 
we can derive the relation 


NAL Se) N= LO, Ky; (4-11) 


from which a unique solution of (4:11) is shown to be +1 apart from the constant 
factor. The transformation which belongs to M, is the proper mass reversal transformation. 
M,: Assuming the commutation and anti-commutation relations for boson field and spinor 
field variables respectively, we can reduce eq. (4:9) to 


C7122 (0, !) C=o2" (0, &’), (4-12) 
where matrix C is supposed to be defined by 
Nu! (x, «’) =u'* (x, «’)C7 (4-13) 
and g takes the values +1 or —1 according as the fields are boson or fermion fields. 


For the boson field) C=1 is a solution of eq. (4-12). For the fermion field, eq. (4-12) 
reduces in virtue of 2'=7,(7,9,+«) to 


(Ce ve C= mms (Sg fie C=7x (k=1, 2, 3) (4-14) 


which show that C is a well-known matrix of charge-conjugation. Thus we can see without 
proof that the mass reversal operator which belongs to type M, is equivalent to the product 
of the proper mass reversal operator and charge-conjugation operator. 

There is no other possibility for mass reversal than M, and M., since the field varia- 
bles before and after the mass reversal cannot give such a correspondence to each other 
that 


u(x, K)~au' (x, K’) +bu!* (x, x), (4350, bA=0 5 (4-15) 


The cases a0 and 5=0 correspond to M, and M, respectively. 

To complete the mass reversibility, we must finally verify that the commutation rela- 
tion (4-2) is invariant under mass reversal and, further, the free energy operators in the 
respresentation corresponding to Y(t) and W(t) have the same sign. But we shall here 
only give che useful relations to this proof, for our 2im is to look for the possibility for 


mass reversal. 


For the differential operator 1(0) defined by 
Ags (9, &) Ry, (9, «) = (LI =) Oar (4:16) 
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we can prove the relations : 
NAO, kK) N=; 4) for M,, 
C7? (0, «) 4 (x—x’) C=A(O, &') d(x—x’) for Mp, | 
nt A, «)imt=A@ cK, 


(4-17) 


and for the differential operator R(9,«) we can prove the relations : 
N ROY K)IN= RO, oc) for M,, 
C™ R00, «) 4 (x—x’) C= RO, «’) A(x—x’) for M,, (4-18) 
m* RO, «)m=RO, x’). 


Once the mass reversibility is established for the most typical system, it is clear that the 
similar discussions can be applied even to the case when the matrix N involves the unitary 
matrix of other transformation than the Lorentz transformation. For instance, in the theory 
of the nucleon and meson system, N may involve the unitary operator in the c-space. In 
this way, there may exist various types of the mass reversal, which we shall not discuss 
further. 

Finally we may consider the case M=0 in eq. (4:3). In this case, starting fromeg. (4-3) 
with their transpose suffices, we can derive the condition for the invariance of the canonical eq. 
(4-1) with the same method above mentioned. But the transformation corresponding to 
M=0 in eq. (4:3) should be excluded for the following physical reason. In the direct 
calculation we find that the free energy operators in the representation corresponding to 
Y(t) and ¥ y(t) have the opposite sign and that the commutation relation remains  in- 
variant against this transformation. Therefore we cannot keep the eigenvalue of the energy 
operator positive definite. Thus we should exclude this case. 


§ 5. Restrictions for interactions 


In this section we shall investigate to what extent we can restrict the forms of the 
interaction by the requirement of ~,=-+1 in eq. (2:7), namely, 


F(x, —«*) =MH(x, «)M-. (551) 


Our first step will be to determine the transformation properties of tensorial quantities of 


the spinor fields under M, and M,. With the help of eq. (2-7), they are determined by 
Pu=(MQ(, xk)M~) /Q(x, —K), (5-2) 


and are listed in Table. 


We now examine the effect of restriction eq. (5:1) on the typical interaction Hamil- 
tonian in the following. 


Case A. The boson field couples linearly with fermion source 


en (for example, nucleon- 
pion interaction. ): 


f"0,9'¢° + hermite conj. (5-3) 
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Table 
OGen) | M, 1s 
(S) oy a as 
(V) ore 1 = 
(1) Ort rv2? = ue 
(PS) Os a = 
(PV) Lrsted + + 
ee) OTs1Cutv? = + 


It will be obvious from invariance requirements that ¢* and ¢” should be transformed 
simultaneously. When the source density consists of different fields ((/"=-¢"), the coupl- 
ing constant f may in general be complex, and thus the situations will become somewhat 
different according to the number of masses whose sign are reversed. Therefore we discuss 
separately two cases according to the number of masses in question. 

(a) If we reverse all the masses of the fields, we find in virtue of eqs. (5-1), 
(3-3) and (3-4) the following relations between the coupling constant f and the phase 


factors ,’s, 
AOE Ps Po= for M,, (5-4) 
where +sign should be taken for (V, PV) and —sign for (S, f, PS, PT). From (574) 


we can conclude that simultaneous couplings with and without derivatives are forbidden for 
nucleon-pion interaction in the standpoint of M,, as the phase factors are arbitrary but 


fixed. For the transformation M,, we get 
Lf pip. po=ft for Mz (5-5) 


where sign—is for (S, T, PV) and + is for (V, PS, PT). This relation expresses only the 
conditions which must be satisfied by the phase factors and the coupling constants, and 
put no restriction upon the mixture of the different types of interaction. However, the 
relation means that for the mixture of the interaction the ratio f, /f’ must be imaginary, where 
f and f’ denote the coupling constants of interaction with and without derivatives respectively. 

(6) If we perform the mass reversion only for spinor fields, only the standpoint M, 


is allowed by the charge conservation and we have the relations 
+f Pa*Po=f for M,, (5-6) 


where the sign + or — is the same one as in eq. (5-4). Eq.(5-6) implies that we cannot 
mix both couplings with and without derivatives at the same time. Thus for the charged 
boson field the sources can be mixed only within the group (i Py jeot (55), PS, Fi)) 
and these results seem to conform with the prescription in five-dimensional theory of 
Corben.” For the neutral boson field (S, T, PS, PT ) couplings are strictly forbidden if "=¢”. 
By this selection rule the specified mass reversal (b) may be supported or rejected accord- 
ing as the nucleon-pion system will be described by pv or ps coupling of ps meson theory. 


Case B. The universal Fermi interaction (for example, nucleon-lepton interaction) : 
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Df (O08) (F Ou $) aC 0. $") (7 0. #*)- (5-7) 


By reversing all of the masses we can obtain the following relations indepentent of 


the commutation relations between the two pairs of fermions ; 
fu=fa Pa* Po Pe* Pa for M,, (5-8) 
fe =f, 0* 0, o*o for M.. (5 : 9) 


Mal’ ea 


As the relative phase is expected to have a detectable physical effect even in the standpoint 
of M, for the same reason as in charge conjugation, from these relations we can say that 
the ratios f',/f, must be real for all combinations of a and a’ for a mixture of the 
types in (5-7). 

If we reverse the masses of one pair of the same family (for example (4/", #4”) ) only, 
we get, 

+fi=f. Pa* Po for M,. (5-10) 

This relation leads to the same conclusion for a mixture of the types in (5-7) as given 
by Tiomno, which expresses that either a linear combination of (VY) and (PV) interaction 
or a linear combination of (S), (PS), and (T) interaction is allowed, but in the deriva- 
tion of this conclusion there are some inadequate points in Tiomno’s paper. 


Case C. Pseudospinors are allowed to exist in the universal Fermi interaction in the 


oth Sf FO, P) F 7009) —S1 fF (PO9") HOr i) - (5: iy 
@ a 
By reversing all the masses of fermions, we get the relations, 
Ti Iss Pepe va for M,, (5-12) 
—fr= feb. fs Ps Pa for M.,. (5-13) 


These relations put no restriction upon the mixture of the different types of the interaction, 
but express the conditions which must be satisfied by the phase factors and the coupling 
constants. However, the relation (5-13) means that for a mixture of the types of the 
interaction in (5-11), the ratio f,/f,, must be imaginary for all combinations of @ and 
a’ in the standpoint of M,.* 


Under the transformation of one pair only, for example the transformation of masses 
of ¢* and #”, we get 


f.= i ox Po for M,, (5: 14) 


where sign — is for (S) — (PS), (PS) —(S), (T) —(PT) and (PT) —(T), and the sign 
+ is for (V) —(PV) and (PV)—(V). The mixture of the types of interaction is allowed 
only within each group. 

So far we have discussed some possibilities of the mass reversal transformations with 


regard to the restrictions for the mixture of types of interaction, but it should be noted 


*) In the previous note’) there was a mistake with regard to the sign of eq. (5-13) and the 
results in the case M, should be corrected as the above. 
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that what types of the transformation could have the physical realization will be determined 


only by the comparison with the experimental evidences. 


§6. Concluding remarks 


In the preceding sections we have established the concept of mass reversal formally in 
the quantized field theory. Now we shall make further remarks in this connection that 
our mass reversal can be regarded as the fundamental operation. To make clear this point, 
we shall first investigate whether or not the unitary operator M for mass reversal can be 
built by the product of some of the mirage, reversion, and charge-conjugation operations, 
which are listed in the paper of Watanabe. We cannot, however, build the same operator 
as M by any product of the mirage, reversion, and charge-conjugation operators because the 
eq. (3-8) which determines the mass reversal operator M involves the direction of the 
momentum of the spinor field, while that for any product of the three operators does not 
involve the direction of the momentum. This may not necessarily mean that any product 
which gives the same selection from the mixture of the interactions as mass reversal does 
not exist. On this point further investigations will be required. 

As is shown by eq. (3-8), if we apply the mass reversion to the state with a free 
particle having the positive energy and +1 /2 % spin, we have a mixed state with free 
particles whose energy are positive and spin eigenvalue is +1 [2h or —1/2 5. This fact 
shows that mass reversal has nothing to do with the real reversion of the intrinsic mass 
but with the transformation of the spin, which exhibits a striking contrast to charge-con- 
jugation. This interpretation of mass reversal enables us to consider the mass reversal for 
the neutrino with zero mass.” 

In Duffin-Kemmer formalism we shall be able to discuss the mass reversal for the boson 
field, in the similar way to that for the spinor field, and if we could have the similar 
relation between the mass reversal and the spin transformation, we might be able to speak 
of mass reversal for the photon field. 

In conclusion the authors wish to thank Prof. K. Sakuma and Dr. S. Ogawa for 


their valuable discussions. 


Appendix 


We shall here deduce eqs. (3-3) and (3-4) from eq. (2-7) following the method 
given by Watanabe. Each physical quantity Q(x, ) has an expression in terms of the 


field variables u(x, «) and some operator which may depend on «. Therefore we can 


write 


Q(x, K) =Qlu(x «); «|. (A-1) 


For the “reversed process > ve have to take wu’ at mtx and transform the explicit « 
in eq. (A:1) into —«. Thus we have to compare with eq. (A-1) the following 


quantity : 
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Qfu’ (x, mm); mx] 
which becomes, in virtue of eq. (3-1) 
Qfmu(x, «); me]. 
Shifting the operation mm from the parameter « to the tensorial function u, the sign func- 
tion y/ which was in question in Section 2 must then be given by 
Q[ mu (x, «)5 mic]=eu Qlu(x, x); «|, (A-2) 
or renaming Mx as K 
Qfmu(x, m7); <J=pn’ Q[u(x, me); m"k]- (A=3) 
Now let us consider eq. (2:7). The left-hand side of eq. (2:7) means in our 


notations, 
Q(x, mtx) =Q[u(x, mc); me], 


there being the essential difference between our theory and Tiomno’s c-number theory in 
which u(x, —«) is considered to be obtained from u(x, «) by exchanging the large com- 
ponents of u(x, «) into the small components. While the right-hand side of (2-7) 


means 
Q[Mu(x, «)M-; x]. 
Therefore eq. (2-7) is equivalent to 
Ql Mu(x, «)M*; «l]=euQlu(x, me); me]. (A-4) 
Since P4=/y/, eq. (A-3) becomes 


Qlimu(x, mic); «]=PuQlu(x, m«); mc], (A-5) 
having the same right-hand side as eq. (A-4). Thus we can reduce the relation : 


Mu(x, «)M*=mu(x, nc). (A-6) 
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Four new kinds of experiments on angular correlation in 3_, 5_(f 1st) or 64(8 2nd) 44(y; 2) 
2. (v2 2) 04 are proposed so as to determine definitely ST (or VT) as the (-decay interaction. 
Some other decay schemes also useful for this purpes: are discussed. 

Various angular correlation functions are given for the successive triple transitions of a, 8, 7 rays 
and also of the other kind of particles. 


$1. Introduction 


The type of the interaction for /?-decay* seems to have been determined by the ex- 
periments on the e-» angular correlations of Hc" * and Ne’®. It is shown to be a linear 
combination of Scalar and Tensor interactions, (abbreviated as ST hereafter). To ascertain 
this conclusion by another method, we propose four new kinds of experiments. These 
experiments are the angular correlations**, I, II, II and IV, of a triple cascade —7;—72 
transition in decay scheme 3_, 5_(( Ist) or 6,(/9 2nd)4,(7, 2)2, (7 2)0,,*** as ex- 
plained in §2. If, besides these experiments, the measurements of the usual $-7 angular 
cottelation and of the f-spectrum are performed, the linear combination of /-decay interac- 
tions will be determined definitely. Some other decay schemes are also useful for this 
purpose. 

The rapid development of instruments and methods in the field of §- and 7-ray 
spectroscopy of late years has facilitated to perform the measurements of 7—/ angular cor- 
relation in many nuclei, and anisotropic G—y directional correlations have also been found in 
eee isienes Cle) Ke, As®®, Rb®”, Sb, Sb, F251 Tt 10), Re, Tn all 
these cases the differential correlations have been measured. The measurement of the 
angular correlation in 8—7,—7, cascade transition is, however, much more difficult than that 
in the above double cascade transitions, for the counting rate is strongly diminished in p- 


7,—7» coincidence. In order to remedy this defect as much as possible, T. Hayashi’ in- 


*) Recently Konopinski) has reviewed compactly the studies on the type of {-decay interactions. 
**) In the present paper the angular correlation means only the directional correlation. 


*&K) We denote the decay scheme as jo (forbiddenness of B-decay) j,(rank of y,-interaction) j2(rank of 
the initial, the second, the third and the final 


yeinteraction) j3, where jo, Ji» fz and j; are the spins of 
) of each spin indicates the parity 


nuclear states in a triple cascade transition, respectively. The sign (--or— 


of the relevant nuclear states, (see Figs. 1 and 3). 
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tended to measure the integrated @—7,—7, angular correlation of Cs’! using the -counter 
with an extraordinary wide ‘window. This window subtended a solid angle of about 47/3 
steradian with respect to the centre of the radiation source. Moreover, this /?-counter 
did not discriminate the energy of /-particle. The arrangement of three counters was the 
same one as III in § 2. He obtained the angular correlation of 2—7,—72, which was different 
from his experimental angular correlation of 7,—7s without observing $-ray. The counting 
rate of 8—7,—7. coincidences was about 10/minute. The number of coincidences at each 
angle, 4 equal to 90°, 135°, 157.5° or 180°, was of the order of 1X 10°. Unfortunately, 
the data of his experiment are not sufficient* for our investigation of f-decay. However, 
it seems to us that such an experiment shows the possibility to perform our proposed 
experiments. 

Among the four experiments, I, II, III and IV, the last one may be performed more 
easily than the other three, because in IV it is unnecessary to observe the intermediate 7',- 
ray. This helps to increase the coincidence counting rate by about factor 10° in comparison 
with that of I, II, III, if we use usual - and 7-counters. 

Similar experiments have been done in the cases of triple cascade gamma transitions 
on Pb” by V. E. Krohn and S. Raboy’ and on Fe’® and Cd" by M. Sakai’. 

In § 2 we discuss a possibility of unambiguous determination of ST (or VT) as the 
f-decay interaction. In order to find the angular correlation functions in the new experi- 
ments, we extend the theory of the triple cascade gamma transition, which was developed 
by Biedenharn, Arfken and Rose’, to the case of 7—7,—7. in § 3, and the results are 
given. The angular correlation functions are useful not only for the above purpose, 
but also for providing us some information concerning the model of nuclei, if the 
parameters x, y, z in these functions can be obtained by the analysis of experimental data. 
Further we calculate various angular correlation functions for successive triple cascade 
transitions of a, #,7 rays and the other kind of particles in § 4. Suitable nuclei for our 


experiments, the corrections for parameters 67) of /-ray, etc., are given in § 5. 


§2. A possibility of unambiguous determination of ST (or VT) 


as the (-decay interaction 


A principal difficulty we encounter in the studies of (-decay is the appearance of 
several nuclear matrix elements in the transition probability. From the lack of our 
knowledge of nuclear wave functions, we cannot estimate the exact values of the nuclear 
matrix elements contained in the probability of the forbidden transitions when we take an 
arbitrary linear combination of five relativistic invariants as the /-decay interaction. In 
actual calculations, therefore, we are forced to treat the ratios among nuclear mairix ele- 
ments more or less as phenomenological parameters. For ST, there are three such para- 
meters x, y and in the case of the first forbidden (-decay with |4J|=1, (see reference 18). 


*) Hayashi’s attempt was to distinguish the excited state (or states), which is (or are) formed as the 
result of f-decay of 655 kev (and 683 kev) of Cs!4, with spin 4 (and/or 3) in Balt 14), 
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GM (Pr) /GAM(BoXr) =—ix, MPa) /M (Bo xr) = (aZ/2p)y, 
M (Bi;) /Mt (Po Xr) =z, 


where x, y and z are all real. The notation is as follows: G; and G, are the coupling 
constants of Scalar and Tensor interactions, respectively.  Wi(Gr), W(Pa), M(Fo Xr) 
and ‘))t(B};) are the first forbidden reduced nuclear matrix elements. (aZ/y) is the 
Coulomb potential of the daughter nucleus. As the number of independent experimental 
data is less than that of the parameters, the theoretical analysis does not lead to a definite 
result without further assumptions. This situation prevails in the cases of [-decays for 
which the final states are the ground or the first excited states of the daughter nuclei. 
Fortunately, the number of independent experiments exceeds that of the above para- 
meters in the cases of -decays for which the final states are the second excited or more 
highly excited states of the daughter nuclei. Consi- 
>= der, for example, the successive nuclear transitions, 
Dees) are) 2 oe) On (big. ah). In a this 
decay scheme, one can observe the [ray spectrum, 
the ftvalue, the P-7, angular correlation as usual, 
and furthermore the triple angular correlation of 


the P-ray and the two gamma rays. Theoretically, 


the last mentioned angular correlation depends on three 


angular variables (see (4)). In other words, the 


Fig. 1. Decay scheme, 
5(B Ist)44(71 2)24(72 2)04. angular correlation function of two gamma rays 


changes its value, according to the arrangements of 


B- and 7-counters. We shall choose the following three cases as typical arrangements 
(Fig. 2). 


I. Three particles are emitted in a plane, 9 and one of 7’s being emitted in pet- 
pendicular directions. 
Il. Three particles are emitted in a plane, 2 and one of 7’s being emitted in anti- 


parallel directions. 
III. f is emitted perpendicularly to the plane determined by the directions of two 7’s. 


In all three cases, it is umneces- B F * 
sary to distinguish the names of 

two 7’s in experiments. We give 

the angular correlation functions, ay u CQ 
W (0), which have different forms j y : aie 
for respective cases as shown in ” i 

§ 3. Together with these expeti- LWo:D. I Wo: UWL Wo: 
ments, one can observe b—T. Fig. 2. Arrangements of §- and ;-counters for measurement 


of B—7;—72 angular correlation in jo(B)4 (11 2)2(72 2)0. 


angular correlation without ae CB)4 rs | 
In all three cases, it is unnecessary to distinguish the names 


observing 71, of two y’s in experimenss. 


IV. #—7> angular correlation without observing 7’). 
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If these new experiments, I, II, HI, IV, and the measurements of a usual S—7, 
angular correlation and of a /?spectrum are performed, we can obtain the values of the 
parameters x, y, Z using some of the data and check these values by other data. If a 
certain set of x, y, z can fit all the data consistently, we have a definite proof to distinguish 
between ST and VT as the interaction for /3-decay. 

For our purpose the following decay schemes are also useful: 3_, 4_( 1st) or 6, 
€2'2nd) 4,7, 2)24 7s 2) 0;, and 2,, 3,, 45 (2 Ist) of 5_ (9 2nd) 9_ (2) Le a 


§ 3. Theory of triple cascade transition 


In order to deduce the various angular correlation functions of a —j',—7, transition 
(Fig. 3), we extend the theory of a triple cascade 
gamma transition developed by Biedenharn, Arfken 
and Rose’, (referred to as BAR, hereafter). This 


theory is restricted to gamma transitions with a pure 


ji 


multipolarity*. However, this restriction can be removed 
jz easily. Thus we consider the successive transitions 


Jos ™) Ji ]o Ju Ms; emitting three gamma rays of 


Js 
Fig. 3. Successive 8 —7;—7» transitions. 


multipolarities 2’°, 2’* and 27%, respectively (Fig. 4). 
The relative probability for this cascade transition is 


given by (3) of BAR. 
Pk, k,, heyy = > 1G L, m, m, mee ii m,) DU® (a, 9, 0) 


m1i—™Mo Po 


B’ and/or §/” may or may not exist. 


mym2 


the X Gi Ly my my—my| jp me) D> 1 p, (2; PB, 0) 

X Cj, Ly m, Ms, —Mo| J m,) Dye. pa(@ Py 0)|?. BAR (3a 
Te Notation is: p; and k; are the polarization and the direction 
of the th gamma ray, i=0, 1, 2. a, 2; and 7: are the 
Je Euler angles of k;. Din (a 27) is the Mth, M'th com- 


ponent of the 2L+1 dimensional representation of a three- 
Dey a rrinls Gacece dimensional rotation group. W (abcd : ef) is the Racah 

atcha ‘teense cocfhicient™. (j, jy m, my|j m)is the Clebsch-Gordan coefhicient. 
It is easily justified that the Euler angles 7; may be set 


equal to zero. As usual, we define the angular distribution function of the 0-th gamma 
ray with multipolarity 2’° as follows, 


i 


Ea? (8) Uae == (1/47) >| De ae (a, an 0) Du (a, Bo 0) da,. (1) 


ro 
my MmoPo 
PO « ; 


More generally, F7",,(@) for a certain particle is defined by" 


*) They applied their theory al 
y also to the double cascade gamma emissj i 
particles with nonzero orbital momentum. ‘ calli he coe i 


ek 
) Of course, we assume tha: the nuclei are not disturbed by extranuclear fields 
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F¥,,(0) =S>) >) &{a*[T (X,) Jal T CX,) Je* CX) De (X;) 
Tr (Xi) Tr (Xp) 


XY iu(A) Firu(A) tec}, M(3) 
with €= | 1/2 for square terms, 

1 for cross terms, 
and LL’. 


The notation is as follows: X,’s are the vector operators for the nucleus, A,’s are the 
argument vectors for the emitted particle, a[T(X;,) |’s are the numerical coefficients in the 
interaction Hamiltonian, J(X,)’s are the reduced nuclear matrix elements and Y ris ate 


the polarized solid harmonics. S indicates the sums over the directional arguments (spin 


etc.) except the colatitude angle @. Sys denote the sums over the various irreducible 
: Ty, (Xi) 
tensors retaining the rank L constant. The last summations are unnecessary when we 


consider only the coexistence of the magnetic (electric) 2” pole and the eleciric (magnetic) 
2” pole radiations. In the case of the forbidden -decay, however, these summations 
become important taking into account the various irreducible tensors with the same rank 
L, e.g., M(Fr), MP 2) and I (36 Xr) terms, simultaneously. Then (jig L mz M\j.. my) 
Ga L’ m, Mij, m,) Fit, (@) can be understood as the relative and partial transition proba- 


bility from jy, Ma tO jo ™, caused by L, M and L’, M terms in the interaction Hamil- 
a 


tonian. Here we assume an isotropic distribution of magnetic substate m, 


(M 3) is reduced to 
F¥%, (0) =>)(—)* L—MM|20 0)69%) P., (cos @). M (4) 


with L< L’ and Pa Sn OL. 


oO . . . . yl » rs 
Here 62%)’s are parameter depending upon the properties of the emitted particle. b7i/’s 


for the P-ray** and for the 7-ray up to quadrupole radiations are given in reference 18, 

and more generally in (34), with 69')’s for the particles of zero or nonzero spin in 69): 
Comparing (1) with M(3) and substituting M(4) in BAR (3), we obtain 
P(ky, ky, ky) =33 SS Sob m,—my|j ) Go L,’ mp m,—my|j ™;) 


LosStlol nm 


x (€ ) a ae (ig Lowi +m, m, —m,|2n 0) bio! Pop (cos fy) 


x |SanGe L, m, My — Mm, |Jo My) Dee pr (a, B, 0) 


Ur 
“ = 2 Z 
x Ge L, my MM —Mg|]z ms) Des (a, BS 0) | : (2) 
Since my, 1M, Pir Py» ate not measured in experiments, the angular correlation function of 


the triple cascade transition is obtained by summing over these quantum numbers. 


W (Ky Fe, hs) =>) Pu Rv Be) (3) 


MOM3PI PZ 


*) For an anisotropic distribution of magnetic substates, e.g., in an aligned nucleus, the investigation 
3 jaobei ; 21 
was done by Rose, Steenberg, Tolhoek et al.2” and is being carried on by us?)). 


**) bz 7/%m’s are equal to bzaza2™’s in reference 18. 
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After summing over m,, we choose hk, as z-axis, i.e., we put ,=0. Then we have 


W (ky, ky, ky) =W,, 4, ¢) 


= SS (-)* 8 Gj, +1) Ge41) 


Lostlo! nm maimspip2 
x OT Ry Gi 2n m, Olj, m,) Wi ji L, dais 2n jo) 
x PNG? L, m, m,—m, | jy m2) Dia® (0 4, 0) 


M2-MAPL 
X Ge L, m, m;—m,|j., m:) ED ei Pon (g @, 0) |?. (4) 


In (4), the O-th particle is not restricted to the 7-ray. The m, dependent factors 
Do nam (0 9, 0) DY, 1».(% O, 0) make the summing over the magnetic quantum num- 
bers very laborious. However, it is quite easy to perform it in special cases indicated by 
Fig. 2. In the following calculations we do not specify the parity of each state, because 
the formulae do not depend on whether gamma rays are electric or magnetic. We specify 


the emitted particles or the arrangements of the counters in the parenthesis of W((/), as 


WO: a—7.) or WO: 1). 


In the decay scheme, j,(/?)4(7, 2)2 (7, 2)0, it is unnecessary to distinguish the names 
of two gamma rays in experiments. 


1) je(f lst) 4° 22 20s 
WwW: I, Il, UD 
=(—)* *{W(4400; 0/)694+W(4411; 0 fo) bi? +W (4 42 2; 0 j,) bY} 
_ X {2443 cos? O bcos! Oh 
+iWW(4411; 2j)6P+W(4402; 2),)624+W (4412; 2j.) b2 
+-W(4.422.;.2),)62) W.(0 <1, I, III) ]. 


(5) 
W (7:1) = (5/2 V77) {—24 +69 cos? 6—13 cos! Oh, (6) 
W011) = (5/2 V77) {—24—57 cos 64-17 cos' 0}, (7) 
W,(@ : TI) (10/477) {123 cos* @—cos! G}. (8) 


Example. W(0:1) for 5_ (9 1st) 4, Cie Se tee ARS 
From (5) and (6) we obtain WiG2T); 


W(O:1I)={—(1/V 3 )6@+ (1/7 V5 ) bY} {24 +3 cos? A4+-cos! 0} 
—i(1/11 V6 )b9 + (3/22) 69 + (5/22/14) 69} {—24 + 69cos"l — 13cos'O} 
(5') 


in (5’), it becomes in the case 


hi 


Substituting the b9%)’s of the first forbidden (-transition'™ 
of ST as follows: 


W(d:1) 
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= (aZ/2p)* (x—-y+1)? 
12) 2P) {= KG 1) (pda) 27/3) @-y-F1) 
+ {(1/12) (KR? +p") (4°4+2+2) + (2Kp°/9W) (1—*)} ] 
X {24+3 cos J+ cos! Ot 
= (1/22)| (aZ/2p) (p°/3W) (4x+-3-3 2—2) (xy +1) 
+ {— (Kp /9W) (4*+3 V3 z—2) (x—1) 
+ (p?/24) (16x°—52 +12 V 3 z—4)} ] 
XK {—24+69 cos” —13 cos' 4}, (S) 


where x, y and z are the parameters defined in $1. (a@Z/y) is the Coulomb potential of 
the daughter nucleus, (unit of / is a Compton wave length of the electron). W, p and 
K=W,—W are che energy (unit mc), momentum (unit mc) of the electron and the 
energy of the neutrino respectively. Suffix zero of W indicates its maximum value. (5’’) 
is the final result to be compared with the experimental data. Similar procedures are 
applicable to other cases. Here we do not write the explicit dependence on x, y, Z for 


them to spare the space. 
2) f(8 2nd) 4(7% 2)2(7% 2)0. 
W (0:1, Ul, 1) 
= (—)*-% {W7(4422; 0j)b9+W(4 4 3 3; 0 jo b@} {24 +3 cos” 4+ -cos' Gt 
+ (W(4422; 2 j)b@+W (14 2 3; 2j)b9+W 4 3 3; 2j)but 
x W,(4: I, I, WD 
41W(4422;4))b+W 4423; 4 j,) 69 +W (4 4 3 3; 4 jn) 6} 


ses all alll). (9) 
W,(0:1) = (6), 
W, (0:1) = (3/2 ¥2002) {—421 +1283 cos” §—919 cos' 0}. (10) 
W(0 1D) =(7), 
W (4 : IL) = (3/2 2002) {—421 + 1038 cos’ — 769 cos'O} . (11) 


W,(0 : I) = (8), 
W,,(0 : IIL) = (9/2 ¥ 2002) {—67 +36 cos’ 9-+12 cos‘ O}. (12) 


In the decay scheme, j, (3) 371 2)1(7%, 1)0, it is necessary to distinguish the names 
of two gamma rays in experiments, except in III (Fig. 5). 
I. Three particles are emitted in a plane, / and 
IA: 7, being emitted in perpendicular directions, 


IB: 7, being emitted in perpendicular directions. 
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II. Three particles are emitted in a plane, ;? and 
IIA: 7, being emitted in antiparallel directions, 
IIB: 7, being emitted in antiparallel directions. 
Ill. 9 is emitted perpendicularly to the plane determined by the directions of two 7s. 


B 


%, %; 
IA. W(o: IA). IB. Wo: IB). UA. Wo: WA). UB. We: IB). UL We: Ill). 

Fig. 5. Arrangements of (- and y-counters for measurement of §—7;—72 angular correlation jo(8)3(71 2) 

1(y721)0. It is necessary to distinguish the names of two 7's in experiments, except in II. 


3) j(P 1st)3 (7% 2)10% 1)0. 
Ww (0:1, Il, UD 
= (—)#-HT {W7(3 3.00; 0j,)b +W (3 3.11; Of.) b9 +W(B 3 2 2; Ojo) bs} 
X {29 —3 cos” G} 
+ {W (3311; 2j)P+W (3 302; 2j)62+W(3312; 2j)b2 


“-W (33-22: 2),)6f} WG: I, I Ty) |. (13) 
W,(0: IA) =(6V3/V7) {5—4 cos’ OH}. (14) 
W,(0: IB) =(6V3/V7) {—54+5 cos’ 0+cos! 0}. (15) 
W,(0: IA) =(6V3/V7) {—5+3 cos’ O}. (16) 
W.(0: IIB) =(6V 3 /V7) {5—6 cos? d—cos' O} (17) 
W,(0: I) =(6VW3/vV7 )cos 8. (18) 


4) j,(8 2nd) 3 (7, 2)1(@, 1) 0. 
W (0: I, I, I) 
= (—)#-*| {W (3 3.2 2; 0), b6O ++W(3 3 3 3; 0j,) bY} {29—3 cos? A} 
+ {(W(3322; 2; )69+W(3 323; 2j)69+W(3 3 3 3; 2j,.)b69\W.(@: I, I, I) 
+ {(W (3322; 4)) 62 +W (3 3 2 3; 4j,)b69+W (3 3 3 3; 4),)69}W,(@: I, ILI) |. 
W.(0: IA) =(14), ae 


W (6: IA) = (3/22) {—2—11 cos"6}. (20) 
W (6: IB) = (15), 
W (9: IB) = (3/22) {—12+ 89 cos? @—90 cos! 6} . (21) 


W,(0: IA) = (16), 
W,(0: WA) = (22/11) {(—9—17 cos? 6}. (22) 
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W,(0: IIB) =(17), 
W,(@: TIB) = (VW 2/11) {—3 +96 cos? 6—145 cos'6} . (23) 
W,(0: IL) = (18), 
Wii's 1) = G/ 22) (=7=6 cos®6}. (24) 


To find W(#) for the experiment IV, we generalize (4) further to the case ot 


gamma rays with mixed multipolarities 2’', 2% ,---(i=1, 2). 


W(0,, Os ¢) = Ste Ss) Se 


mes) Tala! lolel ae 6161/6262! pips ait miam2m2! m3 


/ * 31+ Le—Jal —L2! + 61+ 62-61! —Sa! 
pers a, Qa, * a, a,* jlitte 14! —TLe! + 61+ 62-61! —6a2 


pp XY (21 1) (20 21) (20,441) @L/ +1) 

x (—) "(Ly Ly>—MM|2n0) (jo Ly m,—MM|j, m,) (jo Lo’ ™—M M\j, m.) 

Xa L£ mym,—m)|\ jo M2) (J; L,! m, my! —m,|j, m,') 

X (jy L, m, m3—m,|j, m;) fs L,! m,/ m;—my! |j; ms) 

De ns, (0 0; 0) DOS. (0:10, 0) DE hil, 0) Dre vars PHa 0)» (25) 


with 0;=( 0 for magnetic radiation, 
1 for electric radiation. 


a, is the reduced matrix element of 7-ray transition™. 
5) —7, angular correlation, 7, unobserved (Experiments TVe Figs3): 
We average (25) over the polarization and the angle variables of the first gamma 
ray and put gy=0, 0,=0. Then, (25) becomes : 
WO: B—T) = 2 papa esp 


LoSLo! »,LiL2la!l n 6262/ p2 moMmimams 


CD BVO Pee al anette pet Glas 1) (21 ey) 
x (—)* (Ll Ly —MM|2n0) (jo Lo m,—MM|j, m,) (jy Ly’ m,—MM|j, m 
x Gi Lim m—m|f2 my)” (jz Ly mz ms—ms|j; ™;) Gy L,/ my m,—ms|j3 ms) 
X DY maya (0 8 0) Drrgemns (0 9 0). (26) 


After summing over the magnetic quantum numbers and the polarization p,, we have 


WO: B-7. os SO) lal ae ane jl 2—ba! + 62-82! 


ogo! ,LileLle! n 


x ae a ai ean Ld. 1) (@L E41) (2j,-1) @j1) (2j;+1) 
x (L, L, 1—1|2n WG fi L, Ly ; 2n DULAC Ii jof23 2” L,) 
XW (je Je L, Ly 3 Qn jx) Pon (cos 4), (27) 


*) a; is equal to, eg. @ or B of M(7). 
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where DJs... is omitted, because the parity condition, L,+L/+0;+0/ =even, is always 
taken into account. Now we take the reduced matrix element of BR™, (jill Lilljivs) > which 
is connected by the relation, (—)* Gall Lilja) =o j#s+%:, These (jill Lilljeas)’s are 


chosen as real numbers simultaneously~’. We also use the F coeflicient™” 
Fy(L L fe jv) =F y(L’ L te jv) 
ee eal i sce Biased OS il Been te 
=) FOV pd) @E$1) QL FI) (LL1— NO) W (jo jn LL Nia). 
(28) 
(27) becomes, 


Wo : B—7.) asl {S1(—)# biter WC, I L, 1b > 2njo) ¥2j,4+1} 


md 


x (SH julLaldW Gh 20 Lajas nid ¥ GAY Git D} 


x Pe Cjoll Lalljs) Cjoll La’ llis) Fon (Le Le! js jo) } Pon (cos 9), (29) 
where we put the same factors V2j,+1 into the first and the second curly brackets. 
6) #7; angular correlation, 7; unobserved’, (Fig. 3). 
This angular correlation is the usual double cascade correlation of §- and 7-rays. 
Averaging over the polarization, the angle variables of the second gamma ray and m,, (25) 


becomes, 


= aN <a xa 
WO: B—1,) => >i Loa 
LoStol fil! nm 6161! pr) moMmima 


Bid ayer EtOH p08! QE, F1) QE! #1) 

x (=)"(Ly! Ly—MM|2n 0) (jp Ly —MMj, m) Cjy Lal m, —MMj, m) 

5 CHL G hes Peta A idly tegen =m) 

DE ny py (0-0-0) DZ, (0 0-0), G0) 
herk Pee 


After summing over the magnetic quantum numbers and the polarization p,, 


7 ; aN : Ae 
WO Beats) = oe Pe te ee a 
Logo! Lila! n 


x (=) ere (2041) QL! +1) Zji+1) @js+1) 
x (L, L; 1—1|2n 0) W (ji i L, Ly Ae TOLLAGr h L, rm Znjo) Pon (cos OF 
af (31) 
This is equal to M(6) or Formula I of M. Moreover (31) is expressed by 
W(0: B—7,) =a >) (—) 9b Trot 1 Gi fi ie tes (2n jo) /2j,+1} 


Loe tot 


x {S(—) 2" full Lillfed (fall Lvs) Fon Lr Li! jo fi.) } Pan (cos 4). (32) 


dali! 


Sat 
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§ 4. Miscellaneous angular correlations 


In this section we calculate the angular correlation functions for various decay schemes 
without observing one of the triple cascade particles. 


In order to symmetrize F7!,,(@) with respect to L and L’, we introduce a new definition: 


Fi (@) =SS) >) a*(T (X,) Jal T (X,) [We (X,) M (XK) 
Ty i) Tr, @j) 


x ai (A;) Y * (Ay), M(3’) 


where the restriction, L < L’, is removed. 


With this definition, F7/,,(@) for 7-ray is 


Fil 0) = GIL) GIL) (—) 


x VY (2E+1) (20 +1) (LL—MM|2n 0) (LL! 1—1|2n 0) P., (cos 9). 


(33) 

From M(4) and (33), 6¢7) of 7-ray is 

bon ==bor) = — (jI|LI7’) GL) Y @L +1) @L+1) (LL 1-1]2n 0). G4) 
1) 7%)—7. angular correlation, 7, unobserved, (Fig. 4). 

Inserting (34) in (29), we obtain 

WG: 1-7) => a, Coll Lolli) Coll Lo’ Ij) F,,,(Ly Ly’ ; join} 

SG Dae Gn Peper), Y Ci, F)-2ie+1) } 
Tn 
X {S1(—) 2°" (fall Lellja) Coll Le’ Ilis) Fon Le Le! js jo) } Pan (cos ®) (35) 


Lal.2! 
which is the generalization of BAR (24). 
2) 7 )—7; angular correlation, 7; unobserved, (Fig. 4). 
Inserting (34) in (32), we obtain W (0:7 )—7) which is equal to W(A) of the 


22) 
: 


usual double cascade gamma transition, BR (64) 
Wo : jos1) = 5 1D Goll Lolli) Cjoll Lo’ lis) Fon (Lo Des Hote 
nm LoLo! 
oi ae) cal (fill Zilljed jill Ly lle) Fo, (L, L' jo fi) j Pan (cos 7). (36) 
Tyla! 


3) 7,—72 angular correlation, 7) unobserved, (Fig. 4). 
W (0: 7-72) = (36), in which each suffix i except n is replaced by i+1. (37) 


; ey ble in analysing the 
In (35), (36) and (37) the sign functions (—) are preferable in analysing 


three gamma rays in connection with 7,—1> Vile lols Sots e 
In the case of the particle with spin zero, e.g., a-particle, Z meson, etc., Fe (0) ias 


given by 
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FLO = GIO GLi) Ge 


x V(2L41) (2L/ +1) (L'L—MM|2n 0) (LL’ 00|2n 0) Px» (cos 4), (38) 
where L and L’ indicate the L-th and L’-th partial waves. 

bebe = ({IILIj") GILLI’) V (2L+1) QL’ +1) (LL 00|2n 0). (39) 
Comparing (34) with (39), the equations for 7-ray are also useful for the particle with 
spin zero if we replace (LL’ 1—1|2n 0) by — (LL’ 00\2n 0) for relevant y-ray. When 
the particle has nonzero spin, we calculac> the equations with channel spin formalism. For 
example, in the capture of the particle with nonzero spin, we should replace (Lilia 
Brow, ty Ls 2h Jo bY Sa 2(L,L,’ 00|2n 0)W(j, jx Ly Los 20 5), where ~ 
A(s) is the reduced matrix element for the capture process of channel spin s. 


4) a-—7 angular correlation (Fig. 6). 


WO: a—7) 


=D (—)*-* GuliLallfs) Goll) ¥ 241) QL/+1) Gi +) 


x (L, L,' 00|22 0) WG, fj; Lo ES > 2ucg} 


KL (Glas) Gull Li lijs) Fon Lr La! js 1) } [Pan (cos @). (40) 


dakar 


Jo 
Jo 


Ja 


Fig. 6. W(@: a—y7). Fig. 7. W(0: a—yj7o). 


Detailed relation between the nuclear transition and the nuclear or < meson reaction 
is discussed elsewhere™*”. 


5) a@—j/, angular correlation, 7, unobserved (Fig. 7). 
W(d: a—7,) 
=D. pag (=) 9 joll Lolli) Goll Lo’ ll) Y (2241) (2L) +1) Qj, FD) 


X (L, L,’ 00|2n O)W (js fi Ly Laaseaiia,) t 


x {SIGull Lalli) WG 2 Lajas fui) VG +D @eFD } 


x {3} (—) 4 GutlLallis) GallLalli) Fan LL! js i) } Pas (cos @). (41) 


het 
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6) §—a@ angular correlation (Fig. 8). 
WO: B—a) 


Se C—O RCb YEW (fg, Ly Ll 3 20 j,) 2j,+1} 


n eee Lo! 


xy 2 Gees) a ere Gy Nails.) Fy lli LW fs) 
x Vv (2L,+1) (2L/+1) (2), +1) (L, L 00|2n 0) W (ji nl Li; 2n jo) } |Pzn (cos Q). 
(42) 


7) $—a angular correlation, 7 unobserved (Big). 
W(@: —a, 7 unobserved) 


aes Gea bE Wf, jy Ly dels 2n jg)! 2j;-+4 } 


n Sokol 
eee W (jj, 2n Ly jos ji jo) V ir #1) (2jo+D } 


x 1D a ae (joll Lollj.) (joll Ly’ lls) 


of 


XV QL,+1) 2LI41) (2j.F1) (Ly Ly! 00|2n 0) W (jo jo Ly Ls! 2m j.)} [Pn (cos 8). 
(43) 


Je 


Fig. 8. W(0: B—a). Fig. 9. W(0: B—a, xy unobserved). 


§ 5. Concluding remarks 


A set of the experiments on the angular correlation ?—7,—y,, I, Il, HI, IV, together 
with the measurements of /(/—7, angular correlation and of /J-ray spectrum, is expected to 
determine the linear combination of /3-decay interaction definitely. W(0)’s given in § 3 
and b§7)’s for /-ray’” may be useful in analysing the experimental data theoretically. It 
seems that the (?-decays of odd-odd nuclei are suitable for our purpose, especially, 3_ or 
5_(f 1st)4, (7; 2)2, (7 2)0,, because the even-even nucleus has a well-known rotational 
level structure 4,—2,—0,. Unfortunately, there has not been tried any experiment on 
3_ or 5_(@ Ist) 4, (7, 2)2, (7 2)0, so far. It is also possible to use the decay schemes, 
4_(f 1st) or Ge 2ad) 4a Gee Om a2 enon 4. (Sis). of 5_ (8 2nd) -3- GF, 2)1_ (7 1) 
0, and any other S—j,—j» process, for which, however, more laborious calculation is 


needed. We will pick up suitable nuclei for our purpose from references 25, 26 and 27 


and show them in the following. 
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1) «Nb“—,.Mo™: log ft=12.1, W,,=0.50Mev.” 


If it is certain that the second excited state of Mo™ is 4,™, 6, (8 2nd) 4, (7; 2)2. He 2)0, 
is available. But, if it is 3, as described in reference 26 and 27, this decay scheme 1s 


useless, for [-decay is caused by Si; term only. 
2) gpl'—,.Xe"™: log ft=6.5, W ,=1.02Mev.” 

6_(f 1st) 6, (7, 2)4+ Ge 2)2, is available. 6, state is the third excited state of Kea 
3) ,,Cs™“—,,Ba™: log ft=8.9 (44,)™, 

W = 655kev (4-4) and 683kev(4—>3_)™. 


The ground state of Cs'*! has spin 4, but its parity is not certain. If its parity is 
plus, 4, (7 1st) 3_ (7, 2)1_-(72 1) 0. 1s available. On the contrary, if its parity is 
minus, 4_(f 1st)4, (7; 2)24 (72 2) 04 is available. 


4) 4 TP%—>, Pb: log ft=5.6, W .=1.79Mev™. 
5,,(8 1st)5_(7; 2)3-Ge 3)0+ is available. 


W(@)’s for the decay schemes, 2) and 4), are not yet given here. They are deducible 
by the same procedure described in § 3 and will be calculated if the experiments are possible. 

If the window of the (-conuter is circularly symmetric with respect to zaxis in colatitude 
angle to the centre of the tadiation source, then 6€%)’s for P-ray in W(?)’s should 
be replaced by ber) () Pop (cos @) sin dO, If the energy of f-ray is not resolved, 6/"7’s 
should be replaced by = 62") F(Z,W)K*pWdW. In the energy region, where the 


JW 


min 


Fermi function F(Z, W) times p/W is nearly constant, we can replace this integration by 


Wo 
| 62” K°W°dW. This reduces the labour of computation very much. For example, in Z= 42, 
W. 


mint 


47 > b=0. 
omrama( 383 iit 


or 


which are given by Rose”. In 0.0 <p<1.8, (p/W) F(Z, W) may be regarded as 
constant with an error of about 0.2 percent. 

When some drastic cancellation occurs in 6°?)’s, we have to take into account the 
finite nuclear size correction and the finite de Broglie wave length effect. However, the 
main terms of these corrections toh \°")’s are expressible as the renormalization of the Coulomb 
potential (a@Z/), ic., the effects of the corrections are equivalent to the effective change 
of Z and/or *”. This guarantees the use of ors 


) 


in the usual approximation with 
great accuracy”. 


Unfortunately, this fact is verified only for the first forbidden transition 
with aZ<1*. We are now engaged in removing this restriction. 


*) This approximation is not so bad even in the case of RaE. 
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It is necessary to consider the correlation of 697)’s (n-0) in W(0: I, U, ID, when 
ite P spectra are ‘measured by P= 7,7, coincidence. If one wants to exclude this correla- 
tion in experiments, the f-counter has to be rotated over the whole solid angle. 

To our regret, we cannot determine the relative sign of coupling constants of Scalar 
and Tensor interactions from our experiments. However, we may obtain a set of accurate 
and definite values of x, y, z; therefore, this relative sign is deducible from these values 
with a least assumption on the model of nuclei. Further, these values of x, y, Z may give 
us some information concerning the model of nuclei if they are accumulated in a sufficient 
number for various nuclei. Recent progress of the experiments may make this possible. 
The author hopes that the experiments will be performed in this field. 

The author would like to express his cordial thanks to Professors S. Tomonaga, T. 
Yamanouchi and S. Nakamura for their kind interest and Dr. M. Yamada for his valuable 
discussions. He is also indebted to Professors T. Hayashi, T. B. Novey and M. Sakai 
for sending him their experimental data before publication and to Miss R. Saito for the 


computational works. 
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Remarks on the Pion-Pion Interaction* 
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The Cosmotron data on pion-nucleon reactions suggest the presence of a fairly strong pion-pion 
interaction near 1 Gey. The cosmic ray experiment performed recently by the Fristol group, when 
analyzed according to the Landau theory of multiple production, also leads to a similar conclusion. 


$1. Introduction and summary 


Recent progress in the experiment and the theory of meson reactions affords us a 
fairly clear image for the low energy—up to 200 Mev, say—behaviour of the nucleon- 
meson system: an extended heavy nucleon clothed with the meson cloud of relatively low 
frequency interacts rather strongly with the p-wave of the incident meson. 

A new feature seems to appear, however, at somewhat higher energy. According to 
the Cosmotron experiments the incident pion of the energy near 1 Gev behaves as if it 
interacts not directly with the core of the target nucleon but with the virtual’ meson in 
the surrounding field, thus indicating the presence of an appreciable pion-pion interaction. 

Another indirect support to the hypothesis of strong meson-meson interaction is given 
by the analysis of cosmic ray jet showers. It should be noticed that certain data of these 
events, though they are induced by primary particles of extremely high energy (at least 
= 10° Gev), essentially reflect the Properties of an assembly of interacting mesons at a 
definitely lower energy. Indeed, as will be seen in § 4, the energy concerned turns out to 
be lower than 1 Gev. 

Thus the non-linear character of the pion field at this energy region seems—at least 
from the phenomenological point of view—remarkable and one will be able to estimate its 
order of magnitude rather easily, in contrast to the case of the quantum electrodynamics, 
where the corresponding effect, the Delbriick scattering** for example, is extremely small. 

In the following I shall make rough estimation of this effect at the energy near 1 


Gev and show that the values derived from accelerator experiments and cosmic ray evidences 


ate not inconsistent with each other. 


* This article has been prepared for the ‘‘ Symposium on Extremely High Energy Phenomena,” held 
at the Research Institute for Fundamental Physics, Kyoto University, Japan, in Fetruary 1956. 

A brief account appeared in Prog. Theor. Phys. 15 (1956), 294. The main contents of §§ 2-4 have 
been distributed in Japanese, Soryasiron Kenkyu (mimeographed circular) 10 (1956), 491. 

** T am indebted to Prof. S. Hayakawa for his comment on this effect. 
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In §2 the arguments for the pion-pion interaction model suggested from the Cosmotron 
data are recapitulated and the order of magnitude of this interaction is conjectured. In 
§ 3 it is shown that the cosmic ray data of the Bristol group can supply us with an 
information on the pion-pion interaction, and in $4 the actual evaluation of the cross 
section is carried out. Assuming the energy-dependence of this pion-pion cross section, 


possible consequences are discussed in § 5. 


§2. Inference from the Cosmotron data 


The experimental data on the reaction: 7+N—>7+7+N (N beng a nucleon), 
induced by the 1.4~1.5 Gev pion beams from the Cosmotron, have been analyzed by 
Ito and Minami.” With regard to the character of the relevant transition matrix element 
in the center of mass system, they put the following two postulates : 

i) it should have an appreciable value when and only when the nucleon suffers 
little deflection, and 

ii) it should be nearly independent of the directions of the emitted pions, 
and confirm that these can explain the experimental angular distributions and energy spectra 
of pions and nucleons fairly well. 

Then they examine existing ‘‘ theories ” and find that the hypothesis of strong pion- 
pion interaction, first proposed by Kovacs,” fulfils these requirements, while others, such 
as neutral ps(ps) or charge-independent ps(py) theory, completely fail. 


Based on their results, one can put, to a rough approximation, * 
o (7+N>(n+1)24+N) ~P-o (442757 +n7) 
(n=1,2,)--+), (2-1) 


if one denotes by P the effective number of slow pions in the surrounding field of a 
nucleon. 


It will not be unreasonable to assume, say, P~0.2—1.0, so that we can conjecture, 
for the energy region concerned, as 


On-n~ (b/m,.0)’, (2-2) 


where o,—, means the total cross section of the *—7 interaction, because the total cross 
section for the inelastic 7—WN scattering at 1.4 Gev can be estimated to be about (25+ 
3)-10-" cm’. 

Another argument for the probable existence of such an interaction has been presented 
by Dyson” and Takeda" independently of each other. The pronounced maximum of the 
m™ —p scattering cross section at about 900 Mev (~50 mb) and the absence of the cor- 
responding peak in the z'—p scattering cannot be explained as a resonance in a_ single 


state of the pion-proton system. Thus they introduce a strongly interacting two-pion state 


at this energy, the second pion being loosely bound in the field of the proton. 


Dyson assumes a resonance state of isotopic spin 0, while Takeda chooses the state 


For example, we neglect the different factors for varous charge states. 


in 
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of isotopic spin 1. Independently of any such details, however, their models lead to the 
same order of magnitude as (2) for the total pion-pion cross-section in the energy region, 
say, 600 Mev—1.2 Gev, only if a reasonable value is given to the dissociation probability 
P of a nucleon into a pion and a nucleon. (Takeda takes P=0.4). 


§ 3. Inference from the multiple meson production 


—The theory of Landau and the experiment of the Bristol group— 


We shall consider, according to the Fermi-Landau picture, the production process of 
a large number of mesons when a nucleon of extremely high energy collides with another 
nucleon or a nucleus. 

Fermi’s theory of multiple production in its original form? (thermodynamical approxi- 
mation in the case of extremely high energy) describes the whole process as follows: in 
the Lorentz-contracted volume of the colliding nucleons (or a certain part of the nucleus) 
a thermodynamical equilibrium state will be realized at the instant of collision for a mixed 
gas of nucleons, antinucleons and various mesons, and then this state will be, so to speak, 
immediately “frozen up” in momentum space, so that what we shall observe in the stars, 
for example, recorded in emulsion plates is related just to this initial equilibrium. That 
is to say, the ratio of various kinds of particles produced, energy spectra and angular 
distributions of these particles are completely determined by the initial high temperature, 
which in turn depends on the incident energy, the angular momentum, and other constants 
of motion of the system. 

Landau’s modified version,” on the other hand, emphasizes the strong interaction 
between the produced particles after the initial equilibrium is attained: the nucleon-meson 
gas of high temperature and high pressure will spurt out of the above mentioned Lorentz- 
contracted volume according to the laws of relativistic hydrodynamics, keeping local thermal 
equilibrium in its individual parts, and while it is spreading out to a certain distance, the 
various parts of the cloud will successively cool down to a critical temperature, thus produc- 
ing free particles which fly away to the outer space. Therefore our observational data 
(ratio of various kinds of particles, their energy and angular distributions) will now reflect 
the properties of the nucleon-meson gas in its critical state, i.e., at a definitely lower 
temperature than in Fermi’s original treatment. 

Owing to this essential difference, one can discriminate between these two theories 
experimentally. Indeed such an investigation has been projected and performed by the 
Bristol group.” They made use of a large emulsion-stack and carried out a detailed 
analysis on the nature of the secondary particles produced in jet showers (19 events) which 
had been induced by primary particles of energy 10°~10' Gev, and obtained 


N,,/Noo=0.65 + 0.25 , (3-1) 


where N, denotes the number of secondary stars produced by neutral secondaries and No 
denotes the number of neutral pions (detected by electron pairs and subsequent cascade 


showers). The above value should give an upper limit to the ratio Noo/ No, Ngo being 


464 Zi Koba 


the number of neutral heavy mesons, since besides (”s neutrons and antineutrons could 
act as star-producing secondary rays. 

In order to derive theoretical predictions of this ratio, it is necessary to know the 
statistical weight of heavy mesons. Little can be said about the spins of these particles. 
As for their isotopic spin and strangeness, however, one can with some confidence adopt 
Nishijima’—Gell-Mann"”’s scheme: I(0) =1/2, charge of J=1/2+I,(%), since not only 
the data of the same experiment of the Bristol group are consistent with it, but also no 
experimental evidence has so far been obtained that would contradict with it. Then the 
statistical weight (/). of neutral heavy meson cannot be less than 2. 

Now, even if we take Yyo=2, Fermi’s theory gives, for the incident energy 10°~10* 
Gev and the target nucleus of A108, 


Na Nes ole (3-2) 
or subtracting the calculated contribution of neutrons and antineutrons, 
NN U5 (3-3) 
in definite disagreement with the experimental value (3-1). 
Thus Fujimoto’ could suggest that the modification of the Fermi theory proposed by 
Landau would indeed be necessary. 
Another argument in favour of Landau’s theory has been more recently given by 


13) 


Nishimura." He has analyzed the distribution of transverse momenta carried by secondary 


particles emitted from the jet stars and has shown that they are of the order of several 
hundreds Mev, in apparent contradiction with what could have been expected from the 
high-temperature equilibrium hypothesis of Fermi. This analysis is of particular importance, 
because it will rule out the possibility of fitting the experimental value (3-1) into the frame 
of Fermi’s theory by the help of an assumption that the heavy mesons were composite 
particles. 

Now that we are to agree to Landau’s view, we should picture the process of meson 
formation in the following way: While the nucleon-meson gas of high temperature and 
high pressure gradually cools down, the mean free paths of nucleons and various mesons, 
which are primarily determined by the mutual interaction of mesons, gradually increase 
until they become comparable with the dimension of the system (~h/m..c), which instant 
should just correspond to the critical state and formation of free mesons. Thus we have 
a means of evaluating the order of magnitude of the pion-pion interaction for the average 


energy of pions in the cloud of critical state, since the experimental value (3-1) allows 


us to determine, within a certain limit of accuracy, the value of the critical temperature 


YT’, the latter, in turn, giving energy density and number density of the critical state. 
A detailed calculation along the line of the 


above reasoning will be carried out in the 
next section. 


§ 4. 


Inference from the multiple meson production (continued) 
—Calculation and results— 


A system composed of a large T— i 
y p ge number of z-mesons and heavy mesons, which are 
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incessantly interacting with each other and keeping local equilibrium, can be approximately 


described as an ideal Bose gas. The particle density of this gas is expressed by’? 


p= Pa 4 (4- 1) 
pate (me) ( eee ee 
© a Nb SS exp(m,2/kT-V1 +8) —1 
= (9,/27°) (kT /cb) °F (mc /kT), (4-2) 
with F(x) =) R(OtY)) | (4-3) 
v=0 1-+ vy 


Here the suffix 7 represents various kinds of mesons (7,0, +--+), m,; and g, are the mass 
and the statistical weight of the corresponding meson, respectively. K,(x) is the modified 
Bessel function of the second kind. 

It should be here remarked that the conservation law for the strangeness (or 7— 
charge in Nishijima’s terminology") does not affect the distribution function (4:2) in this 
case, because the initial condition for the total strangeness (7—charge) is just zero. 


First we shall assume that the spin of the heavy meson is zero; then we have 
Joo=2, YJuro=l1l, (4-4) 
as was explained in the previous section. Further we make use of the experimental value 
of the mass ratio, 
my/M, 3.5. (4°5) 
Then the production ratio of #’— and z'—particles will be expressed by 


Noo. Goo. FG5%). (4-6) 
Nice ao. 1%) 


with 
Pe cea (4-7) 


With the help of Table 1, one compares (4-6) with the experimental value (3-1) and 
obtains 
kT, (1.2 40.3) m,¢. (4-8) 
Now the average energy of pions in the cloud at chis critical temperature can be 
easily estimated. The energy density e(T) of the Bose gas at temperature T is given by'” 


co 


a a | VEE es & 
e() =me( h ) Qn? ) exp (mc? /kT - V4 sk et 
Fa ee be o() ae?) 
Sri yCoo dt ae 
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——— 


i F(x) | F(3.5x) Noo|Nxo=2F (3.5x) /F (x) 
0.0 : xg 2.4 2.4 2.0 

0.1 2.4 2.3 1.9 

0.2 23 2.0 ier 

0.3 23 hiv 1.5 

0.4 22 3 13 

0.5 DD 12 1.1 

0.6 2.1 1.0 0.95 

0.7 2.0 0.80 0.79 

0.8 1.9 0.64 0.66 

0.9 1.9 0.51 0.55 

1.0 1.8 0.40 0.45 

ill 17. 0.31 0.37 

i, 1.6 0.24 0.30 

1.3 155 0.19 0.24 

1.4 i 0.14 0.20 

1 1.4 0.11 0.16 

ea oe hel) a eee 
where 
G(x) esi 1 3K,((1+»)x) 4xK,((1 +»)2)} i (4-10) 
v0 (1+yY) iy 


The energy per particle becomes, therefore, 
end bac Ga 


at c rs > (4 " 1 1) 
PAC F (mc /kT.) 
which turns out, using the value (4-8) for T., 
E,,(T,) ~ (4+1)m,¢. (4-12) 


(See Table 2.) This is somewhat lower than the energy of the Cosmotron beam discussed 
in §2. (Notice that (4-12) includes also the rest energy.) 

Let us next conjecture the order of magnitude of the pion-pion interaction at this 
energy region. At a temperature so low that one can neglect the contribution of the 
nucleon-antinucleon pairs, the mean free paths [,, [, of —mesons and (/—-mesons are 


determined by 
L.(T) = {Pa(T) on-n(T) +f0(T) on-0(T)}~> 
1, (T) = {rn (T) on-0 (T) +0 (T) oo-0 (T)} 7. (4. 13) 


Px and /% here include neutral as well as charged particles, that is to say, one has to put 
In= 3 and Jg=4 in (4-2). 


By the definition of the critical temperature in Landau’s theory of multiple production, * 


* A more detailed analysis indicates!) that the dimension of the system and consequently /(T<) 
depends very slightly on the incident energy (~E'/!*) ; but here I shall neglect this dependence. 
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Table 2 
= : —_ = = ce 

x ; _ G(x) E./mz¢ = (1/x) (G(x) /F(x)) 
0.0 6.5 =i P 
0.1 6.5 Qe 

0.2 6.5 14. 

0.3 6.4 9.3 

0.4 6.4 hp 

0.5 6.3 5.8 

0.6 6.2 5.0 

0.7 6.1 4.3 

0.8 6.0 3.9) 

0.9 5.9 3.5 

1.0 5.8 35) 

iit 5.7 3.0 

12 SEE, 2.8 

1.3 5.4 2.7 

1.4 5 2.6 

1.5 Dell 2.4 

L.(T,.) ~ly(T,) ~b/m,c. (4-14) 


It will not be unreasonable to assume that oy, Of op» cannot be extraordinarily larger 


than o,-x. Then one has 


LAG SS BELG YOUR WG Baer (4°15) 
whence 
ie AOS BLE Les hous. 
b Px Ci) 


a (2.5+2.0) (6/m,c)” 
~ (b/m,,¢)*. (4-16) 
This conclusion is not inconsistent with the value derived in § 2. Such a circumstance 


may be regarded as an indirect support both to Landau’s point of view and to the assump- 


tion spin 0 for heavy mesons. 
Indeed if we take the case of spin 1 heavy mesons, 1.e., /)=6, the same argument 


as above yields the following results : 


The critical temperature is given by 


kT,= (0.75 £0.10) mc. (4-17) 


The average energy of pions at this temperature becomes 
ECs) = (2.6 4+-0.3)m,.¢, (4-18) 


and the pion-pion cross section for this energy region is estimated to be 


468 a keoba: 


Onn (14 £7) (b/m.¢)” 
~10- (b/m,.c)”. (4-19) 


It appears that this value may be a little too large not to affect the low energy 
(220 Mev or so) nucleon-pion scattering, though, of course, more detailed examination is 
required on this point. 

The assumption of spin >2 would yield on,-x= 15(b/m,,c)” and perhaps may be 
excluded. 

So far only one kind of heavy mesons has been taken into account. The existence 
of many kinds of mesons, such as suggested at first sight by various decay modes, leads 
naturally to a large statistical weight. One might say that two kinds of spinless heavy 
mesons (Jyo=4) is the upper limit that could be consistent with the above-analyzed ex- 
perimental data. It can, however, be that other heavy mesons appear as composite particles, 


since such particles would occupy a very limited region of the phase space. 


§5. Energy dependence of the meson-meson interaction 


As was described in § 2, Dyson” and Takeda" assumed a resonance state of two pion 
system at about 900 Mev (in the rest system of one pion), but this was related to a 
particular value of the isotopic spin (T=0 and 1 respectively). If one averages over all 
possible charge states, the assumed pion-pion cross section shows only a weak energy- 
dependence. 

The analysis in the foregoing two sections was meant, on the other hand, only to 
indicate the probable existence of the pion-pion interaction and was obviously too crude to 
say anything on its energy-dependence. 

In this section, on the contrary, let us first assume the energy-dependence of the 


average pion-pion interaction in a simple form 
Onna (Ee) = (b/m.c)* (B/E,)", (31) 


where E denotes the total energy of the incident pion in the rest system of the target 
pion, E, being its value at the critical temperature, and see what consequences can be ex- 
pected from such an assumption. (The Cosmoiron data seem to favour the case n~0. 
The simplest non-linear equation of meson field with the term (¢.¢,)°, ¢ being the meson 
wave function, leads to n= —1 for E>m,,c.) 

In the following, for simplicity, the nucleon-meson gas will be treated as if it were 
composed of pions only,* so that the results obtained will be meant only for suggesting 
the qualitative features of the problem. 

First the variation of the mean free path of the pions in the cloud is evaluated. 
The curves for n=—2, —1, 0, 1, 2 and 3 are given in Fig. 1. They are normalized 
to b/m,,c at m,c/kT=0.9. As is easily expected, a positive large value for n defines a 


2k ° d 
The effect of heavy mesons is taken into account as far as the critical temperature and the correspond- 
ing mean free path is normalized so as to agree with the results of the preceding sections. 
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n=s 
10 jie 
in| 
n=0 
S n=—l]1 
§ n=—2 
ul 
Od 


C1027 U3. 04) 0550.0. 0:7 0:8" 0:9 4.0, 11 129 13514 ib ie 
Ra: 
Fig. 1. Mean free path in meson cloud 
coh, n=—2, 1, 0, 1, 2,3 
normalized at mc?/kT=0.9 


clear-cut critical temperature, while for a large negative n the cloud dissolves rather 
sluggishly. 
Suppose, for instance, that free particles fly out when / becomes 0.3~1.1 times 


h/m,.c, then we get the region of the allowed critical temperature and the corresponding 


fluctuations in the number ratio of 6@’— to 2°— mesons,* which are shown in Table 3 


* Cf. the footnote of the preceding page. 
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(spin 0 for @ is assumed). It appears as if the experimental data would not favour negative 
n—values, though nothing definite can be said at present. 

Next let us make a rough estimate of the viscosity of meson gas and the work done 
by viscous forces during the process of multiple production. In his famous work?” 


Landau solved the hydrodynamical problem neglecting all dissipative processes. If the 


Table 3 
n kT, in (me?) go/Nxo 
—2 0.8 ~2.5 0.25~1.3 
—1 0.85~1.8 0.3 ~1.0 
0 0.9 ~1.6 0.35~0.95 
if 0.95~1.5 0.3 ~0.8 
2 0.95~1.4 0.4 ~0.8 
3 1:0) E35 0.45~0.75 


viscous forces should overwhelm the inertial forces during a greater part of the expansion 
process, Landau’s basic assumption of isentropic motion would break down, and one would 
expect a larger multiplicity," somewhat similar to the results of Heisenberg’s theory." 
As we shall see in the following, however, Landau’s treatment is valid for the case n=>—1 
if the incident energy is large enough. 

The viscosity 7 in the relativistic region can be defined by the relation : 


momentum transport oc 7, (Au/Ox), (5-2) 


where u is a certain component of the “‘ macroscopic” four-velocity (Here I shall not 
discriminate between longitudinal and transverse viscosities, because we are interested only 
in the order of magnitude.). Then 7 is related to the mean free path of the constituent 


particles through the following expression : 


n~pulm, (5-3) 


where v is the mean velocity of the thermal motion of particles and can be regarded as 
ave in our case. 

A measure for the role played by dissipative effects* is given by the well-known 
Reynolds number, which represents the ratio of the effects of inertial to those of viscous 


forces and is expressed, in our relativistic case, by** 


* In the extremely relativistic case, where no essential distinction between mass flow and energy flow 
is possible, the effect of heat conduction can be disregarded. Indeed, if the 4-velocity of the fluid is properly 
defined, this effect turns out to be proportional to the chemical potential,'S) which one can neglect here. 

** The energy momentum tensor for the viscous fluid is given by!5) 


Tin=(pté)uiugtpgir ’ 
nee ( Out, Onn dus dun 


j 2 > Ouél 
wl Cea g ”) oT (gikt wenn). 
The inertial effect may be represented by €u* and the viscous effect by c°y(@u/0x)~cyu/L, whence (54). 


Nace 
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R=euL/y7e. (5-4) 


Here L is a length that characterizes the problem under consideration (More precisely, 
L should be taken equal to the length, during which the value of 1 changes appreciably : 


du~u. ) 


Putting (5-3) into (5-4) and making use of (4:2), (4-9), (4-15) and (Ses 
one obtains 


RY Ml ull E29 at a) 3 Gee . Fe” 
Ts 


> aa —, 5). 5) 
Dijiee iphteg (bc) * Ge pee ( ) 


where the suffix c indicates the values at the critical temperature T,. One has, according 


to Landau,” at the last stage of the hydrodynamical motion (stage of conical flight) , 


u=u,(T,/T), 


and 
Achy 1), (5-6) 


where the suffix 1 means the values corresponding to the limit of one-dimensional moiion. 
One can put here L~ct and also regard F’s and G’s as slowly varying quantities, and 


then, by the help of (5-6), gets ultimately*** 
Ro Tt (5 ¢ 7) 


Now we see that R decreases with decreasing temperature through the whole process of 
expansion if n—>—1. When the value of R at T. is sufficiently large, therefore, we need 
no longer bother about the effect of viscosity. But this is certainly the case when the 


incident energy W in the cenire of mass system is sufficiently large, because 
Ro = Sy tgdeg/ Paola 
= (E,/me)u,/c (5:8) 


and the average value of u,, which is roughly proportional to the mean energy of emitted 
mesons and so proportional to the square root of W, increases with W. We have there- 
fore, at energy — 10° Gev, in the laboratory system, say, quite a large value of R, which 
justifies the neglect of dissipative effects. 


In conclusion I should like to express my sincere gratitude to Prof. Y. Fujimoto and 
to Dr. J. Nishimura for their kind information on the results of their analysis before 


publication and for their discussions and also to Dr. S. Minami for his discussions on Gev 


phenomena. 


+ The dependence of R on T at the earlier stage (one-dimensional motion) is complicated, but is 


not weaker than oc T™+1, 
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Note added in proof. (June 10, 1956) 

1) The experimental value (3.1) has been obtained with the assumption that only x°-mesons con- 
tribute to y-rays. If secondary particles contain hyperons and heavy mesons which immediately decay with 
emission of y-rays the ratio willl somewhat increase. On the other hand there are some experimental infor- 
mations* which imply that this ratio has a lower value than (3.1). 

2) In deriving (3.2), (3.3) and (4.6)—(4. 16), the statistical weight of 6°-mesons is taken to be 
2. That is to say, we have 0s and 0s which differ from each other by their strangeness quantum 
rumbers, and we have assumed that they will be equally detected experimentally. If it should turn out, 
for irstance, that one of them were very hard to detect at the energy concerned, the effective value of go, 
should have been taken equal to 1 and this should have led to the results: kT~2.5mxc°, Ex(Tc) ~7mxc’, 
On-n~0.2(b/mxc)*. 

3) The determination of the critical temperature (4.8) by the number ratio of heavy to light 
mesons is fairly accurate. It should not be overlooked, however, that at the critical state the concept of 
the temperature itself becomes also critical, so that the numerical values concerned should not be taken too 
seriously. 

4) Recent experimental evidences** seem to suggest that the pion-pion interaction, if it exists, will 


radically depend on the charge states and the energy. Thus the assumption (5.1) may be perhaps too 
simple for lower energy region (~1 Gev). 


* M. Koshiba and M. F. Kaplon, Phys. Rev. 97 (1955), 193. 
** Proceedings of the Sixth Annual Rochester Conference on High Energy Nuclear Physics (1956). 
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The method of March for obtaining the boundary values of the Thomas-Fermi function at high 
pressures has been extended to the relativistic case with and without temperature perturbation. The 
boundary values of the non-relativistic temperature perturbed Thomas-Fermi function, obtained by the 
same method, are compared with the semi-empirical formulae of Gilvarry, thus obtaining a theoretical 
basis for the latter. The results of this paper may have some astrophysical applications. 


§ 1. Introduction 


The method of Thomas’ and Fermi”, (hereafter referred to as T.F.), devised to 
find the potential and electron distribution around an atomic nucleus, has been employed 
to the study of metals by Slater and Krutter”, and to the study of equation of state of 
elements at high pressure by Feynman, Metropolis and Teller”. The boundary values of 
the T.F. function are sufficient to determine the equation of state of the atom; and hence 
the numerical data of Slater and Krutter, and of Feynman, Metropolis and Teller, for the 
boundary values have been fitted by Gilvarry” and Gilvarry and Peebles” into semi-empizical 
analytical expressions with proper limiting forms, so that one can extrapolate them beyond 
the existing numerical data. The arguments by which Gilvarry arrived at the analytical 
expressions are essentially intuitive in character, and are based on the observation that the 
results of the T.F. method must go over into those appropriate for a Fermi-Dirac gas of 
completely degenerate electrons when pressures are sufficiently high. Recently March” has 
given a theoretical basis for Gilvarry’s expressions, and in addition has indicated the way 
in which the non-relativistic equation of state of elements is modified at high pressures. 
But at high pressures such as those that occur in the interior of a white dwarf like the 
companion of Sirius B, the volume available for the electrons of an atom is so small that 
the maximum Fermi momentum is larger than m,c, so that relativistic effects become 
important. It is therefore necessary to investigate the relativistic T.F. equation, when one 
deals with extremely high pressures. In this paper, we shall use March’s method to the 
investigation of the relativistic T.F. equation, and also include the temperature perturbation. 
We shall confirm Gilvarry’s choice of the limiting form of T.F. function for the case of 


temperature perturbed non-relativistic T.F. equation. 
Our results may be useful in determining the equation of state of matter under very 


extreme physical conditions and may find some astrophysical applications. 
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§2. Relativistic T.F. equation 


The temperature perturbed relativistic T.F. equation can be deduced by using the 
general expression for the temperature dependent electron concentrations as given by 
Chandracekhar® in defining the charge density used in the Poisson equation for the atomic 


potential. If we retain terms up to order T” only, we have for the electron concentration, 


Se 2 2 

n= Semi (14 (ME) ib (1) 
3h* mc y 

where y= (F2+2mcs,) 2 mc’, 


and €, is the energy corresponding to the top of the Fermi level, & is the Boltzman 
constant, and the other symbols have their usual meaning. The charge density will be 
modified in the presence of a potential V, with €, replaced by E,+eV. One can show, 
following Singh”, that the temperature perturbed relativistic T.F. equation takes the form 


d*b/dx° =a (d°/x) + Px/) ue 
(Mak at 


( AN b! Be? 
teaser ary. 


x] 1+ (akT)* (2) 


where ¢ is defined by 

(Ze°/r) b (7) =So/et+ V(r), 
and a= 3272/3 (he)* ; B=2mcea/Ze 3 a=b’/me’, (2a) 
and T=ax. 


In writing equation (2) we have neglected terms arising on account of exchange effects 
which would be small for atoms with high atomic number. Let us consider the temperature 
independent relativistic T.F. equation. If we neglect the temperature term in (2), we have 
the equation 


d°h/dx2= a (6"/x2) (1 + Px/d) 9". (3) 


In applying the T.F. equation for high pressures, we impose the following two boundary 
conditions on the solution : 


0(0)=1 (4a) 
(db/dx) »,=9 (x) /Xp 5 (4b) 


where x, defines the boundary of the atom. Equation (3) reduces to the non-relativistic 
form if we neglect 1 in comparison with (x/d. We then have 


d°h/det = afl? 422/32, (5) 
If we now write 


2/39, 
al BBx = x*, (6) 


wens 
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equation (5) reduces to the more familiar form 
dh /dx*? = fil? / 12, (7) 
where distances are measured in units of (a/a?!*?) — (97°/128Z) "3-4 
i.e. r= (977/128Z) 1 ax*, 


Following March, we solve equation (3) for (x) as a Taylor series about x,, subject 
to the boundary conditions (4a, b). 


$02) 8%) +3) 66", (8) 


where t, = (—1)”/al- (d"b/dx") xp? 
and h=x,—x. 


Substituting (8) in (3) we get for ¢,’s 


--@), = 


a o ney 7 
=S—=— Se 
6 ee s (9) 


p= - 2) 4 fay 


rere weir 


Pee mee eet wec sree see eesesesee 


(coefficients of Taylor series solution of equation (3) ). 


where 
A= {Pr,/b(%)} / 11 + Px, /9 (%)} 5 (10) 


which tends to unity in the non-relativistic limit. 
Wichin the limitations as stated in March’s paper, we can use the five coefficients of 


(9) to determine the form of d(x,) in the limit x,—-0. 
The boundary condition (4a) is automatically satisfied by the solution (8). The 


other boundary condition (4a) —if we take terms up to f,, gives for @(x,) the expression 
6 (x) = (Bxp/2)[ {1 -+4- 3° /a2M Bias} — 1], (11) 
as x, >. 0 and which in the non-relativistic limit reduces to 


b(%) = BIOTA tPA, (12) 
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agreeing with the Ist term of equation (15) of March” if we note that our units are 
related to those of March by equation (6). Let us call @(x,) given by equation (1 1) 


as 6"(x,). Taking ¢, and ¢, coefficients of the series, we caa show that 


d(x,) = Pail fa + foe (2G) maa], (13) 


2 Pah oe e3 106” (x,) 


which in the non-relativistic limit reduces to 


2/3 1/3 2/39 
$22 (1-2 * Oe), (14) 
wir, & BX, 10 


and which agrees with equation (15) of March”. 

So the correct expression in the limiting values of x, should be (13). It is, how- 
ever, too complicated to be of much use in practice. Let us consider the extreme relativistic 
case. In this limit we have x/é<1, and one can show that in chis lirait 


§ (x) > (3/a) [1 — (a!"Bx,/2-3°) + (a296x3/8 - 3?) (1 —(3/10)(a/3)") 


E.R, 


irae ] (15) 
The series (15) is valid only if 
al FOx, E1 . (16) 
From (2a), a!38 —he/e? (32/32Z)"* <be/é 
for cases of large Z. 
Therefore condition (16) becomes 
x, <e/he . (17) 


Since we expressed distances in units of °/me°=0.528X107-*cm (17) shows that the 
volume available for electrons is a sphere of radius <5 107" cm. 

In writing the equation of state based on the T.F. model, one needs only the electron 
concentration at the boundary of the atom. Expressed in terms of the boundary values, 


the electron concentration is 


° 


n(x, er ae 43 i Bx, \ 3/ 
©) 4m (ax,) af Ge) . ya : (18) 


Using the limiting form §(x,) (E.R. case) from equation (15), it can easily be shown 
that 


Cor z Lhe x 
) (47/3) ae é a. (19) 


PRU MTR. . 

Since x,<e/he, (19) shows that n(x,) is merely the average concentration of Z 
electrons enclosed in a sphere of radius ax, minus a correction term of the order less than 
the fine structure constant. Hence in the extreme relativistic limit the equation of state 


differs from that of a Fermi-Dirac gas by a term of the order less than the fine structure 
constant. 


‘ 
\ 
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§ 3. Temperature perturbed T.F. equation 


To investigate the temperature perturbed equation (2) we assume that the volume 
of the atom to be the same as that of temperature unperturbed atom. 
procedure as before, we write the solution of (2) in the 
and get for ¢,’s, the following values : 


Following the same 
form of a Taylor’s series (8), 


{_=—- (dé/dx) OG) 7%, 


— oF? (5) , (kT PB)?” 
‘2 2xh/2y 82 ares phos eae 


rae aePPM NT (kT)? a | 
3 6x28? H(2me*)* {(B? (x) /x4,) A+B x,/b(%))} 
pes SPE __ (zkT BY? | 
24x57)" he (2mc’) ; { (0 (x) f%) (1 + fx,/¢d (x) )} 
x[(1—n/2) {3 +44 (4/2—1)} ] 
p—_— CPE (%) | . (xkTB)? T 
© 120x879 Lo” (ame)? { FG) /x3) 1 + Px, /8 Cu} 
x[(1—7/2) {3 +44(u/2—1)}], 


PCC Cero reser eee eeerer ess eeererceseessee 


(20) 


(coefficients of Taylor series solution of (2) ) 
where 


(B(x) /x%) A +8%,/8 O)) 


a oe (x,) /%) (1 + Px,/d (x,) ) + /°/8 : 


and 
(2kT/3)*/p2(2me*)* { (8° (xp) /xn) (1 +8x,/b (m) )} 


LL RT) ?/p2(2me2)* { (6° (x) /xi) C1 + 3x,/ (x) )} J 


In the non-relativistic limit when /x/d>1 


P80 (x) / Bx, <1 


(tkT a) *x;/8Z'e'G (x) g (21) 
1+ (2kTa) °x;,/8Z°e' (x;) 


By taking coefficients up to ¢, and proceeding as before we can show that in the 


and. 


extreme relativistic limit, 


3 2/3 T 3)? Po. 
6a, T)=(2) [1-2 (2 arte]. 2) 
a D3 en OCS Die) 


Since x, is restricted by (17), equation (22) puts the following condition on temperature 
6 
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kT /2m?~1_ or T~10°K. (23) 
In the general case, it has not been possible to obtain explicit form of (x,) as x,—0 
due to the complexity of coefficients (20). 
§ 4. ‘Temperature perturbed non-relativistic T.F. equation 


In the non-relativistic limit equation (2) has the form 


Tree of tkTa)* x 
Péidie= 329 (4 ( ern 24 
O/dx° a gl? a BZ’! 5) (24) 
which on using equation (6) becomes 
Bb /dxP? = GP /x¥?- (1 ET? sx? /P), (25) 
where 
E=1 (mek/Ze’)’, | 
(26) 
and EE es 


Equation (25) has been solved by previous investigators (Feynman, Metropolis and 
Teller”) by numerical methods and semi-empirical expressions for the boundary values have 
B) 6) 


been give by Gilvarry Our aim is to confirm by Taylor’s expansion method the choice 
of the limiting form of the formula of Gilvarry. In doing so we can start with equation 
(25) directly or reduce the relativistic temperature perturbed coefficients given by (20) to 
the non-relativistic limit. In either way it can be shown that the coefficients t,’s of the 


Taylor’s series for the solution of equation (25), are 
t= — (db/dx) .,=—9(%) /% 
t= 49° (x)/x°* A+ET*- x/8° %) ) 
t= — 9°? (x,) /6xp?> (1 +8T*- x5 /P (%)) (27) 
t= GP" (x,) /24x)+ (1 +ET*-x5/9" (x) )* (3-28) 
t= — 6° (x) /120x3- (1-4T?-28/6°(x,)) (G20) 


(Coefficients of Taylor’s series solution of equation (25). We have used x, to denote 
the boundary value for consistency of notation.) 
where 


O= {FT "x, /P (x) } / {LAST 'x,/G (x) } - (28) 


In deducing these expressions for t¢,’s we have ignored the variation of x, due to 


temperature. This procedure corresponds to the method of Marshak and Bethe’ and our 


results can then be compared with those of Gilvarry. Proceeding as before, we can show 


that the form of $(x,) in the non-relativistic case when temperature perturbation is taken 
into account, is 


(x, T) =3?8/x,- (1—3"8x,/10) —2ET 2x3 /35/, (29) 


ray 
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In (29), the temperature independent term is just the expression obtained by March, 
and the second term gives the correction due to temperature. If we write thé temperature 
correction term of (29) as F(x,)£T°, then we see that F'(x,) corresponds to ¥ of equation 
(47) of Gilvarry” in the limit x0. As stated in the introduction, the above limiting 
form is obtained by Gilvarry by demanding that the results of T.F. method must go over 
into those appropriate for a Fermi-Dirac gas of completely degenerate electrons when 
pressures are sufficiently high. It may be mentioned that Gilvarry modified the form of 
7 slightly® without of course changing the leading term. It must be noted that although 
the limiting form of 7 is justified, its actual use for small x, is unreliable since relativistic 
effects become important, and one has to use the more exact form obtained from Esmiot 
(20), but it has not been possible to get an explicit form of ¢(x,) as a function of x, 
owing to the complicated form of t,’s. 
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This paper is devoted to the discussion of the properties of the H-function, especially concerning 
its irreversible character somewhat quantitatively, using the same medel as that used in the previous 
paper. As the result, it is concluded that the more roughly the macrosccpic observation is done, the 
more rapidly the H-function decreases to an equilibrium value as shown in Fig. 2. Thus it is clarified 
that H-function of a given system which is in a nen-equilitrivm situation should be defined in connec- 
tion with the eccuracy of macroscopic observations. In our calculations, we have not used any assump- 
tions such as “ Stosszahlansatz” or the ccarse-graining in every moment of the process, except only 
once in setting up the ensemble which represents a given non-equilibrium initial state. Our result 
gives a justification of statistical aspect of the H-theorem suggested by Ehrenfest without proof. 


$1. Introduction 


In the previous paper,’ which will be referred to as Part I, we discussed the simple 
diffusion process of particles contained in a one-dimensional box of length 2/. At the 
initial time, N particles, which have equal mass (m=1) and collide with each other 
completely elastically, are contained in the left room of the box, which is divided into 
two rooms by a wall in the middle. If the wall is removed at time t=0, these particles 
diffuse into the right room and the number of particles n(¢) in the left room changes, 
decreases generally, as a function of time # We have investigated the change of function 
n(t) in this process, using a simple graphical method. 

If our knowledge obtained about the initial condition is only that all particles exist 
in the lefe room of the box (such a condition is controllable and seems to be actually 
realized in a certzin way), an exact mechanical condition of this system cannot be specified 
and it is necessary to introduce a certain statistical procedure to make up for this lack of 
informations. Thus at f=0, we construct an ensemble of systems which satisfies the given 
macroscopic initial condition that all particles exist in the left room of the box, in other 
words, we consider a flux of mechanical trajectories in /‘-space each of which starts with 
the same macroscopic initial condition. Along these trajectories, the function n(t) changes 
in various ways, and this was already investigated by a schematical method in Part I. 

The mean value (n(¢)), where the mean is effected over all trajectories, was evaluated, 
and it was shown that the mean value (n(t)> which is expected in our macroscopic 
observation pag in such a way that it approaches an equilibrium value N/2, and it 
was also clarified that the distribution of values of n(t) in the flux has a sharp maximum 


at its mean value (n(t)), so that it is very unlikely jr us to encounter such a mechanical 


[s+ 
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path that it gives a value of n(¢) appreciably deviated from its mean value. 

As for the ensemble constructed at the initial time, we have considered two cases, 
ie., a uniform distribution, in which any one of the particles can take every point of //- 
space equally probably as its initial stave, so long as it lies in a rectangular region of /—- 
space where the conditions 0 <x, <J, |v,| < ¥2E aie satisfied, and the Maxwell-Boltzmann 
distribution in which all states are equally probable under the condition that the total 
energy of particles is constant E and all particles are contained in the left room of the 
box. In both cases, the statistical properties of function n(t) are much the same, namely 
the function n(ft) almost always approaches the equilibrium value N/2 in an_ irreversible 
manner. 

In Part I, we have discussed only the diffusion process of particles, putting aside the 
problem about the properties of the H-function. This paper is devoted to discussion of 
the properties of the H-function, especially its irreversible character, somewhat quantitatively 
by using the same model as that used in Part I. In § 2 some arguments on the defini- 
tion of the distribution function in space are given, and two kinds of distribution func- 
tion, namely fine-grained and coarse-grained distribution functions, are defined. In § 3, 
using these definitions of distribution function, the behaviors of the H—function are examined 
with the use of our one-dimensional model, and it is shown that if we adopt the coarse- 
grained distribution function, which is properly defined corresponding to the accuracy of 
our macroscopic observations, the H-function almost always decreases to attain the equilibrium 
value substantially in a monotonous way, and that the more roughly the macroscopic 
observation is done, the more rapidly the H-function approaches the equilibrium value. 


Lastly the general discussions on the statistical mechanical aspect of irreversible processes 


ate given. 


§ 2. Distribution function 


Boltzmann’s H-function is given by the equation 


ao ° 


| vee \Fes ¥, % Vay Vy» Vz) log F(X Yo % Vay Vy» v,)dxdydz, dv,dv,dv, (1) 


where fdxdydzdv,dv, dv, is the number of particles which have coordinates in the ranges 
(x—idx, x+4dx), (y—ddy, y+4dy), (z—Adz, z+4dz) and velocities with components 
in (v,—44dv,, v,+44v,), (v,—kdv,, vy+hdvy), (2-34, Ve+9 dv,). The above men- 
tioned definition of the distribution function, which we shall call hereafter the fine-grained 
distribution function, can be understood as follows. Consider a small six-dimensional 
parallelepiped Ox Oy OZ OU, OV, OV, with a point (x, ¥, % Vz» Vy» V,) as its center, its sonia 
Ov =0x0y0z0v,0v,0v, being sufficiently small but microscopically large enough to contain 


. : pies ie 
a large number of representative points of particles in it. Then we can define the 


* Tf the volume of this parallelepiped has atomic dimension, the number of particles whose representa- 


i i i e, then the distribution function becomes 
tive points are in this cell becomes very small, for instance zero or one, then 


an irregularly discontinuous function. 


482 E. Teramoto 


of distribution function f at the point (x, y, % Vis Vy» v.) with the ratio of the number of | 
particles whose representative points are in this parallelepiped and its volume, ON/ov. Thus | 
the fine-grained distribution function is usually given by a continuous function defined at | 
all points in //-space and it gives us sufficiently detailed knowledge about the state of the. 
system, but still this definition includes a statistical character, because discretely distributed 
representative points are described by a continuous function f, which is obtained by a kind | 
of statistical procedure mentioned above. 

In the next, we shall consider a definition of another kind of distribution function, | 
which we shall call hereafter coarse-grained distribution function. In this case //-space is 


divided into a number of cells dv,, 4v., --- dv; --:. These cells are constructed in accord- | 


ance with the nature of our macroscopic observation in such a manner that any more 
detailed specification of state of a particle in each of these cells cannot be done by this 
macroscopic observations, so that the volumes and shapes of these cells are decided accord- 
ing t° what kind of observation is carried out. As the number of particles, n,, whose 
representative points are in the cell dv; is macroscopically observable, though the exact 
positions of these representative points in this cell are unknown for us, we can define the 
distribution function f in this ith cell with a constant value fi=n,/ dv, Thus if we 


adopt the coarse-grained distribution function, the H—function must be rewritten in the form 
H=' fi logfi. (2) 
2 


Obviously the coarse-grained distribution function agrees with the fine-grained distribu- 
tion function when the perfectly precise observations are made, by which the coordinates 
and velocities of all particles at each instant are completely measured. This is true in 
principle in classical mechanics, but actually it seems hopeless to carry out such a precise 
observation for the macroscopic system which has an enormous degrees of freedom. Thus 
usually the volume of the cell in the case of fine-grained distribution function is much 
smaller than that of coarse-grained distribution function, and the coarse-grained distribution 
function corresponding to usual macroscopic observations is generally different entirely from 
the fine-grained one of that system. 


§ 3. The behaviors of the H-function 


We shail consider a one-dimensional box of length 2/ in which N independent 
particles move freely without collisions between them and reflected elastically at the boundaries 
of the box. The state of this system can be indicated by specifying the positions of N 
representative points in two-dimensional /s-space. We shall assume that at the initial time 
all these particles are situated in the left half of the box; for instance, all particles are 
shut up in the left half of the box by another wall which is removed at ‘=0, ae 
macroscopic initial condition can be satisfied by a number of microscopic initial states so 
it is natural to introduce an ensemble of systems each of which satisfies this macroscopic 


initial condition. 


As for this ensemble constructed at the initial time, we assume here a uniform 
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distribution, in which any one of the particles can take every point of //-space equally 
probably as its initial state, so long as it lies in the rectangular region of /¢-space in 
which the conditions 0<x,<J, |v,|<~2E are satisfied. Corresponding to systems of 
this ensemble, an infinite number of trajectories in /'-space are constructed, each of which 
starts from a different microscopic initial state represented by N representative points 
distributed randomly in the initial rectangular region in /-space, as shown in Fig. 1 (a). 

It is easily seen that with the lapse of time these representative points change their 
positions as shown in Fig. 1 (b), (c), in which the group of the representative points 
forms bands. As time passes, the number of these bands increases and they become 
narrower in width and gentler in slope, but the total area of these bands does not change 


and is always equal to the area of the initial rectangular region 2/ V 2E. 
Ne ° 


0 ¢ 20 
(a) (b) te) 
Bical. 

Using this diagram, we can calculate the H—function as a function of time ft.  Ac- 
cording to the Liouville’s theorem, the density of representative points does not change 
under the natural motion of the system, and so is the fine-grained distribution function 
except in the vicinity of the boundaries of the bands. Thus it is easily seen that, if we 
adopt the fine-grained distribution function, the value of the H—function does not change 
appreciably and maintains approximately its initial value until the gaps of the bands become 
so narrow that its width can be covered by the linear dimension of the cell Ov. When, 
after a sufficiently long time, the width of the bands becomes the order of magnitude of 
the linear dimension of the cell dv, the value of the H-function will change, decreases 
generally. It must be also remarked that the initial value of the H-function presented 
in terms of fine-grained distribution function can not be defined uniquely by the knowledge 
of macroscopic observation of its initial state but it is possible to attribute various initial 
values to this H-function according to which microscopic initial state is assumed in our 
calculations. 

On the other hand, if we adopt the coarse-grained. distribution function the desirable 
irreversible character of the H-function can be obtained. We shall begin with a very 
rough observation by which only the numbers of particles n and N—n respectively in a 
left and right half of the box can be measured. In this case two cells — Bree into 
considerations, which correspond to the left and the right half of the region in Fig. 1. 
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Then the H—function can be written in the form 
H=n log {n/ du} + (N—n) log {(N—n) / dv} (3) 


where dvu=2/2E and the time dependence of the number of particles in the left room: 
n has various forms according to the choice of microscopic initial state and so does the : 
H-function also. But the initial value of the H-function in this case can be decided | 
uniquely from the macroscopic information about its initial state and is given by H(0) = 
Nlog(N/4dv). The equilibrium value of H which is expected to be reached in the final | 
state is given by inserting the value n=N/2 into the equation (3) ; hereafter we shall | 
write this quantity as H,(=Nlog(N/24v)). 

The change of H in the course of diffusion process is determined thoroughly by the : 
change of n, which is already investigated in Part I. The probability that, at time ¢, nm 
particles are contained in the left room is given by the Bernoulli distribution function (eq. . 
Zein Pacts 1) 


Py(n) =N!/n!(N—n) ! + r¥-"(I—r)”, (4) 
where r is given as a function of time in the form 
y(t) =2lm/V2Et+ (V2Et/4l) (1—4ml/2Ed)? 
for 4ml/V2E <t< (4m+2)1/V2E, 
y(t) =1— (2m+1)l/2Et— (~2Et/4l) (1— (4m+2)1/V2Es)? (5) 
for (4m+2)1/W2E<t<4(m+1)l/V2E, 
m=0, +1, 42,+::+ : 


This probability can be understood as the probability of realization of such microscopic 
initial conditions that at time ¢ just particles are in the left room of the box. Making 
use of this distribution function (4), we can calculate the mean value of H at time ¢ 
which seems to be most probable value of H in our macroscopic observation at time f. 
As we have seen in Part I, if the number of particles N is sufficiently large the probability 
distribution of » has a sharp maximum at its mean value <n), so we can approximately 
replace the mean value ¢H) with 
mass f 
(H) = (n) log {(n)/ do} + (N—n)) log {(N—<n)) / dd}, (6) 


when the number of particles N is sufficiently large. n has been evaluated in Part I as 
follows. 


(2) =N(1—1r) =N{1/2+T(1—m/T) ((2m+1) /2T—1)} 
for mT <m+1/2, (7) 
(n)=N{1/2+T (1—(m+1)/T) (1— (2m+1) /2T)} 
for m+1/2<T<m+1, 
where T==tV2E/4l, 


3 
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Thus we can obtain the (H)-—curve as an explicit function of time t which is indicated 
by curve A in Fig. 2. 

From Fig. 2 it is seen that almost always H decreases to attain the equilibrium value 
H), in a monotonous way, and then it practically maintains the value Hy, for ever. In an 
actual system, of course, we cannot deny the possibility of reappearence of the macroscopic 
initial state, but, as has been discussed in Part I, it is very seldom when the system 
contains sufficiently a large number of particles, and it seems to be acceptable to regard 
the value of (H) as the macroscopic quantity corresponding to the given macroscopic 
observation by which we can measure only the numbers of particles in the left and right 
rooms of the box. 

In the next, we consider another observation by which not only the numbers of 
particles in the left and right rooms but also the numbers of particles which have re- 
spectively positive and negative directions of velocities can be measured. In this case four 


cells in space should be taken into considerations as shown in Fig. 1 (c), and the H- 


) (8) 


The mean value of H as a function of time ¢ can be calculated in quite the same manner 


function is given by the equation 


IV 
i DN log(m | “ 


I 


as in the first case. The result is plotted in Fig. 2 by a curve B, in which such an 
initial state is assumed that all particles are contained in the left 1oom and half of them 
have the positive velocities and the remainder have the negative velocities. Under this 


condition the initial value of H clearly agrees with that of the first case. 


Fig. 2. 


The tesults show the fact that the more precisely observations are made, the longer 
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becomes the time required for the H-function to attain to its equilibrium value H,; in 
our example this time in the second case is just twice that in the first case. Therefore 
such a situation may occur that for one observer the system is in equilibrium state but 
for another observer it has not yet reached the equilibrium state. However, so long as 
one makes the macroscopic observation the system will be, after a sufficiently long time, 


almost always found to approach the equilibrium state at which all kinds of macroscopic 


quantities have the equilibrium value. 


§ 4. Summary 


The H-function is given by using the coarse-grained distribution function which is 
defined in connection with the accuracy of macroscopic observations. We consider all 
possible microscopic initial states which have the same initial non-equilibrium value of H, 
then along the trajectories starting from these states the H-value almost always decreases 
to attain the equilibrium value H, and the change of mean value of H effecting over all 
these trajectories is calculated just as in Fig. 2. It is also clarified that the more precisely 
observations are done, the longer becomes the time required for the system to attain the 
equilibrium state. Thus, in a non-equilibrium state, it becomes necessary to assign a 
properly defined H-function to the system according to the accuracy of macroscopic obser- 
vations. But at the final equilibrium state which is expected to realize after a sufficiently 
long time, H reaches a unique value H, which has the well-known relation with the 
thermodynamical entropy. 

The example presented here gives a justification of the statistical aspect of the H- 
theorem suggested by Ehrenfest without proof.”  Ehrenfest’s suggestion, in somewhat 
generalized form, is as follows. We take a mean value of some phase function A(p,; po ***, 


i> Jz) ***) «at time ¢ in the form 


. 


(A= | “f | ACP» Po» +5 Gis dan ***) PCPs Pods te Gos Gs) apodpe?=+-dg,'dg,? ++ 
AsO 

where p;, Pos ***> 912 Gx *** are generalized coordinates and momenta of the given isolated 
system, are functions of time ¢ and their initial values p,°, ps’, ---5 91°, qs") «77» and satisfy 


29 


0 


the Hamilton equation of motion, and (p,°, po’, «++ 91°s go's -*°) dp,"dps’»--dq,"dq."-+- is the 
probability that at initial time the system is in the state given by a representative point 
in the range (p,’, pi +p’), (peo's ps +dpo’), 5 (q,", qx +dq,"), (42s gz +dqy'), ++ in 
espace under the condition that the quantity A has the initial non-equilibrium value A’. 
Then, for some classes of physical quantities A and of Hamiltonians of the system, (4) has 
a limit A, when time ¢ tends to infinity which is equal to the equilibrium value. Such 
an approach to the foundation of statistical mechanics is desirable one, but the proof of 


this supposition in the general form is very difficult, so we have treated only a very simple 
system and investigated the irreversible process on this line. 
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With the aim to understand the weak interactions occurring in nature from the unified point of 
view, we shall propose one possible model in this note. In our model, new charged Bose fields are 
introduced and are assumed to interact universally with all Fermi particles. We shall also discuss about 
the difference between ours and the other view-point in which all weak interactions are assumed to 


come from the universal Fermi interaction. 


$1. Introduction 


Recently, Pais-Nishijima-Gell-Mann” theory has given a clear explanation on the tran: 
sition processes of the particle families which have both the strong and the weak inter- 
action, including new unstable particles. According to this theory, the strongly interacting 
particles are all characterized by their isotopic spins and y-charges which are recognized by 
their conservation in the strong interaction processes. On the other hand, there has been 
found no strong interaction in the transition processes accompanied with the lepton family 
including electron, neutrino and //-meson. Owing to this fact, we cannot anticipate a useful 
meaning of the isotopic spin or 7-charge in the lepton family. 

Now, paying our attention only to weak interactions realized in nature, we shall find 
some peculiar regularity among them which has already been noticed in a previous paper.” 
The coupling constants of these interactions take a value of the unique order of magnitude 
(~10-™") in the natural unit™, independently of the coupling type or the sorts of the 
particles concerned. From this feature, we may expect the following: 

(a) The weak interaction occurs not only among the nucleon and 7-meson families” 

which have the strong interaction too, but also among the lepion family. Wichin the 

frame wotk of Pais-Nishijima-Gell-Mann theory, the weak interaction comes out. 
destroying the conservation of the isotopic spin or y-charge, while the weak interaction 
itself originates from another root with wider validity. 

(3) The unique value of the coupling constants above mentioned indicates that all 

weak interactions come from a single base. 


If these conjectures are correct, we may also anticipate the clue to the weak interaction 


in the processes participated by the lepton family. As the key to it, we shall take the fol- 


lowing fact: 


* Through the paper, we take this unit as b=c=1(~10-% cm) =1, where means the equality in 


the order of magnitude. 
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(7) When the lepton-family takes part in the decay (or capture) aka s) we can 

always find neutrino, namely, there is no lepton process withers neutrino. * 

The purpose of this paper is to introduce one possible model, in order to mndersiae’ 
the above charactaristic features of the weak interactions in a unified manner. In_ this 
section, we shall present some outline of this idea. Paying our attention to the universal 


character of the weak interaction, we shall follow the example of the electromagnetic 


interaction 


Ag > hak) (I) 


which appears most universally among all families. In the expression (I), e is the charge 
constant and j,(a) is the current of particle a. After the electromagnetic field, we shall 


introduce charged Bose fields B’s, which have the following type of interaction 


GeV Fa0; (a, ba) fy K,(a, 6, @)B, (11) 


ae Jah 


with all Fermi particles. This is the basic idea of this paper. The interaction (II) is 
assumed to conserve charge and nucleon-number and also to be Lorentz invariant. Further, 
from our view of the family,” B-fields are assumed to belong to the separate family from 
the z-meson family, namely, 7, 4 and ct, etc., because of the difference in their characteristic 
interactions. 

Compared with (1), the interaction (II) has some defect in the simplicity and sym- 
metry. As we shall see below, B-fields cannot be restricted in one type, and all com- 
binations (a, 6) of Fermions do not interact in common with a B-field. Apart from these 
points, the interation (II) can qualitatively satisfy the above features (a), (/?) and (7) 
of the weak interactions. Leaving the precise discussion to the following sections, we shall 
give some brief remarks. First, all weak interactions come out through the interaction (II) 
with the coupling constant y. From this fact we can understand the universality and the 
regularity of the weak interaction. Secondly, because B-fields are charged, the decay intera- 
ctions originated from (ID) are necessarily chage-dependent, and in the coupled source with 
B-field, there are one neutral and one charged Fermion. This last featurg is compatible with 
(x). 

Now, in the resultant expression, the interaction (II) can be brought into Fermi 
interaction among Fermi particles. In this sense, there is no phenomenological difference be- 
tween ours and the view-point of ‘ primary Fermi interaction” about weak interactions. Under 
these circumstances, some detailed discussion will be necessary as to our standpoint. As 
was already noted,” to understand all weak interactions on a single base, the view point of 


“primary Fermi interaction” will also serve to the purpose. Then, where does the difference 


between ours and the view-point of “ primary Fermi interaction” lie? In precise analysis of 
the transition processes, there will be found some differences in the selection rule. However, 
in view of the present stage far from the final determination by the experimental test, we 


should like to emphasize rather the difference in the standpoint of the theory. If the 


* Such higher order processes as double @-decay are excluded. 
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view of Fermi interaction succeeds in the clarification of the phenomena, then it will be 


necessary to clarify the reason why Fermi interaction destroys the charge independence and 
why it maintains such feature as (7). In the present stage of our theory, lowever, there 
occurs no such problem, while the problems to be inquired are, for instance, the distinction 
of three characieristic Boson families, that is, the electromagntic field, z-meson fields (in- 
cluding @,7) and B-fields, and also the origin of their interactions. Further, we are fol- 
lowing the view-point in which the interactions among the particles (Feimions) are all assumed 


to be mediated by the existence of the fields (Bosons). 


§2. The nature of B-fields 


In this paragraph, we shall present a brief summaty of the nature of B-fields and 
its interactions. First, all weak interactions are mediated by B-fields. For instance, che 
natural decay of free neutron takes place through 


N->P+B(—>e+v)>P-+e-y». 


The scalar type Fermi inteactino thus brought abut is given by 
I (br Gn) GF by) A/mz)? (1) 


where m,, is the mass of B-fields. Accordingly, our coupling constant g is correlated with 


Fermi coupling constant f, as 
Om) —=f,—10 erg cm® (2) 
and in the natural unit 
(Gi ms) 10. (2) 


As is clear from this, the strength of the coupling of Fermions with B-fields lies Letween 
the strong interaction (G°1) and the weak interaction (~10~"). For this reason, it is 
very improbable to detect B-particles in the nuclear interactions, and ithe observed K-mesons 
cannot be identified with B-pariicles. On the other hand, when B-particles arc created, 
then they decay into leptons in very short interval (~10~™ sec). 

Now, if the mass m,, of B-particles were less than that of the unstable K-meson or 
the mass difference between hyperon’s and nucleon’s, the decay of K-meson or hyperon would 


be very fast. To avoid this difficulty, the minimum of m,; is restricted as 
Mp > my~1000 m,. (3) 


The mass value of B-particles would, in other words, designate the maximum mass es the 
K-mesons, whose life-time lies within the present technics of the experiment (~10~'’ sec). 
Further, if there exists another heavy meson with mass >m,, we shall obey such 
phenomenon as the direct production of leptons in the nuclear interaction, because this heavy 
meson created will rapidly decay into B-particle and B-pariicle also into leptons. . 

Because of their electric charge, B-fields are also accompanied with the electromagnetic 


interaction. However, the effect of B-field to the ordinary electromagnetic phenomena 
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would not be so large, in virtue of its large mass. The pair creation of B-particles by the 
high energy 7-ray is also hardly detectable, because the pair creation of electron and //- 


meson would rise up simultaneously and cover the B-field phenomena. 


§ 3. Deeay interactions mediated by B-fields 


In our theory, all weak interactions are brought about through the interaction (II) by 
two steps. In the resultant expression for weak interactions, however, there is no distinction 
from Fermi interaction. Therefore we shall take, for a moment, Fermi interaction as the 
ptimary of the weak interactions. 

Now, about the weak interaction realized in nature, we know three kinds, that is, 
Fermi interaction, Boson-Fermion and Boson-Boson interactions. To derive the latter two 
from Fermi interaction, the strong Boson-Fermion (e. g., z-N) interaction is necessary. They 


are represented, for instance, by the following diagrams ; 


b 


b 


where 6 and f indicate Boson and Fermion respectively, and F is Fermi interaction and G 
the strong Boson-Fermion interaction. When all weak interactions are derived from a single 
weak interaction as above, an important suggestion is presented by the regularity of coupling 
constants mentioned in § 1. 

Let 7, be the lifetime of particle a, then the general form of 7, is given, in the 
ite = Cail eas 


ee aie 2 ei » 4 y =) 
1/t.= (27) “E. [Z| Sareea TER O(E.— D1E;)0(ka— dik) (4) 


where E,; and k; are the energy and momentum of final particle i, and 
I= VE, (kq|H!| ky k,) IY E, 


is an invariant transition matrix. Extracting Fermi coupling constant ie we may express I as 
I= fM(G, m,) 


where M would be a complicated function of, for instance, the strong coupling constant G 


and the masses of the particles in virtual and real state. Under this preliminary, rewriting 
c > 


the expression (4) in the unit r,(107' cm) =1, we shall obtain 


1/t4=3 X 10°(sec™!) -f?-|MI?- p# (5) 


from the dimensional consideration. , is the final density including (27)' in (4). As 


* The numerical factor is nothing but (c¢/r9). 
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is clear from the expression (5), if p,~|M 


724 Iycand f°10 in the natural unit, it 
results 7,107" sec. For the various unstable particles now observed, namely, <(—>37), 
@(—27) and A°(—->P-+77-), etc., we shall see (r—1 and we are also informed of the 
Mretimesof these ‘particles to be 10>°—10-" sec.’ These facts indicate that |M|° is not 
seriously dependent on the transition scheme and takes a value 1 in the natural unit. 
In virtue of this, we shall take the following assumption as a first step : 

(A) Except in the case where some particular selection rules play a role, the con- 

tribution M(G, m,) of the strong interaction to the decay matrix takes a value ~“1 

in the natural unit. 


This assumption is not so drastic because the practical calculations so far have not found 


the serious deviations.” 


In view of the difficulty to perform the correct estimation of the 
strong interaction, we shall rather intend to leave the problem to be studied in future on 
the above assumption. This assumption will be used without notices in the following. 

When the above assumption is accepted, the absolute lifetime of each decay process 
is not a setious problem to be inquired. We shall only mention that the lifetimes of 
various unstable particles now observed are all elucidated in its order of magnitude. More 
precise estimation of the lifetime, —for instance the difference between =>" i) and 
(x + z°*—will necessitate more profound analysis on the strong interactions. The pro- 
blems to be studied in our theory will rather be the following : 

(a) the selection rules for transition processes under the existence of the various 


interactions, 

(b) the dynamics due to the interaction with B-fields and 

(c) the final density. 

These problems play an important role in the determination of lifetime or the competition 
among the various decay modes. 

About the problem (c), only remembering the fact that the large difference of the 
lifetime between #—e decay and free neutron decay is due to the final density, we shall 
rather draw our attention to (a) and (b). These problems will be studied with a special 
notice to the difference between ours and the view-point of primary Fermi interaction. For 
this example, we shall take the decay process of K-meson into leptons. From each view- 


point, the decay process will be given by the following diagrams : 


A A 


M- 


As is already pointed out by K. Nishijima,? the theorem of Fukuda-Miyamato” is not 
valid in the transition processes accompanied with unstable K-mesons or hyperons. Ac- 


cordingly, when Fermi interaction is of scalar and vector type, scalar K-meson cannot be 


* Because of the mediation of charged B-field, we can expect the existence of the difference in their 


decay life time. 
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forbidden to decay into lepton.* In our theory, on the other hand, scalar K-meson can 
decay, only when B-field is of scalar type. The above mentioned distinction lies just in 
this point, namely, that in the view of “ primary Fermi interaction ” the selection rule 
in the transition process is controled by the interaction type, while in our case, it is 
rather ruled by the type of B-field concerned. At this moment, however, this distinction 
cannot be examined because the established facts are too meagre to find the distinction 


in selection rule successfully. 


) § 4. Decay processes 


In this section, to show a way of application of our theory to the decay phenomena, 
we shall give some explanations, although the following discussion is not necessarily decisive. 
To apply our theory to the decay phenomena, we need the identification of the particles. 
Because t-meson is seemingly of pseudo-scalar type, it cannot be identified with (@-meson 
which decays into two Z-mesons. In the following, assuming @-meson to be scalar or 
vector, we shall take only + and @ as unstable K-mesons. On the hyperons, we shall take 
S} and A en bloc and represent them by 1, because }} is able to change into A by the 
strong interaction ((S}—- 1-+7**). In virtue of the lack of the information about various 
competing decay processes, we shall exclude =-particle for the moment. 1 is assumed to 
be spin 1/2 particle. 

In studying the decay processes under the above identifications, we will select the 
following phenomena. Of course we should take account of the possibility that some of 
the following facts would be denied by the future development of the experiment. 

(i) @-+p-+v has been found but /—>e+» has not. We assume K,, to be identical 

with (, but not with c, tentatively. 

(ii) t—e-+v has not been detected also. 

(iii) +t or 05p+v+7° and seemingly —e+v-+7° are found.” 

(iv) A"->p+e-+» is not yet detected. 

Now we shall study the predictions from our theory. Owing to the fact (iii), we 
cannot forbid (iv) absolutely. To ensure (iv), we may take (/,7,P)(e7,'v) as the 
resultant interaction derived through B-field, because 7,-interaction reduces the transition 
probability by a factor ~(M,—M,)°/M,? in comparison with other types of interaction. *** 
Pee reece corresponding to the same or opposite parity of A” to that of proton. **** 
The B-field to bring this interaction must be of pseudo-scalar type or scalar type, according 
to that /° and proton have the same or different parity. Because t—e+v is allowed in 
the case of pseudo-scalar type B-field, B-field here should be scalar. In this case, vector 
-meson is also forbidden to decay into electron and neutrino. tT >e+v+7° is allowed and 
O—e+v-+7" will be expected to be damped from the kinematical consideration. @— p+» 


* n and A are assumed to have same parity here. 
naa ‘ : : 
With the progress of the experiment, more refinement will be necessary. 


WK Te should be noted that f-decay of A is estimated to be less frequent than A->p+z decay by a 
factor 1/200 in the case of scalar type Fermi interaction.» 


** Electron and neutrino are assumed to be of same parity. 
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becomes comprehensible under the introduction of vector type B-field between (A°P) and 
fe enln this case; U (and rt) tytn can be tealized. In the case of scalar (@, the 
solution is not able to be found in our theory. The limitation for the particle as this 


follows from the facts (i)---(iv). When one of these facts, for instance, (iv) is neglected, 
the possibility extends considerably. 


Now, we shall present an example of B-fields and its interactions which are able to ex- 
plain -decay and 7-1: decay, etc. 


| ln ll 
@ 


Some illustrations will be necessary for this diagram. To give the tensor-type interaction 


CJ B-field type 
@ Interaction type 


of the ordinary [-decay, B-field with spin 2 is introduced. For a mere derivation of the 
tensor-type interaction, we may take a vector B-field and assume its tensor interaction with 
Fermions. In this case, however, we cannot identify this B-field with the vector-type B- 
field which couples with (A°P), because then (— e+» will be allowed, and further to 
maintain the strength of the resultant tensor interaction comparable with that of scelar 
interaction, we must enlarge the value of coupling constant (2’) by two units only for this 
case. For this reason, we have excluded the above possibility. This diagram, of course, 
follows from taking the facts (i)---(iv) obstinately. We should expect the SSB OR of 
this diagram with the future progress of the experiment. The knowledge of =-particle 
will also offer another limitation. In this sense, the diagram indicated should not be taken 


too seriously.* 


§5. Concluding remarks 


In this paper, to understand the various features about weak interactions in a unified 
; . . 
mannet, we have proposed a possible model. In our view-point, all weak interactions are 
Z . 
assumed to originate through the mediation of the charged Bose field B newly introduced. 


While, in the phenomenological stage, our theory is not so different from the view of primary 
? 


* It should be noted that the present diagram does not necessarily forbid 03x. 
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Fermi interaction, we have found some disparities in the selection rules. However, in view 
of the present stage difficule to examine the existence of B-fields, we shall rather intend to 
take our theory as a possible indication for the origin of Fermi interactions which are to 
elucidate the weak interaction phenomena. Further, we should note one exceptional case 
for which our theory alone may not find solution, namely, the prohibition of the process 
pe>e+y. To forbid this process, another restriction, for instance, the conservation of 
lepton-number will be necessary.” 

Finally, we shall present a brief consideration on the families and their interactions”. 
We know two Fermion—, namely, nucleon and lepton-families of which we have nothing 
to be newly added. For Boson-families, we have now three characteristic families. These 
are the electromagnetic field, the B-relds and the <-meson-fields, the last of which is assumed 
to include z-meson, and @-meson etc. These families are also characterized by their 
intrinsic interactions which are, respectively, given by the interactions, (I), (II) and only 
the strong (in contrast with Pais-Nishijima-Gell-Man theory) interaction 


Go pee O; (a, b, @) hy K; (a, b, a) b, (IIT) 


peel 7 


where is the wave function of the nucleon family and ¢ that of the 7-meson family. 
Thus, from our view-point, we may say that Pais-Nishijima-Gell-Mann theory has given 
the systematics of what combinations (a, 6, a) of the particles are realized in the intera- 
ction (III) and that all interactions occurring in nature originate from the existence of 
three characteristic Boson-families with their three intrinsic interactions (I), (II) and (III). 

In conclusion, we should like to express our sincere thanks to Prof. K. Sakuma for 
his kind interest and continual encouragement throughout this work. We also take great 
pleasure in thanking Prof. S. Sakata, because this work has received many suggestions from 


his methodology. 
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Interaction between Electrons in Two-Dimensional 


Free-Electron Model for Conjugated Systems 
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An attempt is made to include the effects of electron-electron interactions into the two-dimensional 
free-electron model of Platt for conjugated systems. The method is explained in the case of the 
naphthalene molecule as a simple example. The excitation energies of the first four singlets are 
calculated. The agreement between theory and experiment is moderate. The method may be applied 
to larger systems with reasonable amount of labor, to which the applications of the usual theories 
based on atomic orbitals may not be feasible. 


§ 1. Introduction 


Using a model in which the electrons freely move in a properly shaped box of 
constant potential, Platt has established amazing results for conjugated systems”. For 
example, ten electrons free to move in a rectangle give the total density distribution of 
m-electrons closely reproducing the geometry of bond skeleton of the naphthalene molecule. 
This, Platt says, suggests that particular ring configurations are stabilized not merely by 
the hexagonal framework of the trigonal o-bond, but also by the self-consistent coincidence 
of the nuclear positions with the rings of high 7-electron density which are formed by 
the semi-free x-electron motion limited by the gross molecular shape. This interesting 
situation seems to mean that the wave functions of m-electrons supplied by the Platt model 
may be considered as useful approximations with realistic meanings to a certain degree. 
Then there arises a natural temptation to include the effects of electron-electron interactions 
in this model. This is the subject for which the result of some preliminary calculations 
will be reported in the present communication. The method of calculation is a straight- 
forward extension of the one devised by Araki and Araki” for a one-dimensional free- 


electron model. 
§ 2. Tnteraction potential between two electrons in a rectangle 


We shall start with a brief consideration of the essential features of the 7-electron 
approximation. For a molecule containing the so-called z-electrons, one explicitly considers 
only the 7-electrons in place of writing out the complete many-electron Hamiltonian 


operator. The other electrons are treated merely as supplementing the nuclear field in 


which the z-electrons move. One writes 


H=>} AQ) +0(1/14)» (2-1) 
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in atomic units, where A(i) includes the kinetic energy of z-electron i, its potential energy 
of attraction due to all nuclei, and its potential energy of Coulomb repulsion and exchange 
attraction due to electrons other than =-electrons and the electrostatic repulsion terms (1/r;;) 


pertain to m-electron only. This procedure represents what is known as the 7-electron 


approximation. 
It appears reasonable to understand the above form of the Hamiltonian as a special 


case of the following general expression : 


H=>) AQ) +> BG j): (2-2) 


where the first term means the one-particle part and the second the two-particle part of 
the Hamiltonian. The manner of separating these two parts in (2-1) is a plausible one 
but other forms may also be possible. If we assume H=S‘A(i) for the 7-electron 
Hamiltonian, we tacitly understand that the 7-electrons repulsions are wholly suppressed 
into the effective one-electron potential field. The free-electron model falls into this category. 
There must, however, remain the effects of the x-electron repulsions which cannot be 
brought into the form of the effective one-electron potential. In this respect, the present 
communication intends to supply an assumption for the second term of (2:2), B(i, 7), 
the first term being given by the Platt model. 

In the Platt model z-electrons are confined to a three-dimensional box of suitable 
shape with constant potential inside. The zmotion is supposed to be independent of x 
and y and constant for all conjugated systems and it may be separated, leaving the two- 


dimensional wave equation, 
Hi =E¢), (2:3) 
H=— (1/2) (p-+p;) +U(x 9), 

where U(x, y) may be defined properly according to the box shape adopted. In the 


following we will treat a rectangle exclusively. In this case 


U(x, y) =0, Oma<L., 0<y< ZL, 

U(x, y) =~, otherwise. (2-4) 
The one-electron Hamiltonian in (2:3) is just corresponding to A(i) in (2:2). The 
equation (2:3) has the well-known solutions, 
ent 
(L,L,)"" 


my (x 9). sin (7n,x/L,) sin (an,y/L,), (2:5) 


My, hy 


ESey 2 (ni /L.+n;/L;), Nn, B41} (2-6) 


In order to take into account the electron-electron interaction we must have a two- 
dimensional version of the second term of the formula (2:2). To meet this need we 
shall follow closely the procedure devised by Araki and Araki in their treatment of one- 
dimensional free-electron model”. Coulomb interaction potential between two electrons is 
approximately expanded in the Fourier series in a parallelepiped with the edge lengths of 
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2L,, 2L, and 2L, as was done by them. If we take an average of the series over a 
range —L,<z,—z,<L,, we get V/2L,, where 


V(x Xp Y—Iy) 
=i, 


wv ; = 1 co 1 
——| >) —_—____cos(an,/L,) (x;—x,) + >) ———-~ zn, /L Ress 
L,L, |= (an,/L,)° ) ? nya! Caipi nu ”) Oe » 
(287) 


0 © 1 
123 Ba pa ype nnd demon td 1-70 | 
Our assumption is that aV is the two-electron interaction potential in the present calcula- 
tion where @ is a variable parameter with a dimension of [L~']. 

The present attempt to include the electron repulsion into the Platt model keeps a 
a very close parallelism with the one-dimensional case treated by Araki and Araki”. It 
is not a difficult task to expose in a general form our calculational scheme with full 
expressions of the formulas. But we will not do so here; it will occupy too much spaces. 
Instead, we shall try to explain the scheme of calculation in an example of preliminary 


application to the naphthalene molecule. Extensions to other cases will be straightforward. 


$3. Application to naphthalene 


In this section we calculate the excitation energies of four lowest singlet states of the 
naphthalene molecule. Our first step is to examine the energy levels in the Platt model 
without electron-electron interactions. According to the Platt’s prescription we adopt 
L,=13.749 au. and L,=10.584 a.u. for the naphthalene molecule as is shown in Fig. 1. 
In this respect it is assumed that the carbon-carbon distance is 2.646 a.u. (1.4 Ad: 


————_ MI) 


—— 13) 

hr > semua fe 6) 

——— (22) 

(31) 

Fig. 1. Dimension of QS (21) 


rectangle for napthalene Fig. 2. Energy levels. 
(according to Platt). 


———$< (ll) 
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If we designate an energy level of the system by a set of quantum numbers (2 pthd's 
the eight lowest levels of naphthalene are (11), (21), (12), (31), (22); 1G2), aD 
andy (41)> -(see.Fig- 2.) 


Then the ground state configuration may be represented by 


(0) A, CED) C71 12) “1 34)- (22), 


As is seen in Fig. 2 two levels, (31) and (22) are accidentally almost degenerated. Four 
lowest excitations corresponding to the four observed singlets are described by the electron 


configurations, 


(1) By, (11) *(21)*(12)*(31)*(22) "(32)", 
B 


(2) ‘2 ¥ (31)°(22)'(41)', 
(3) Ba, > (38) 7622 )7(32)% 
(4) Bea 3 GI) H422) (41). 


Numbers 0, 1, 2, 3 and 4 will be used hereafter as the indices of the states. The 
transition energies of these excitations are listed in Table 1, which are predicted by the 
Platt model without explicit inclusion of the electron-electron interactions. Platt assigned 
the same size of the rectangle both for naphthalene and azulene and so we display in 
Table 1 the experimental data for both molecules after him. 


Table 1 


AEcaic: excitation energy predicted by the Platt model (in cm7!). 


AE ys : first four observed singlets of corresponding polarizations (in cm7!). 


Excitation Polarization AE cate -— re Sn ee a 
Naphthalene Azulene 
(22) — (32) . AE, 286x102 | 32108 29x 103 
(22) — (41) y AE, 39710 59X 108 52 X 103 
Gi G2) y AE, 290X102 35108 15x 10% 
(31) — (41) x AE, 401X10° 45 X 108 36 X 108 
re 


As a next step, let us see what happens if we take account of the electron-electron 
interaction terms. The determinantal wave functions for the ground state and first four 


singlet states can be constructed in the usual manner. Preparing five wave functions, /",, 


Y, Y,, Y, and Y,, we can perform the calculations of the excitation energies in keeping 


a close parallelism with the calculation of Araki and Araki?) and we do not reproduce 


the details of calculations here. Some technical problems encountered in the course of 


calculation are discussed in the next section. First, we calculate the excitation energy for 


each configuration separately, which directly corresponds to the one listed in Table 1, 
and the results are shown in the column (1) of Table 2. 


However, configurations of 
the same symmetry character h 


ave an interaction between them through the electron-electron 


interactions. Then our next step is to work with the following two linear combinations : 
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Reta Mheala il 
a= aV,+a,P ., 


and to solve the corresponding two-dimensional secular equation for each case. The 
numerical values thus obtained are displayed in the column (2) of Table 2. The assign- 


ment of values for @ is only tentative. 


Table 2. The results of the present calculation (in cm™). 
ee — —— — eee 


(1) (2) 
a=0.2 a=0.1 a=0.2 a=0.1 
AE, 413 10° 350 X 10? 355X 10° 329 10° 
AE,” 609 x 10? 503 X 10? 610 X 10° 504 x 10° 
AE,“ 162 X 10° 226 X 10° 162 X 10° 226 X 10° 
Ababa 595 x 10° 498 x 10° 653 X 10° 519 x 10° 


§4. Sum of infinite series 


In the present method, we have to calculate a number of integrals concerning the 
electron-electron interaction, which can be integrated term by term. The results thus 
obtained contain several kinds of infinite series. Afcer Araki and Araki®) we shall resort 


to what is known as the Fourier and Parseval theorem in order to evaluate the sums of 


these series. 
If a, and A, are the Fourier coefficients of the cosine series of f(x) and F(x) 


respectively, it follows from the Parseval theorem that 

[f) F@)ae= (/2) {(1/2) 404 +2} PAN 
If the functions are given by 

Fojse, G4. 0 x=; 

their Fourier coefficients are 

a,= (2/7) A/P+n*)[ (— Wyte 0 | 5 

fered mini, C21), 
whence 


42" @a—1) +1]=|"Fe FO) ds 


EN Lier Sao 1 115 : we 
== 15k 1]+—, [ee +1] > a (2k+1)? (2k+1)° 


Thus we have the following result : 


oo 1 1 1 oe 1 
e 52 ENO yah ee a2 : 
=) 4 + (2k+1) (2k+1) 8A e"+1 
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In the similar manner we can evaluate the sums of several series as follows : 


oy 1 1 7 1 See 
2 2+ (2k+1)? (21)2—(2k+1)? 442+ (21? e*41 
Sere L OT aah Ss 
1 24 (2b? (214+1)?— (2b? 44 #4 (2141)? 1 2” (21+1)* 
ee es es, ee Cae S me <a 
foo P+ (2k+1)? [(2D2— (2k41)°f 4A [#4 (2)*Pe*+1 16(21)* 4+ (2/) 
St 1 il Mats a: 1 eee 
tet #4 (2k)? [(20+1)?— (2k)*F 44 [2+ (2l+1)*Fe’*—1 
7° 1 1 1 


+ T6I+1)? #4 (241) 22 (21+1)4 
We do not display here the formulas already listed in the paper of Araki and Araki” 
and the results which can be obtained by the simple limiting process A—>0 from the above 
formulas. Our final comment is that we have to evaluate a double sum corresponding to 
the last term of V(x;—x, y;—y,j) in (2-7), which is eventually reduces to a single sum 
of an infinite series. Fortunately the convergence of the single sum is of sufficient rapidity 


and usually we need only first 1ew terms of the series. 


§ 5. Discussions 


The results of the present calculation displayed in Table 2 are not necessarily en- 
couraging. However, the present calculation is remaining in a rather preliminary stage 
and there opens a possibility of improvement by means of superposition of configurations. 
This very possibility has been acquired by the introduction of the electron-electron inéer- 
actions into the Platt model. We have treated ten electron problem of naphthalene as an 
example. Applications of our methol to larger systems may be possible with reasonable 
amount of labor. An apparent weak point of the present method is the assumption for 
the electron-electron interaction. We have averaged the three-dimensional Coulomb  inter- 
action over zdirection to get a two-dimensional interaction. But the meaning of the 
procedure is not sufficiently clear. Once, however, it is accepted as established, calculations 
thereafter can be performed without any doubtful approximations. In the usual theories 
based on atomic orbitals, we start with the genuine Coulomb interaction but in the later 
stage of calculation we are forced to resort to several approximations which are not always 
justified. An example of these is the neglect of multicenter integrals. In the present 
method, there do not exist the difficulties of multicenter integrals. 

In conclusion the author would like to express his sincere thanks to Professor G. 
Araki for suggesting this problem and for many valuable discussions. The present work 
has been supported in part by Grant in Aid from Educational Ministry. 
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The possibility of expanding molecular wave functions into a series of functions with a single 
center is examined. The calculations are performed for the ground state energies of H.+ and H, 
with reasonable results. For example, a simple expansion yields 3.80 e.v. as the binding energy of 


H,. The advantage of this method is, above all, its simplicity in calculations. 


$1. Introduction 


The determination of molecular wave functions is more difficult than that of atomic 
wave functions because the potential energy of nucleus-electron attraction involves two or 
more centers in the former case. It is thus a central problem in the molecular theory to 
overcome many difficulties in calculations caused by this fact and to simplify, wherever 
possible, the method of calculations. There are two main types of approximation which 
are most commonly used, known respectively as the valence bond and molecular orbital 
approximations. The valence bond method is essentially a generalization of the calculation 
used by Heitler and London for the hydrogen molecule. Here a molecule is regarded as 
composed of atoms and then the building blocks of the whole wave function are necessarily 
atomic orbitals. In the molecular orbital theory only the nuclei (or nuclei--inner shells) 
are first brought into position, and afterwards the valence electrons are alloted to polycentric 
molecular orbitals. There is no intrinsic connection of this method to atomic orbitals. 
However it is customary to construct the molecular orbitals as linear combinations of atomic 
orbitals. There are of course good reasons for the prevailing use of atomic orbitals as 
building blocks in constructing the whole molecular wave functions. It provides us very 
effective approximations for many cases. 

But the very fact that the electron coordinates have many reference centers creates 
some obstacles difficult to overcome. Above all, the difficulty in the evaluation of energy 
integrals concerning the electron-electron interaction is most conspicuous. ‘T'wo-center integrals 
are usually evaluated in elliptical coordinates by using the Neumann expansion of the 
electron-electron interaction. But this procedure is not applicable directly to the multi- 
center integrals. In all atomic problems we find no grave difficulty like this, where we 
can use the much simpler Legendre expansion because all electron coordinates are measured 
from a single center. This leads us very naturally to the idea of expressing the electronic 
charge cloud in molecules in reference to one appropriate coordinate origin, just as in 


atoms. Crudely stated, this is nothing but the central idea of the works on multi-center 
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integrals by Barnett and Coulson,” Lundquist and Léwdin.” They, however, placed Aes 
emphasis on the mathematical techniques and they confined themselves to the evaluation 
of the difficult integrals encountered in the usual theories based on the atomic orbitals. It 
was a natural consequence that they identified the center of expansion of the wave function 
with the position of one specially chosen nucleus. We can, however, freely choose the 
center of the expansion anywhere if it is appropriate physically and mathematically. In 
this respect we find two very encouraging pioneer works, namely the works of MacDonald” 
and Matsen.” MacDonald treated the problem of higher excited states of the hydrogen 
molecule as a three-center problem. In his treatment the inner unexcited electron occupies 
the orbit of H,* given by Guillemin and Zener? and the wave function of the outer 
excited electron is given by the hydrogen-like wave function with the center at the middle 
point between two nuclei. Of course he had to face a grave difficulty of evaluating three- 
center integrals, which were performed by means of graphical integrations. The most 
instructive point in his work is, undoubtedly, that he judged that, in spite of the tedious 
task of the graphical integrations, the “ three-center description”? of the whole wave func- 
tion was superior to the more usual two-center description both with respect to the labors 
in calculations and the physical interpretations. Matsen tried to calculate the energies of 
the lso, 2po, 2pz, 3dz and 3d0, states of H,*, by using the hydrogen-like atomic orbitals 
with the center at the middle point of two nuclei. For 1so state the result was rather 
poor but for the higher states the results were amazingly good far beyound our first ex- 
pectation. Being encouraged by these works, we naturally arrive at an idea of describing 
all the electrons with reference to one single center appropriately chosen in a molecule. 
We shall begin with two simple examples, the hydrogen molecule ion H,* and the hydrogen 
molecule H,. These may serve as useful means of test and illustration of our procedure : 
one-center expansion of molecular wave functions. 
§2. Hydrogen molecule ion 

The one-electron problem of H,* can be solved exactly and the very accurate values 
of energies and wave functions of various states are now available." Since the higher states 
were already treated successfully by Matsen as was mentioned in the introduction we 


restrict ourselves to the calculation of energy of the ground lso state. We set up the 
one-center o—function in the following form : 


$=c45,(C5 1) +005, (C3 1) ted, (C's 7, 8), rm 
(C32) =N (nC) FY, , 
d,(€; 1, F) =N(n, C)r"e-*Y,, 
Noo, = E™"*LeamtP”, 


where €, €’, c, c and c, are variable parameters which should be determined by the 


vatiation method and n is also a variable integral number. N(n, €) is the normalization 


constant for the radial function and Y, is the normalized axially symmetric spherical surface 


Table 1. 


Nuclear distance R=1.4 a.u. 
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a) (2) @) 
ei 1 1 oveusy 
¢; 0 0 0.253422 
5 10) 0 0.110074 
n a2 ie : ty 
c Z 1.095 is ile 
Gf = << nant as 4.3 
Eecaic — 0.44016 —1.168 — 1.264020 
Eexact i ~ 1.284265 ae 
Table 2. Nuclear distance R=2.0 a.u. 
(1) (2) @) 
cy 1 1 0.651432 
a 0 0 0.339056 
C3 0 : 0 0.179056 
n = = 4 
c 2 0.912 1 
= aa 3 
Ecatc +0.10989 — 0.967 — 1.074755 
eens ~1,102625 au. 


Table 3. Nuclear distance R=2.6 a.u. 


(2) (3) 
C1 1 1 0.626715 
© 0 0 0.364435 
63 0 0 0.227291 
n — — 4 
c 2 0.787 0.8 
es — — 25 
Eesite ++0.49209 — 0.826 = 8932967 
Eexact Zz = 0.975475 au. 
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harmonic of the /-th degree. The essential point is that the origin of coordinates is 
located at the middle point between two nuclei. The results are listed in Tables 1, 2 
and 3. 

In each of the above tables the column (1) shows the result obtained by the first 
order perturbation started from the He atom ground state, the united atom in its strict 
sense of the word, and (2) the result of Matsen’s single-term approximation and (3) the 
result of the present three-term expansion. The improvement in each stage is quite obvious. 
The molecule can bind only in the case of (3). Our result seems to be a little bit 
inferior to the one given by LCAO MO approximation with variable screening but definite- 
ly better than LCAO MO without screening. A further commené is that our efforts to 
find the best values of variational parameters are not exhaustive. Some of them are sup- 
plied through rather unconvincing guess works. The situation is the same also in the 


following section. 


§ 3. Hydrogen molecule 


In this section we shall calculate the binding energy of the H, molecule at the fixed 
nuclear distance of 1.4 a.u. For the convenience of explanations, let us divide the follow- 
ing description into five stages. We hope this proves to have some heuristic advantage. 

Stage (a). As a preliminary step, let us try to calculate the energy of the ground 
state of the H, system by using a wave function, 7 =s,(€;7,)5,(€3 7). This may be 
called a united-atom treatment of H, in the sense used by Matsen® for the H,* case. 
The origin of electron coordinates is of course located at the middle point between two 
nuclei as before. With €=0.935 the result is —1.7022 au. for the electronic energy 
which means the binding energy of —0.32934 e.v. Thus the molecule cannot bind at all. 

Stage (6). The function in the previous stage has an obvious defect. Two electrons 
concentrate too much at the middle point. Next we shall try to remedy this by spreading 
the function as /~¢(1) 6(2), where @ is given by (1) without d-term. Although this 
function is still preserving the complete spherical symmetry around the center of gravity 
it yields a rather unexpected result that the molecule does bind with the binding energy 
0.54289 e.v., the parameter values being n=4, €=1, ¢’=4.3 and iG == 02. 

Stage (c). Although we have the stable molecule in the stage (b), the wave func- 
tion used there cannot be admitted as meaningful because it has a complete spherical 
symmetry. The hydrogen molecule must have an elongated charge cloud. Then a plausible 
guess will be to suppose that the inner electron has a wave function similar to the one adopted 


for H,* at R=1.4 a.u. in the preceding section and the outer electron under the influence 
of the screened nuclear field has an atomic 1s—type wave function. 
is written down along this idea. 


The following function 


P~Gin(1) Soe(2) +Gou(1) Gin (2), (2) 


in =5,(1.1; r) +0.55,(4.3 5 r) + 0.24406d,(4.3; 7, &), 
Pout = 5, (0.8 3 r); 
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where @;, is almost of the same form as the wave function @ of H,* at R=1.4 au. 
dnt is simply an s-type function. This function is the so-called “in-out” type function 
though in a very primitive fashion. The calculation is quite elementary. It gives 2.5766 
e.v. as the binding energy. This result tells us that the single-term approximation for the 
outer electron is too crude for the ground state. However it is probable that it works 
well for the higher excited states. 

Stage (d). As the next step we try to include the so-called “ left-right” correlation 
by adding to the function of (c) stage a term, p(1) p(2), where RGU aNG@. Sree Ye 
This leads to a binding energy 2.8837 e.v. 

Stage (e). This is the final stage of our calculation so far performed. Of course 
this does not mean any final stage of the present approximation. Here we use the follow- 


ing wave function. 
P =c,9,(1, 2) +eoG2(1, 2) +5 9s(1s, 2), (3) 
(1, 2) =[s1(C 3 1) +45(C’ 3 1) 5 (Cs 72) +45s(C" 5 0) ] 
(1, 2) =[51.(C 3 71) +45(C' 3 1) 14a(C’ 5 re Fs) 
edi(C sy, Oy) (E37) antl 3 2) 1), 
(1, 2) =, (6! 3 ty 1) da(C’ tm Os), 


where the origin of coordinates is located at the middle point between two nuclei. This 
may be interpreted as follows. In the stage (c) we alloted a sausage type wave function 
for the inner electron while a simple s-type function for the outer electron. If, however, 
we allot a sausage type function also for the outer electron, we may be able to obtain a 
better result. This is the idea which leads us to the above form of the wave function. 
Another way of explanation may be supplied through the language of the configuration 
interaction. In this way the in-out correlation may be included more reasonably than in 
the stage (c). 

With the above wave function the calculation is still straight-forward and not tedious. 


It gives the following result with the parameter values €=1, C'=4.3, a=0.25. 
. Binding energy: 3.7999 e.v. Che 1 45ax.) 
pas” Bt Coefficients: c,= 0.66109, c,=0.07881, c,=0.06788. 


This is better than the value 3.60 e.v. obtained by Coulson’s best molecular orbital. It 
may be expected that if we add to the function a left-right correlation term like p(1) p(2) 
of the stage (d) we have a binding energy of about 4 e.v. 


§ 4, Discussion and conclusion 


In view of the results of the exploratory applications of the present method to the 
hydrogen molecule and ion, it seems that the situation is certainly not hopeless. But st 
is to be noted that we have treated in the preceding sections only two specially simple 
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examples. The present method must be examined more carefully from the general point 


of view. . 
The first advantage of the present method is the easiness of integral calculations. 


. : ae 
For the sake of convenience, we shall borrow here the notations of Roothaan” without 


explanations. In his notations all that we need are the following three integrals : 
Ci) (Lal%),  (P=0), 
(ii) [a2], 
(iit) [2)2;|, (e=0). 


The nuclear distance, , is entered only in the nuclear attraction integral [a|.2,] and this 


is easily evaluated by means of the auxiliary function 4,,(/), 


oo 


n 
1 


“a (?) =e !/p a Ag (p) — (1/p) [e? +nA,_, (p) | a 


The most troublesome in the molecular theory is the integral of electron-electron interac- 
tion energy, 


CAA \\ [2,(1) 2,(2) /re]dv, do, « 


In the present scheme, however, charge distribution 2,, 2, are co-centric and we can easily 
evaluate the above integral. This is a very favorable situation for the large scale tabulation 
of the integrals. There exist no difficulties of hetero-nuclear and multi-center integrals. 

The second advantage of the present method is its conceptual simplicity especially for 
higher excited states of molecules. We shall publish in the near future the analytical 
version of MacDonald’s works on H, excited states. While we were not so successful in 
the single-term approximation for the outer electron of the ground state of H, as described 
in the stage (c) of the preceding section, the higher states will be treated more success- 
fully. This conjecture is supported by the encouraging results obtained by Matsen.” This 
technical possibility may not be limited to the hydrogen molecule only. 

Needless to say, the procedure of one-center expansion of molecular wave functions 
reveals many disadvantages when compared with the prevailing approximations based on 
atomic orbitals. Expansions of molecular wave functions in one-center functions would be 
almost impossible for the inner electron. still preserving their individual atomic characters 
in molecules. However it is outer electrons belonging to the whole molecular frame rather 
than to atom which play the key réle in determining the physical behavior of molecules. 
For these outer electrons, the atomic functions form less satisfactory building blocks and 
conversely the present one-center expansion may increase its suitability both physically and 
mathematically. Meanwhile the difficulty concerning the inner electrons concentrated on the 
nuclear positions might be side-stepped by means of certain semi-empirical procedures. In 


addition the recent advance in computing devices encourages the hope that it may become 
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possible to expand in good accuracies the molecular wave function into a series of one- 
center functions by including a large number of terms. 


The author wishes to express his sincere thanks to Professor G. Araki for his kind 


encouragement. 
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Letters to the Editor 


On the Feynman’s Theory 
of Polarons 


Kazuo Yamazaki 


Research Institute for Fundamental Physics, 
Kyoto University, Kyoto 


February 22, 1956 


Recently Feynman’ developed a power- 
ful approach to the polaron problem, namely 
he has introduced the variational method 
to the path integral formulation. His 
results cover fairly well all values of the 
coupling constant, and the detailed com- 
parison with the more usual method is 
given by Hohler.” Although the method 
could have much wider applicability, as it 
is based on the path integral, the choice 
of the trial functional is limited to quadratic 
forms; and thus it is desirable to find out 
how his method may be expressed in con- 
ventional notation, for a wider class of trial 
functional might thereby become available, 
as Feynman himself suggested in his paper. 
Even if we limit our attention to the polaron 
problems, it cannot supply any knowledge 
about the wave functions and it is difficult 
to estimate the other physical quantities, 
although Feynman’s method is very useful 
for the ground state energy problems. 

In this note as a preliminary to find 
out the trial wave function which just gives 
the Feynman’s result, we develop a way to 
express his method in conventional notation. 
Our method consists in the transcription 
of the path integral to the operator calculus 


of Feynman,” and to the Hamiltonian 


formulation. 

We use the same symbols and nota- 
tions as those used by Feynman and cite 
his equations as, for example, (F-1), etc. 


Let us write 
H=H,+H, (1) 


where 


pee: we 


47” 


Seta. em kX —a,e* -~ 


(2)* 


First we introduce a fictitious field operator 
A, which should describe the p—wave phonon 
cloud and has the following properties, 


[A A;*|=0,,, [A,, a;*|=| 24, a,|=0, 


etc. (3) 


Roughly speaking, in Feynman's method 
the phonon cloud is taken to be the p- 
wave, which is governed by the Hamiltonian 
H, (see below) and is treated exactly, and 
as the parameter of variation the best value 
of their frequency w and coupling strength 
C are determined. 


Let us consider the Hamiltonian 


A,=H)+ Ay, 


where 
H,=0(4*+~2€ v2C X)(4+~2€ ¥2C x) 


ow 


=< a4 g'—3) + 


* (Fel) contains a misprint by a factor /2 « 


Letters to the Editor 509 


+2VC(X$) +22 x74) 


w 
@ and zt are defined as usual: 6=(1/ 2 ) 
xX (A+ A*), t= (i/V 2). (A*—A). H, 
is so chosen as to become 


ES ered RAG Saar (5) 


where |@,,)> is the vacuum state belonging 
to a, and A, namely it is defined by 
a;,|P% 49 =A|M%4>=0. Note that S, is the 
operator concerning the electron variables 
DU ie 

We can diagonalize the Hamiltonian 


H, by a unitary transformation U, 
U'H,U=H,+vB*B+3/2(v—a), 
(6) 
where $= V w/20(B+B*), zt=iV 0/20 
< (B*—B) and v=o'+4C/o. U is 
given by 
U=exp {i sin“! (V4C/’) 

x (VoXn—(1/%o) P$)}. (7) 
Thus we can find the ground state of H, 
with the eigenvalue EF, as 

H,|¥)=E,|¥ ), E,= (3/2) w—a), 

|P >=U| Py), (8) 
where B|%,)=a,|%,)=P|%,)=0. We 
thus see that the Feynman’s lowest energy 
value E, belonging to the action J, is the 
lowest eigenvalue of our Hamiltonian FH, 
and represents the increase of zero point 
energy due to the coupling C. 

With the aid of this supplementary 
Hamiltonian H, and using the operator 
calculus of Feynman,” we can find without 


much difficulty that the expression A of 
(F-31) can be obtained from 


(OH, (H,—E,)7H|F>. (9) 


Te just has the form of the second order 


perturbation formula, H, being the un- 
perturbed and H, the perturbation. This 
is our main resule obtained in this note. 
Note that, as H, has no diagonal element, 
(H,—E,)~* has no singularity in eq. (9). 

Finally the B of (F-32) can be ex- 


pressed as 
B=(P | (2C/w) X? 
— V2CX(H,—E,+0)1*V2CX|¥), 
(10) 


if we directly transcribe the Feynman’s 


method using the operator calculus. It can 


be expressed also by 
B=(¥ | (2C/w) X°+ VC(X$)|F> 
=(P| (1/2) P?|F =F |? ). 
(11) 


Thus we can express the Feynman’s results 


in our notation 


E=E,—B—A 
=(¥|H,—H,— H,(H,—E£,)*H,| 2 ). 
(12) 
This can be interpreted as follows. Let us 


consider the Hamiltonian H,+ H,+ H,;= 
H,+H, the minimum eigenvalue of which 
is certainly larger than that of H, as Ay, 
is positive definite, and if we apply the 
second order perturbation formula, H, being 
perturbation, we obtain E,—A. Now we 
must subtract the contribution due to the 
extra interaction H,,, which is given by the 
increase of the kinetic energy of the electron 
ie. (Y|P?/2| )(=B). 


obtain the simple interpretation of Feynman’s 


Thus we can 


theory in terms of the usual notation, but 
it is regrettable that owing to the lack of 
the powerful ‘inequality corresponding to 
(F-10), we cannot yet complete our pro- 


gram, as the sign of the higher order terms 
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cannot so easily be estimated. 
If we express H to be H,+ (H—H,) 


and treat H—H, as perturbation we obtain 
B—A— (1/3v) B (13) 


but as the higher order contribution has 
no definite sign, it cannot be used. 

We can generalize the Feynman’s 
method by taking the electron mass in the 
action S, as the variational parameter, 


namely we consider 
. 


Hi = (1/2m)P*+ | dh acta. + Hy, (14) 


We can proceed in the same way as the 


above and the final answer is 
E/=E,—B— (3/4) (1—m) 
xK {(v’—«*) /v} — VvmA, (15) 


which gives somewhat better results than 
those of Feynman in both strong and weak 
coupling regions, although the main term 
never changes. 

I should like to express my heartful 
thanks to Prof. S. Hayakawa for his kind 
interest shown to this work. 
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Hydrodynamical Theory of the Mul- 
tiple Production of Particles in High 
Energy Nucleon-Nucleus Collision 


Chikashi Iso and Masatomo Sato 


Department of Physics, Tokyo University 
of Education, Tokyo 


April 13, 1956 


In the cosmic ray experiments, we have 


more chance to observe the multiple produc- 
tion of particles in the nucleon-nucleus 
collision than in the nucleon-nucleon one. 
I: is therefore desirable to apply the theories 
of the elementary process of the high energy 
nuclear interaction to the nucleon-nucleus 
collision and compare the characteristic 
results with experimental data. The appli- 
cation of the Fermi theory is well-known. 
So we shall consider here Landau’s hydro- 
dynamical theory.” It may be interest- 
ing to note that the continuous medium 
model of Landau, when applied to the 
collision of a nucleon (or light nucleus) 
with a nucleus, bears some resemblance to 
the so-called ‘‘ individual ” collision model. 

The nuclear mass number dependence 
of the multiplicity of secondary particles 
was calculated by Belen’kij and Milenkhin” 
in the hydrodynamical theory, but the result 
was much similar to the one which had 
been obtained from Fermi’s theory. So 
we have treated the motion of the nuclear 
fluid to get the energy and angular distri- 
bution of the emitted particles, by solving 
the equations of the relativistic hydro- 
dynamics under suitable boundary conditions. 
We here report only the results and the 
detailed calculations and discussions will be 
published later in this journal. 

Consider a nucleon, with Lorentz con- 
tracted thickness d and momentum and 
energy (P, E), which collides with a tube 
of nuclear matter, with thickness nd and 
momentum and energy (—nP, nE). We 
are considering the problem in the equi- 
velocity system of reference (e.v.s.), i. e., 
the coordinate system in which the incident 
nucleon and the target nucleus have the 
same magnitude and the opposite directions 
of velocity. m is approximately equal to the 


If we 


number of nucleons in the tube, 
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confine ourselves to the case. m<3.7, the 
potential of the one-dimensional motion of 
the fluid, introduced by Khalatnikov,’ can 


be obtained as follows : 


1(a, B) = | dal,(VA(a—a)p) 
XF (43, t, %) 
+ \db1,(“Aa(3—8)) 


X Fb; bh, —%;)'5 (1) 


where, I, is the zeroth order imaginary 


Bessel function and 


F(a; ty, %) = — (1/2)[ (.—1/2—B) 
X (t,—%) exp {— (¢— 1/2) a} 
+ (Gy +1/2—B) (ty +%) 
xX exp {— (q+1/2) a} — (cy—2B)t, 
X exp (—ca/2) |. 


This was obtained under the boundary 
condition that, at the both wave fronts, the 
solution should be connected with the simple 
wave solution. In eq. (1), the variables 


(a, 2) are defined by 
a2=7— (y/co)» P=—n— (y/o) 


with T/T,=exp(y) : the temperature divid- 
ed by its initial value, and v=tanhy : the 
velocity of the fluid element in the e. v. 
A and B are related to the sound 
velocity cy), which we have assumed. to be 
constant, by A=1—2c) + (1 — 3c)? / (4c) 
and B= (1—3c,)/(4q)- (In Landau’s 
theory, c= (1/3)'", A= 1/3 and B=0.) 
tx, and f, x, are the time and positions 
at which the out-flow of the matter begins 
in backward and forward directions, respec- 
tively. The coordinate variables + and. © x 
ere related to the y and 7 by the relation” 


system. 


t=exp(—y) {(07/dy\coshy — (A7/97)sinh7} 
x=exp(—y) {(07/dy)sinhy —(97/dy)coshy} . 

(2) 
where 7=7 exp(—y). 

From the exact solution (1) and (2) 
of the one-dimensional fluid motion, we 
have obtained the approximete expressions 
for the temperature and velocity. The 
energy and angular distribution of the 
secondary particles can be estimated from 
them roughly. Some characteristic results 
from our calculation are summarized as 
follows : 

1) The ratio of the amount of energy 
carried in forward and backward directions 


(in the e.v.s.) is 
eperatt : Eackwara = IPS ie 


(In Fermi’s model, this ratio is 1:1 in 
the c. m. system.) 

2) Most of the emitted particles are 
slow with energies not so much different 
from the nucleon rest mass, and about equal 
numbers of particles are emitted in forward 
While as for 


particles with very high energies (totally 


and backward directions. 


several ten percents of the available energy), 
they are emitted in the forward and backward 
direction with the ratio 1:n. (In Fermi’s 
model with zero impact parameter, every 
particle has the same energy and _ emit- 
ted isotropically in the c. m. system.) The 
angular distribution of particles, in the 
laboratory system, will become more sharp 
than in Fermi’s model. 

We finally remark that the angular 
distribution of particles in the nucleon- 
nucleon collision, which we can estimate 
from the solution (1) and (2) wich n=1, 
is somewhat more sharp than the approxt- 


; : ; 
mate formula given in Landau’s paper,” 
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if we disregard the uncertainties in the 
rough treatment of the three dimensional 
motion. 

The authors wish to express sincere 
gratitude to Prof. H. Fukuda, Prof. Z. 
Koba and Mr. S. Amai for their many 
valuable discussions. They are also indebted 
to Prof. Z. Koba and Mr. T. Yoshimura 
for the information and translation of the 


Russian papers. 
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Orbits of an Electron in Static Electromagnetic Fields, I 


Giiti IWATA 


Department of Physics, University of Tokyo, Tokyo 


(Received April 4, 1956) 


Static electromagnetic fields in which the Hamilton-Jacobi equation of an electron is integrable by 
separation of variables are determined. The field for a perfect imaging system is rediscovered. 


§1. Introduction and outline 


Recent progress in the field of electron microscope, mass spectrometer, accelerator, etc., 
encourages one to study the general properties of orbits of an electron in static electroma- 
gnetic fields. Since the close of last century an ingenious approach to the study of orbits 


has been opened by Poincare, succeeded by Birkhoff, Morse and others. The approach is, 


however, not a paved one. 

When the equation of motion is integrable, not merely the study of orbits is more 
tractable, but some features of orbits otherwise to be overlooked may be revealed. 

The determination of the Hamilton-Jacobi equations, that are integrable by separation 


of variables, has a paramount importance for the integration of the equation of motion 


and has a long history. 
In 1893, generalizing the Liouville’s theorem, Staeckel” showed that a dynamical 


system with its kinetic energy 

Ly. 2: dh; de 
is integrable when the hs have the expression 

1/ h; =¢", (S) 
||==%, @;, being a function of q;, alone. 


the matrix ||¢"|| being inverse to the matrix Ilo;51| 
He showed further that there exists not only the energy integral 


SALE 


S1/h,- pi = DGG" pe = 2% 
but also n—1 other integrals 


pe" pr =2% (ke=2; 3,-++, m) 


p: being the momentum conjugate to q;. 
In 1893 Goursat?) showed that when the pocential function B of the dynamical system 


has the expression 
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B= Sloe Pi, f; ree Ds, (q;) F) (G) 
the Hamilton-Jacobi equation is integrable and has a complete integral 
Ok t+>} v2 (a, Pi +a, Piet nies SiGe Cin — hi) dq; > 


gales s*4 te (DEIOS arbitrary constants. . 
In 1904 Levi-Civita® showed that the Hamilton-Jacobi equation is integrable by se- 
paration of variables when and only when the Hamiltonian H satisfies the n(n—1)/2 


equations of the second order 


ah 0H oH OH solimeo tt 0H 0H Ort 0H 0H Oe 


Op: 8p, Aq. 9g; pi qs, 3g: Op; 8g: Op; Op: 99; Aq. 99; Api OP, 
=0, isfy (L) 
Levi-Civita determined the H of two degrees of freedom, leaving the determination of the 


H of three degrees of freedom to Dall’ Aqua” 
In 1924 Weinacht”) determined the 4,’s in the euclidian space of two and three 


, who solved the problem completely. 


dimensions together with respective potential functions. His result is, however, cursory 
and not complete. 
In 1928 Robertson” remarked that the Schroedinger equation 
i fe) vq Og 


mn R(E—V)$=0, g=hy-hy 
vy 04g; h; qi rah ‘ : 


is separable when the Hamilton-Jacobi equation is of the Staeckel form and when det / 
=VI filq-firldn)> fi being a function of q; alone. 
In 1934 Eisenhart’? showed that the latter condition of Robertson is equivalent to 


the vanishing of Einstein tensor 
Ryx.=0 


so that the Schroedinger equation is separable simultaneously with the Hamilton-Jacobi 
equation when the space is euclidian. Eisenhart determined further the /,’s in the eucli- 
dian space of three dimensions and_ respective potential functions. 

In this paper are determined static electromagnetic fields in which the Hamilton-Jacobi 
equation of an electron is separable. 

Separable coordinate systems and respective Staeckel matrices are listed in § 2. 
Electric fields, magnetic fields, electromagnetic fields are listed in §§ 3, 4, 5 respectively. 

Let the line element be denoted by 


dr sh dq, +h, dqy' +h, dq, 


in a coordinate system (q,, q., q,), then the Hamiltonian of an electron in a static field 
is written 


H= (1/2h,) (Pp, —b,)*+ (1/2h,) (p.—b.)° + (1/2h,) (p3—6,)°+B 


where 
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b,=e/m-A;(q, qo qs) 5 

B=e/m-A(q,, qo» q3) 
are respectively vector potentials and scalar potential multiplied by the specific charge of 
electron. 


2 . . > Om yet e . vo 
The 4;’s are determined by the Levi-Civita’s condition (L) combined with the Lamé’s 
! ; ; : ; : 
equations. The 4,’s thus determined are identical with that of Hisenhart except for some 


notations. 


When the field is purely electric, the scalar potential is determined by the Goursat’s 
condition (G) and the Maxwell’s equation 


ol ere A, by oP Sates h, OB 
a hy 09; 


When the magnetic field is present, the determination of 6, and B is difficult. The 


Levi-Civita’s method is cumbersome. The Staeckel’s method of special values*? combined 
with the method of Caratheodory” concerning radicals is employed there. The equations 
for 6; are 


2 (9/Oqx) «(V9 /bihx) fix=9, 


f= (9b: /9qu) — (8bx/ 299i) J=hy by bys 


The magnetic field strength is represented by three orthogonal components 


H=(/Vby by) ‘for H=/%b, fav Hye= C/V: 4) fin 


that contain the factor e/m. 

An objection is raised that to exhaust all integrable systems might be nothing more 
than a mathematical exercise that is out of use in physics. A brief inspection into the 
list of § 5, however, shows us that there appears repeatedly the field for a perfect imag- 
ing system,” which was discovered by another approach. It is shocking. The study of 
all systems integrable by separation of variables secms to be a task worth working for. 

The writer is much obliged to Prof. Miyamoto for his criticism and to the members 


of Miyamoto laboratory for their encouragement. 


§ 2. Coordinate systems of Staeckel 


1) Cartesian coord. 


ds’ =dq,? +dqs" +-dq," | 3 he 1 
P~' 1 4 
=di +dy'+dz, 0 0 


2) Cylindrical coord. 
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4) 


5) 


6) 


8) 


9) 


Spherical coord. 


Elliptic coord. 


Parabolic coord. 


de=dr +r di? 4dz | Ged yes oI 

Kear cos P=| 0 1 0 | 

yer sin 0 from or a | 

Roem 

de =dr +r di +r sin? Ady” get asa athe yy | 
xeeresin O cos 2 P=! 0 1 —1/sin°d | 
y=r sin @ sin 9 | 0 0 1 |- 
z=r cos @, 

ds’ = (ch? u—cos’ v) (du? + dv’) +-dz | ye 
x=c chu cosv P= 1 ¢ ch* u 
y=c sh u sinv | —1 —c* cos” v 
z=Z, | 10) —~ i 
ds? = (wu? +0") (du? +-dv*) +dz’ 

xan 2s (u’—v*) P| 1 ue 0 | 
Dima ome Tea 
Ki Kes fe OS an 


ds*=dq," +9)" ( f2(q2) +fs(4s) ) (dgs’ +495") 


Oblate spheroidal coord. 


fi=fi) hida ond Age, ag 
G=|0 f, —14 

ie od ieee Pest fal 1° fs : | 

ds*=(ch* u—cos* v) (du? +dv*) +c ch? u cos? v dv 

x=c ch u cos v cos @ | ech? u —1  1/ch? ux 

y=c chu cosv sin g P=| —Ccos’v 1 —1/cos? v 

Z=—C sh uv sin, | 0 0 1 


Prolate spheroidal coord. 


Paraboloidal 


ds’ = (ch? u4-sin® v) (div? +dv®) +2 sh? u sin? v dy” 
x=c sh u sin v cos Y | & sh? u —1 —1/sh?u 
y=cshusinvsing @=| @sinty 1 — 1/sin°v 
z=c ch u cosv, | 0 0) 1 


coord. 


de = (uv +v") (du +-dv*) +" dy* 


X=uv cos ~ | « —1 —1/u} 
y=wv sin © P=| 1-1/0? 
z= (1/2): (w—v’*), | 0 0 1 


10)  Elllipsoidal coord. 
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ds = (fifo) (fi —fs)dqy + (fo—fi) (fo—fs) qn SiS ft) (fs—fe) 445 


fi=f(q) ees 
= ite fs 1 
fP=4fe taf +efty | fe fs 1 


11) Confocal-paraboloidal coord. 


The same form as the preceding 10), except that 
fP=AfP + oft. 
§ 3. Electric fields 


1) Cartesian coord. 


B=¢, (x) +. (y) +9, (z) 


ff), =ax + a,x 


(o= By +Biy (Ee) 
$= — (a+P)2+7z+n1 > 
7, , 7, being arbitrary constanis. 


2) Cylindrical coord. 


1, (0 
B=¢, (1) +2 4+.4,(0 
ie 


; # etek 
= ar — ay log r+ Bee +f sin 2 pag tyz+n- (E 2) 
la 


3) Spherical coord. 
(0), ld) 


B=¢ 
Oe: fa r sin’ 0 
eet ee ae BP, (cos @) +AQ (cos 0) + if cos 22 ach sin 29 : (E 3) 
, Fe r sin’ 0 


P,, Q, being Legendre’s functions. 
4) Elliptic coord. 
B= fy (u) +¢.(v) +h,(z) 


2 (ch? u—cos’ Vv) 


_ B+ Bu)sh 2u-+ (B+ Bo) sin 20 _ ae (ch 2u-tcos 20) 


¢ (ch? u—cos’ v) 


41/2:-a2+azt7- (E 4) 


5) Parabolic coord. 
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pa I) + G00) 4 4, (2) 
uty 


= acu! “Or ) +8 (u'—v") + Bu +8ov 
uty 


—Sazv+7z4+7,. 
Po (qo) +s (4s) 
q ( fo(qo) +f (4s)) 
= a/qi +a « 
7) Oblate spheroidal coord. 
pa fi) +4o(r) a ¢.,(@) 


¢ (ch? u—cos’v) = ch? u cos” v 


6) B=¢, (41) ef? 


= d a (sh tan’ sh u+sin v tanh sin v) 


e (ch u—cos° v) 


-a, sh uta, sin o| “a B cos 20 +8, sin 29 
] 2 


} ¢ ch* u cos v 


+;. 


8) Prolate spheroidal coord. 


Ba (uv) +$,(v)_ = V(@) 


C (sh? u-tsin® v) Cc sh® u sin? v 


1 = 
= 1a (ch u coth™ ch u+cosv tanh~ cos v) 
¢(sh° ut sin? v) 


3 : re 
+a, ch u+a, cos v} + F cos 29 -+/3, sin 29 je9 


¢ sh® u sin? v 


9)  Paraboloidal coord. 


patil) +$n(0) ba) 


uty uv 
_ @(u'—v") +a, (log u—log v) +a. 

uv" 

3? cos 29+, sin 2 
+ Pty, 
up 
10) — Ellipsoidal coord. 
ize te a (q\) . fr (qs) ps (q,) 


Salts Spa REE Hes: ar 
(fifo) (fi- fa) (ffi) (fifa) (fs—fi) (f—fe) , 


$6 (4:) =fi' (9) \\ a dq; +a, 


(E 5) 


(E 6) 


(E 7) 


(E 8) 


(E 9) 


(E 10) 
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FCF) =7f’+nftre : 
11) Confocal paraboloidal coord, 


the same as 10), except that 


Ff) =7f' tn fetrnf +rsftn- (Eee) 


$4. Magnetic fields 
1) Cartesian coord. 
2 Efe (p,—P.) (Pushy) Py 
b.=6,z, 6,=Poxz (M 1) 
H,=6,, H,=—f,, 4.=0, 
2) Cylindrical coord. 


2H=p, 44a. ae + (p.—4.)* 


b,=1/2:a 7, 6,=6 logr (M 2) 
H,=0, H=6/r, H=—a@ 
The field H,=(/r is produced by a rectilinear current. 
3) Spherical coord. 
2H=p,+ p/P + (Pe—be)'/r sin’ G (M 3) 
b,=P cos 0 
HeesBin FH,=ti,—0. 


The field H.=f/r? is produced by a magnetic monopole. 


§ 5. Electromagnetic fields 


1) Cartesian coord. 


a) 2H= (p.—$.)? + (py—5y)* + Pe +28 

b=, % by=Po% B=rztiy (EM 1) 
f) 2H=p2+p/ t+ (p.—62)° +2B 

b,=1/2-B(e—y) +B x+Ps 9 (EM 2) 


sa(2 wee $AP—fo)~ Fi (e+) 


— aC x°— /yy°) a (xP? — 9?) 47x oY +73 - 
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2) Cylindrical coord. 


a) 


) 


7) 


3) Spherical coord 


a) 


) 


4) Elliptic coord. 


2H=p2+(bo—o) + (p,—6,)* +28, 
Yr 


» 


be= (1/2) Ot b.=P logy, B=y logr+in- (EM 3) 


Py soa PAG ee REPE TF: 
3 


byp=r'(B, z+), (EM 4) 


if 9 a 9 1 r iG 4 
Se ES To l Sa 3 + cf 
B ral met ; r +a, log r+ aE (f, | 


aes L4nztyo— (1/2) 7 (Biz+he)”- 


9 


2H=p?+P* +4 (p.—b.)?+2B, 


r 


=—c 
b,=a log r+ : ean ) > 
B= Pie ane 4(0—€) a 88 sin 2(A— c) 
4r' ae 


— (a@ log r+a,)/r°-f cos 2(9—€&) —f, log r—PB,. (EM 5) 


she ey eo mien eal) AE 
2 


Yr sin? @ 


b= cos 0, 2B = isa ae Eo 2) +7 Gol us . (EM 6) 
2 


r 
9 9 ; Se OM) + } 
b= Br? sin. Gy 2B= Sl dia (Prt iP, oxy ae! Qi (es 
r 3 ie 


—P 7 sin? 0. (EM 7) 


2H=— Pu Pe —-> (p.—6.)° +2B, 
c (ch> u—cos” v) 
i caee 8, sh 2u+-/, sin 20 


o « 2 
ch? u—cos” v 


9 Ba _Oich 2u+a, cos 2v ‘i, (8,—Pu)sh 2u-+ (8,—v)sin 20 


ch* u—cos" v ch? u—cos” v 


a, +a,=2(8)+8,’). (EM 8) 


° 
—b, > 


5) Parabolic coord. 


Nae 


Orbits of an Electron in Static Electromagnetic Fields, I 521 


2H= bu wpe ope.) 2B, 


vty 
b=a(v’— —v 9) iia obidhae 2: 4 
uv 
Res a?~ta, Ae scaeahs 
2B ae LE Ae 4 haere —a10) — = wr +0")| (EM 9) 
sp late 4+ B(@—v) +7— 
uv 
7) Oblate spheroidal coord. 
2 2 9 
2H= joy ae/eh (pe — 55) 2B 
¢ (ch? u—cos” v) a ech? u cos” v wee 
bs==8e «ch® w'cos?*v 5 (EM 10) 
4 - 4 
2B Bc ch “cos” p=? pe Bhp se aaak ef : 2 fa sh u--a, sin v 
3 ch* u—cos'v = ch” u—cos_v 


+a,(sh u tan sh u+sin v tanh™ sin ») | + 


8) Prolate spheroidal coord. 


wo +p »—b,)° 

2H Pu Se (Po P/ DIB, 

¢ (sh? u-+sin® v) a e sh # sin’ U 6 

b,= Pec sh’ u sin’ v, (EM 11) 


¢ : 9 9 h! = f (0) 1 
2B+ #2 sh® u sin? v= S Ges ae ae = == 
3 sh> u+sin® v sh> u+siné v 


{a ch u+a, cos v 


+-a,(ch u coth™ ch u+cos v tanh™ cos v)} +7 - 
9) Paraboloidal coord. 
2H= beth 1 (Po—be)” + op, 


wv uv™ 
b= 8 v, 
2 6 6 
2B4+ Sw? = ie Ee gt a : {a (ut—o') (EM 12) 
By ae u-+u 


DAtige emu wae 
If one puts all constants =0 other than § in (EM 7), (EM 10) and (EM 11), one 
gets the field for a perfect imaging system 
Ba 0e 26 
B=6t/6-(—#—y'+22). 
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Tt will be shown (1) that the Dirac equation of electron fits exactly in the pattern of theory 
required by the method of double inferential state-vector (hereinafter referred to as DIV-method) 
which was introduced to establish a perfect symmetty in time! and (2) that application of the DIV- 
method to fields leads to a third quantization similar to the formalism proposed by Tanikawa*). This 
paper is intended to shed a further light on the relationship between the electric charge and the two 
directions of time, and to suggest a consistent method of handling negative energy fields. A new 


concept of “supercharge” will be introduced. 


§ 1. Introduction 


In classical mechanics, we deal, at different stages of theory, with a single particle, an 
ensemble of particles and then a Gibbs ensemble, or an ensemble of ensembles of particles. 
If we pass from the quantum mechanics of a single particle to that of an ensemble of 
particles by a procedure called second quantization, it may not be an idle suggestion to 
construct a quantum mechanics of an ensemble of ensembles by a third quantization or a 
superquantization. There should not be any justifiable objection to the proposition that 
the classical concept of Gibbs ensemble may have two quantum-mechanical counterparts, 
one in the density matrix and the other in the superquantized ensembles, offering probably 
two different viewpoints in statistical handling of empirical data. One of the objections to 
y be that one cannot actually prepare an ensemble of ensembles at 


a superquantization ma 
ection can obviously be directed to the classical Gibbs ensemble. 


hand. However, the same obj 
This actual unrealizability of a Gibbs ensemble really does not impair the usefulness of 


this concept. Since it is unconceivable, or at least useless, to allow two identical ensembles 


(occupying the same space-time region) to coexist, it seems more natural to follow the 


pattern of Fermi-Dirac statistics in the process of superquantization. 
: f ip es 
These considerations may add an argument in favor of Tanikawa’s idea of superquan- 
which he introduced to cope with the negative energy fields, 


tization of quantized fields,” | ; 
ler’s treatment of scalar and longitudinal photons 


in particular, in connectioy “ith Gupta-Bleu oF 
and with Pauli-Villars’s regulators.” The present paper is intended to show, in addition 
to the above considerations, that an entirely different line of thought pertaining to a purely 


formal treatment of time-symmetry leads also to a formalism fundamentally equivalent to 


Tanikawa’s theory. 
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The method of double inferential state-vector (hereinafter referred to as DIV-method) 
was introduced by the author’ in order (a) to linearize the operation of time-reversal, (b) 
to make the double time-reversal an identity transformation and (c) to treat “ prediction ” 
and “tetrodiction”” on the same footing. This DIV-method can be applied either to 
single-particle quantum mechanics or to field quantum mechanics. It will first be demons- 
trated that in the former application the DIV-method perfectly agrees with the Dirac equa- 
tion of the electron. More specifically, the relation of the Dirac equation to the two-com- 
ponent theory of spinning electron turns out to be exactly the relation of the DIV-for- 
malism to the ordinary quantum mechanics. This analysis will offer a new point of view 
in interpreting the structure of Dirac’s four-component spinor theory. 

The positron theory that solved the problems pertaining to the negative energy states 
in the Dirac theory then serves as the model to reinterpret the DIV-method in which 
also negative energy states appear. This reinterpreted DIV-method, when applied to the 
quantized fields, turns out to be essentially equivalent to the Tanikawa formulation. In 
other words, the relation of the ordinary field quantum theory to the superquantized field 
theory is precisely the relation of the two-component spin theory to the Dirac theory. 

The DIV-method involves a doubling of state-vectors corresponding to the two direc- 
tions of time. As a result, there appears a new degree of freedom, which in the case of 
single particle quantum mechanics is nothing but the electric charge. In the case of 
quantized fields, this new degree of freedom may be called “ supercharge.” Just in the 
same way as Dirac’s positron theory could give a physical meaning to the negative energy 
levels in terms of opposite electric charge, the DIV-method provides a way to make negative 
energy fields physically meaningful by the use of opposite supercharge. It is, however, 
intentionally refrained in the present paper from elaborating this idea into a fixed formalism 
with detailed prescriptions, since there seem to be various possible ways to implement this 
programme, of which Tanikawa’s formulation is certainly one. Although it will not be 
emphasized in the following, the reader will also perceive all through this paper a close 


connection between the DIV-method and the indefinite metric method. 


§2. The DIV-method 


When ¢/,(¢) represents the state of a system, we introduce a second state-vector ¢/,(t) 
by* ; 


(y(t) = R” f,* (4), (2-1) 


where R is a time-independent, unitary operator called reversion operator, the asterisk means 
the complex conjugate, and the superscript 7” means the transpose. If a sign function 0, 
is defined as being —1 or +1 according as the quantity Q(t) to which it refers chanres 
or does not change its sign by the operation of time-reversal, R should satisfy** 


*) See eq. (3-11) of reference 5. Note ¢r(—t) =¢9(8). 
**) See eq. (3-19) of reference 5. 
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Q(— 4) =Pn(R1Q(4) R)?, (2:2) 


for all Q’s. If Y represents a state, R’ @* represents in the ordinary theory its reversed 
state, i.e., the state in which the expectation value of each quantity is /, times that in 
the state Y, provided the time-dependence of the operator Q is appropriately taken into ac- 
count. Thus, ¢/,(¢) and %,(t) represent the reversed state of each other.* The DIV- 
method consists in using ¢/,(t) and #,(t) as equally qualified representatives of the state 
usually represented only by ¢,(¢). 

Let us assume that ¢/,(t) develops with time by the Schrédinger equation : 


Od, (¢) /Ot= —iH(t)¢,(¢), (23) 
or Py (to) =U(t, th) $,(4)> (2-4) 
where OU ai}) / Oba — 4 (t,) (eset) s OCH a) =. (255) 


It is obvious that for a closed system U(t,, ¢,) is really a function only of the difference 
i= 
It follows from eqs. (2:1) and (2-3) that ¢,(t) develops with time according to 


Bia (t) /Bt= IK (0) y() = +1H(—ph(0), (2-6) 
OF (ty) =V (te, t) fo(t) =U(— bt —t,) o(ti) Cee) 


for ~, of the hamiltonian is +1. K(t) and V(t, ¢,) are respectively the hamiltonian 
and the transition matrix for ¢/,(¢). 


As a simple consequence of the properties of the transition matrix : 
U* (ty -£)) el ee, t) =U(t, t), (2-8) 


the following theorem in the ¢/,-representation, 1.e., in the ordinary theory, was proven in 
a previous paper.” 
Theorem: The predictive probability that a system found in state = will be found 


z seconds later in state 7 can be calculated, in ¢,-representation, either by 
P,=|(; U(z, Oe ie (2:9) 
or Pea G27. 0) W) ie (2-10) 


It was pointed out that considering in the second expression eq. (2:10) 7 asa given 
state and ¢ as a state to be arbitrarily chosen, the expression (2:10) suits better an 
alternative interpretation, viz., P, in eq. (2:10) can be considered as representing the 
“ retrodictive ” probability (without other preliminary knowledge) that a system which is 
found in state 7 at f=0 was found at ¢=—T im state €. The “ retrodictive” state- 
vector U(—r, 0)7 which appears in eq. (2-10) is a solution of the Schrodinger equation 
with the final condition that it should become 7 at t=O. Partiality, or rather inconsistency, 


of those metaphysically inclined physicists was pointed out,” who attribute “ physical reality” 


*) This statement is true without qualification in the Schrodinger picture. A more general statement 


will presently be presented. 
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only to the predictive state-vector between two observations. If Soaeeree 2) two differed 
“realities”? (predictive and retrodictive state-vectors) is irreconcilable wich their philosophy, 
they should rather abandon their metaphysical principle. | 

Tt should be noted that the backward development of the state-vector in eq. (2:10) 


as given by 


U(—t, 0)” (2°) 
is the same as the forward development of ¢/,-vector which starts from 7 at t=0, for 
$,(7) =Vi(t, 0)y=U(—r, 0)7. (2-12) 

In other words, ,(7) represents a retrodictive state-vector at t= —v. 


Now, reversibility of physical phenomena means that the probability of a system at 
present in ¢ being found < seconds later in 7 is equal to its reversed probability, i.e., the 
probability of a similar system at present in the reversed state R” 7* of q being found z 
seconds later in the reversed state R? €* of €. The first probability is given by eq. (2-9) 
while the second is given by 


Pp=|(R? €*, U(z, 0) RT n*) (2%. (2-13) 


This probability P,, is equal to P, of eq. (2-9), for it follows from eq. (2:2) with Q= 
H that 


OG,-0) = RO (£0) Res (2-14) 


The reverse probability P,. of eq. (2-13) can be expressed in a much simpler form 
in terms of ¢,-vectors. If we apply the aforementioned theorem which states equality of 
P, and P, to the probability in eq. (2-13), we obtain 


P= |.(R7 »*; U(—-z, 0) R* hd) il (2-15) 


Denoting by ¢, and 7, the We-vectors corresponding g the ¢,-vectors € and 7, we can 
rewrite eq. (2-15) as 


Pr=|(y» Vz, 0)§.) 


. (2-16) 
where V, as introduced in eq. (2-7), is the transition matrix of the ¢hy-vectors. Eq. (2-16) 
shows an exact parallelism with eq. (2:9), and both probabilities are equal provided rever- 
sibility exists. Thus we are led to use either the ¢/ 
useful instrument to calculate the transition probabil 
quantity testing a theory. 


vector or the ¢,-vector as an equally 
ity which is the ultimate measurable 


If ¢,(¢) and %,(#) are connected by eq. (2:1), then we have 
CQ) )= (Hi), QO, (2) 
=Pu(fi(t), RQ" (—t) R7 1) =pal$o(), Q(—D g(t), (2-17) 


in virtue of eq. (2-2). This would mean that we should use in the 9, 


-representation 
the operator : 
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Q, (t) = Pri (= 1) = (R70, 0) R)®, (2-18) 
wherever we use Q,(f) in the ¢/,-representation. 


This situation at first glance seems to cause a difficulty, for the hamiltonian for ¢, (t) 
ia eq: (2-6), 4s 


K(t) =—H(—t) =—p,H(—d), (2-19) 


which contradicts eq. (2:18). To circumvent this difficulty, we can devise two alternativ. 
prescriptions. The one possibility is to divorce the concept of hamiltonian as the genera- 
ting function of the Schrédinger equation from the concept of hamiltonian as the energy 
operator, the former for #, being —~,H(—t) while the latter for ¢, being +2,H(—?). 
The other alternative is to use Q(t) = —(’z Q,(—#) consistently and to say that the actual 
expectation value in 4), is equal to the negative of (¢,(t), Qo(t)yo(¢))- 

The next step in the DIV-method is to incorporate #7, and ¢, in the same system of 


equations, i.e., we introduce the double state-vector ~ defined by 
_( HO a 
ACE ands ps (2-20) 


whose time-development is governed by 


H(s) =( ae aay (2:21) 


In the first prescription, the physical quantity must then be 


DOP Ses SE rerlevan (2-22) 
The expectation value in ¢(¢) will be 
0) = (1/2) YO, COP) (2-23) 
if the same state is expressed simultaneously by the ¢/,-part and ¢,-part. It will be 
0) =), COP) (2-24) 


if a state should be expressed either by ¢,-part or (io-part. The fact that H(t) in eq. 
(2-21) as the generator of the Schrédinger equation is different from the energy operator 
as defined by eq. (2:22) cannot be considered as any internal contradiction, since the 
entire scheme, in the form so far developed, is nothing more, or nothing less, than the 
ordinary quantum mechanics. If, however, we start to consider matrices that mix (not 
merely interchange) ¢f, and ¢., the situation will become different. 


It is easy to see that if P(t) is a solution of the Schrédinger equation with hamil- 


tonian given in eq. (2-21), then 
vm=(2 9 eo (2.25) 


is also a solution, and that 
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(P'(—2), OC) 9'(—D) = Pn. $O.QOMOPM), (2-26) 


showing that 9’(t) represents the time-reversed process of Y(t). The operation of time- 
reversal is thus a linear transformation and its reiteration is the identity transformation. 


According to the second prescription, the physical quantity will be expressed by 


a=(%" SF Oey mee ~(RQ(0 x») aii 


In this case, the expectation value can be given by 
(Q() = (1/2) YO, AQ $)) (2-28) 
if oth ¢,-par: and ¢,-part are used, and 


CQ) = (PO, AO (HP) (2:29) 


if either ¢/,-part or ¢,-part is used. The matrix / defined by 


A ae ) (2-30) 


% 
can be interpreted as the indefinite metric matrix. The time-reversal is, here too, represented 
by eq. (2:25). 
In the interaction picture, H(t) is the interaction hamiltonian, and the physical 
quantities Q(t), whether we use eq. (2:22) or eq. (2:27), are governed by the Heisen- 
berg equation with the free hamiltonian : 


H,=( a A ). (2-31) 


The DIV-method, however, can be used in any picture, 


§ 3. Structure of Dirae equation 


It will be shown in this section that the relation that Dirac’s 4-component spinor 
theory has to the 2-component theory of spinning electron is precisely the relation that 
the DIV-method has to the ordinary quantum theory. 

It should first be noticed that in the 2-component theory with spin matrices o,, Tos 
and o, the reversion operator R as defined in eq. (2:2) should be such that 


Raw O% Ke —o/, C—Ke oh ai (3: 1) 


since the /,, of spin is —1. If a, and o, have real matrix elements and o. has imaginary 


elements, as is usually assumed, R, becomes, in agreement with Wigner’s early paper,” 
simply 


R=, (3-2) 


The linear momentum, for instance, also satisfies eq. (2:2) with R, given in eq. 


(3:2), since the operator p,=—id /Ox; is an antisymmetric operator in the x-representation” 
and ~,, of the linear momentum is —1, 
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Returning to the Dirac theory, the hamiltonian is given by 


H=a, p, +m), (3-3) 
or using the customary representation, 
ff ae We 
H=( P —m / Ce) 
with P= piar,. (3-5) 


Each matrix element in eg. (3-4) is again a two-two-matrix. To use the linear momentum 
representation, the linear momentum 7, and the spin « in the direction of propagation 
vector are respectively given by 


Amd 
T= pi i} (3:6) 
and if (1/2p)( “ 7 , (32%) 
with pai Die i Vp, pe (3-8) 


The hamiltonian given in eq. (3:4) can be diagonalized by the transformation 


matrix T’ given by 


LR iomiig par 9 1 i P. E—m 
T=T=T saa poe.) (3-9) 


with E=|(p’+m’)'"|. (3-10) 


The hamiltonian becomes 
E 0) 


while the transformed 7,/ and «’ are the same as their original forms 7; and « given in 
eqs. (3-6) and (3-7). 
As we can write «’=(1/p) (7, s;/) with 


sf = (1/2)( fe i ), Griz) 


we may interpret this latter quantity as the spin vector. It is true that if we decompose 
« before the transformation by T into p; and s; and then transform this s; by T, we shall 
obtain an operator different from eq. (3-12) and uncommutable with H’ of eq. (3-11). 


This situation, however, will not interfere with the following argument. 
Now we see that H’ in eq. (3-11), 7,’ in eq. (3-6) and s in eq. (3:12) all 
satisfy 
ala 0 ie 3013 
0=(5 —(R QR)" tik 


with R, given in eq. (3:2), in agreement with eq. (2:27) as required by the DIV- 


530 S. Watanabe 


method in the second “ prescription.” All the physical quantities here considered are in 
the Schrodinger picture. 
It should, however, be noted that the quantities thus far considered, viz., H, 7,, and 


s;, are all “ mechanical” in nature, i.e., quantities which do not change their sign by 


ee 


charge conjugation, or symbolically p,= +1." There are at least two “ electric’? quanti- 
ties (i.e., (=—1) which commute with the hamiltonian and the linear momentum. 
One is the magnetic moment / in a direction perpendicular to the propagation vector, and 
the other is the charge density d. The former can be written as (sot; where l; is a 


unit vector perpendicular to p,, ie., p,l;=O0 and /,/;=1. These quantities in matrix form 


B= (ol ogth ine l@oke 1): Cao 


(The matrix / changes its sign by the transformation by T). These quantities fall in 


are 


the type :* 


Q=( 5 4(a QR") Stet 


since z of ft and d are respectively —1 and +1. The scalar spin « considered in eq. 
(3-7) is, in this sense, an electric quantity. Unifying eqs. (3-13) and (3-15), we can 
write 


e=(§ —p.(Re QR)? }. CE 


A complete set of eigenfunctions can now be determined by the eigenvalues of H, 7; 
and «. Since the operators are now diagonalized at least in a two-two-matrix form, their 
eigenfunctions can be classified into those which have only the first two components and 


those which have only the last two components, such as 


P,=( i p.=( ” , (A=1, 2/3) (3-17) 


Furthermore, we see that if a ~, of the form given in eq. (3:17) is an eigenfunction, 
then 


Pa ty) 
Pr oer el RZ b,* (3 : 18) 


is also an eigenfunction in virtue of eq. (3-13) or eq. (3-16), where @ is an arbitrary 
real constant. More precisely, the eigenvalues of H and 7, for 9, given in eq. (3-18) are 
the negative of those for ~,. The scalar spin « has the same value for ~, and 9). 
This of course implies that the expectation value of the vector spin s, for Y, is opposite 
to that for g,. Summarizing we can say that the mechanical quantities have the opposite 
values for ~, and ¢,, and the electric quantities have the same values for , and y~,.. The 


*) The direction of /; is supposed to be kept fixed when time-reversal is applied. 
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scalar spin is here considered as an electric quantity. * 

| This situation is ingeniously exploited in the positron theory by a parallel treatinent 
of emission operators of one charge with absorption operators of the other charge. Namely, 
in Schrédinger picture, we expand a general P(t) as 


= —iE,t - +1E 
P(t) =D) (a, Aye : +6,B,e ae (3-19) 


According to the positron theory, the @’s and the ’s should be connected bye 
By, = —KaX = —iE,Ka,* (3-20) 


where K is the charge conjugation matrix in the E-system. In the representation in which 
a, (consequently a,) has imaginary elements and o, and o, (consequently a,, a, and /2) 


have real elements, K and E, ate respectively given by*** 


K=E,E,=a@,a,=—i/ o, oS E,=—i2,=/ 0 —1 ) (3°20) 
OMROs, re 0 


As a result, eq. (3:20) becomes 


B= 0 oO, jes (3722) 
—0,,. 0 
which is exactly the relationship we have already established in eq. (3:18) if we identify 
a, exp(—iE,t) with ¢, and 8) exp (+7E,t) with ¢). In the two-component way of 
writing, eq. (3-22) becomes 
Pr=oy $y*. (3-23) 


If we build the expectation value of a quantity, eq. (3-16), diagonal in the $,- P)- 


representation, we get 


(Y, OP) =S1(4& aa—e by b,) Qu (3-24) 


where Q, is the eigenvalue of Q in eigenfunction ¢,. This allows one to interpret NYY? 
=4, a, and NO =b, 6, as occupation numbers of states having the same mechanical 
properties and opposite electric properties, provided of course the anticommutation rules 


are assumed for emission and absorption operators. 
5)S) 


It is of importance, particularly in connection with the superselection rule,””’ to note 
that a double application of time-reversal : 
g—R? f* (3-25) 
results in 
p—>R* R? gb. (3-26) 


*) It is of some interest to recall that in the indefinite metric method there sometimes arises a certain 
ambiguity regarding the metric to be used for a product of two quantities. 


*#) See eq. (7-22) of reference 5. 
*#) See eqs. (2-25) and (2-50) of reference 5. 
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; a eyes 
It should be noted that if we use e’“R instead of R the combination R™' R” is not affected. 


If we take the point of view of quantized fields, we obtain* 
Ky Res (3527) 
If we take the one-particle viewpoint in the two-component theory, we get” 
Roe R =o eS ae (3-28) 


which is obviously in agreement with eq. (3-27), for eq. (3:28) refers to one particle. 


If we take the one-particle viewpoint in the four-component theory, we have** 


PE, Kp* = —iKp* = —ia,a.g*=—/ o, 0 ual *. 
(0) Oo» (3-29) 


This is the transformation used by the author in an early paper.” The field theoretical 
Ry applied to results in the same transformation, eq. (3-29), because, as was often 
emphasized by the author, the time-reversal without charge-conjugation is independent of 


5)9) 


commutation rules. If we reiterate eq. (3:29), we obtain again 


Rive RA =o: (3-30) 
If we combine the charge conjugation : 4/—>e"*K ¢* =ie'* E, Ky* with the time-reversal, 
eq. (3-29), we obtain*** 
go/ 0 —e;- ie 
0 


elt 


(3-31) 


Except for a phase-factor, this transformation amounts to interchanging the first part and 
the second part of ¢. A double application of this transformation results in a multiplica- 
tion by any arbitrary phase-factor, including +1 and —1. Thus, the double time-reversal 


with charge-conjugation and the double time-reversal without charge-conjugation behave entirely 
differently. **** 


$4. Superquantization and supercharge 


The fact being established that the Dirac equation has the same structure as the 
dynamical equation of the DIV-method of a single particle, it is now an easy matter to 
give a definite meaning to the DIV-formalism of fields following the model of the positron 


theory. Just as we have in the quanuzed Dirac field the electron wave-function (which 


is second-quantized) and the field state-vector, we shall here have to introduce the super- 


quantized field state-vector ~ and the state-vector & of an ensemble of field-states. The 


expectation value of a physical quantity Q should now be calculated by 


<Q) >=(F(), (Q)F()), (451) 


*) See eq. (8-15) of reference 9 and eq. (7-5) of reference 5. 


*#) See eq. (8-11) of reference 9 and eq. (7-3) of reference 5. 
*4#) See eq. (6-5) of reference 9 and eq. (7-8) of reference 5, 
*4) See eq. (6-5) of reference 9 and eq. (7-10) of reference 5. 
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with COM )=¢, CHP), (422) 
where Q(t) must be taken from eq. (2:27), in which Q(t) now is a field theoretical 
one, i.e. something of the nature of eq. (3.24). 


The super-state vector Y(t) will develop in time with the Schrédinger equation wich 
the hamiltonian : 


(H(t) = (9 (4), HO$(t)), (4:3) 
where H(t) should be taken from eq. (2:21), in which of course H(t) is the field 


theoretical hamiltonian. 
The double state-vector $(t) of field is now an operator and should be expanded as 
—1E t he +iE xt 
P(t) = d)a, Aye ee + >}6,CA),*e ie (4-4) 
with are O RF P E53 0; 

Ry 0 (4:5) 
where A, is an eigenfunction of the free hamiltonian H,, eq. (2:31), in the interaction 
picture. We could as well adopt the Heisenberg picture, as Tanikawa did,” or the 
Schrodinger picture. a, and b, are respectively an annihilation operator and a creation 
operator of an ensemble of particles, or an cntire field-state, and should obey the Fermi- 
Dirac-type commutation relation. ‘ihe difference between the positive energy terms and 
the negative energy terms in eq. (4-4) should be attributed to a difference in “supercharge”. 
NS? =4),a, and N&=b, 6, will be then the occupation number of a positive supercharge 
field-state and that of a negative supercharge field-state. If H, is positive definite, 4 will 
occupy only the first half of ¢, and CA* will occupy only the last half of g. If Fi, is 
not positive definite, A, will spread over both parts of $, and so will CA*. However, 
eqs. (4:4) and (4-5) are general enough to cope with such a case. The expectation 
value of H, in the sense of eq. (4-1), is always positive definite. 

Analogously to the fact that in the positron theory there occurs no electron-pair- 
creation in the absence of phctons, there is no danger of a pair-creation of ensembles in 
the superquantized theory, for there is no entity here corresponding to the photon, or any 
other interacting particle, which provides the necessary energy. 

The quantities considered in eq. (2:27) are all “‘ mechanical” in respect to the 
supercharge, or for brevity, supermechanical. A more general definition of physical quan- 
tities will be 

Q(t) “1 Q(t) 0 ) 
0 — Pe R7' Q(t) R,)” ? (4-6) 


where (,.= +1 for supermechanical quantities and /..=—1 for superelectric quantities. 


The simplest example of a superelectric quantities is 


=A A 
Aaa (4-7) 


measuring the total supercharge, which is a constant of motion. 
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From the non-existence of field-pair-creation and from the conservation of total super- 
charge, we have 
SI(NS +N”) =constant, (4-8) 
S\(NS? — N&”) =constant. (4:9) 
Thus, for instance, if we start from an initial state with SIN\?=1, this condition will 


persist throughout the course of time. 


The operation of time-reversal in the superquantized theory is 


Y(t) >R’F*(—2), (4-10) 
with (R™ oD Fare RZ 0 \P(—2). (4-11) 
0 R, ) 
The double time-reversal is here 
F(t)>/ 4 0 ek (4-12) 
OMA 


The supercharge-conjugation is given by 
Y(t) SF (t), (4-13) 
with Bh lstams thal ed M4 (t) =CP (2). 
R; 0 (4-14) 


In order that this transformation may have the desired effect, & has to obey anitcommuta- 
tion rules. 


Finally, the combination of time-reversal and supercharge-conjugation results in 


Y(t) >R’F*(—d), (4515) 
with (R’* 9 (t) RB’)? = ( Sale| garry 
1 0 (4-16) 


This corresponds to the time-reversal considered in the original DIV-method. The inter- 
change of the first and the second parts of ~ causes the sign-change of superelectric quanti- 
ties, but it serves the purpose of time-reversal for the ordinary (supermechanical) quanti- 
ties. If the supercharge is in principle unobservable, then this transformation, which is 
lineat and whose reiteration is an identity transformation, is a suitable representation of 
time-reversal. 

By the DIV-method in its superquantized version, as sketched in this section, the 
cases in which the original hamiltonian has negative energy levels of fields can be treated 
without giving tise to negative expectation values of energy and without causing any new 
inconsistency. Besides this positive advantage, the method may be credited for its esthetical 
merit of having better symmetry. A novel situation, which does not exist in the ordinary 
theory, will appear if one introduces operators which cannot be simultaneously diagonalized 
with H, in a two-two-matrix form. For a successful application of the method developed 


in the present paper to involved problems of the field theory, a further refinement of 
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the details may be necessary, but it is hoped that the idea presented here may suggest 
a new path of approach in this domain of quantum theory. 


1) 
2) 
3) 


4) 
5) 
6) 
7) 


8) 
9) 
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The problem of deuteron photodisintegration at high energies has something to do with meson 
scattering in the intermediate states. In this paper we have investigated this process by making use 
of the Tamm-Dancoff method which involves the p-wave interaction of virtual mesons. 


$1. Introduction 


The disintegration cross section of the deuteron for various photon energies has been 
calculated on various assumptions, and it has been obvious that the deuteron photodisin- 
tegration at low energies is independent of the shape of potential and depends on the 
effective range of the proton-neutron interaction. However, at high energies the situation 
is not so simple ; that is to say, the absorption of a photon is, as is expected, accompanied 
with emission and reabsorption of virtual meson in the energy region above the meson 
threshold. On the other hand the recent experiments’) show that total cross section has 
a peak maximum at 250 Mev and, further, the angular distribution is flattened with the 
increasing photon energy. 

In order to analyse these results, we investigate in this paper the deuteron photodisin- 
tegration at high energies on the assumption that the occurrence of the peak maximum in 
the cross section is due to the resonant term resulting from a state of the system with the 
total angular momentum 3/2 and isotopic spin 3/2 which involves p-wave meson in the 
intermediate states. In the present calculation we shall consider the pseudoscalar form of 
the coupling in the pseudoscalar theory. 

In Sec. 2 we shall give the formal solution of deuteron photodisintegration when the 
meson interaction is taken into account; in Sec. 3 the cross section will be evaluated ; and 


finally in Sec. 4 we shall summarize the results and make some remarks of conclusion. 


§ 2. Preliminary formulation 


We develop the discussion by presenting some formal relations given by Bruecknet 
and others.” We suppose the Schrodinger equation to have the form 


(H+ HA, + H,) p=E¢, (1) 


where H, is the deuteron Hamiltonian including the nuclear potential V, and 
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Fio=H,—/: ee (9/2M) o;-p t,d(r;).* 


The first term is the nonrelativistic form of pion-nucleon interaction which is suitable for 
the theoretical interpretation of p-wave scattering. The s-wave interaction may be neglected 


here, because we are interested in the p-wave resonance scattering. 


FT, = Any + Hey, (2) 

a e 1+7-/7 7 Ag 
Hay= >i WE TS P;-A(r;) + 3} [(Hp+ fn) + (4p— Hy) T5 lo; -H(r;) L, (3a) 
Apy=ieA(r) (6*-pd—d-p g*). (3b) 


E is the energy of the system, H,, the interaction energy between meson and nucleon, and 
H, the sum of the interaction energies of nucleon and meson with the electromagnetic field, 
respectively. We proceed with our discussion by neglecting such an interaction energy as 
Apyyx, since it involves s-wave pion and has nothing to do with resonance scattering. 
Now, if @; is an eigenstate vector of H,, the true state vector “, is defined by the 


integral equation 

ip Tae ey an) Crd) a (4) 
where 

a'=E—H,+in. 
The above equation is rewritten down by introducing the Mdller wave matrix 2 as follows 
00, (5) 

where 2 satisfies the Lippmann-Schwinger integral equation” 

Q=1- (A/a!) (H+) 2. (6) 


In solving the above integral equation, H,, and H, are not dealt with as small 
perturbations simultaneously ; that is to say, H,, is stronger than H, in the coupling 
strength. Remembering this fact let us solve eq. (6) instead of eq. (1). Thus we obiain 
the formal solution to eq. (6) with respect to H,. 


1 / il 
= eS 2. (7) 
Q=1+ Jo ae HH! 


m. m 


In order to clarify the features of eq. (7), it is useful to rewrite it in the form of 


2=00t+-- HQ), (7a) 
da 


where 


ul 1 
=n ts bes (8) 
o aia rsh a 


* We use the natural unit /=c=1 here and in any place. 
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The probability of transition to another free two nucleon state, which is specified P,, is 


proportional to the absolute square of 
T= P,|T| P= (P| An + HY 0), (9) 
where T,,, is the transition matrix defined by Lippmann-Schwinger. 


If we confine ourselves to the first order in electric charge e, then the transition matrix 


element is obtained from 


1 


a 


H,|\w;), (10) 


T,=(9,|H, +H,|0P;) +¢ 2, (Hi, #1) ow 


where the first term of the transition operator is 


H’ 


m> 


ul 
SES rae 


m 


and, if we neglect the multiple scattering of virtual mesons in the initial state, the second 


term becomes 


H,, H,+H,, Hey 
a’ —H,, a’ — H, d 
Hence, we have 
i eee eee 
’ a’ eas Fig a’ asi fz, a’ Sa, she a’ 


The first term represents the multipole transition neglecting the meson corrections.” The 
second and third terms do not include the (3/2, 3/2) state, and may be estimated by 
the perturbation theory. Then 


ae mt ' ee 4 -H,,+ i L— : V— : I S V (12) 
a—H,, a— a—L a—L a—L a 
by making use of the identity relation 
Real IG 5 gee ome Neg spe eS 
a— H,, a—L a—L 


and 


ee 1 , Ud 

| BN fe a Ve he > a — H,,=a—H,. 
If one assumes that the nuclear force is obtained by second order meson process, the second 
and third terms are approximately cancelled out each other. On the other hand, since the 
first term in eq. (11) has been already studied by many authors, we do not consider it 
here, but the last term in eq. (11) will give rise to the meson correction which seems to 


be effective at high energies. 


1. : fein awe le : : 
Now, the analysis of recent pion-nucleon scattering experiments suggests that for the 
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scattering of p-wave pion its theoretical treatment is in fair agreement with observation and 
the pion-nucleon interaction is very strong in the (3/2, 3/2) state”. In our calculation 
of the deuteron photodisintegration cross section it is, therefore, hopeful chat the p-wave 
pion interaction is taken into account to explain the recent experimental results.” Our 
purpose will be attained by calculating the potential which can describe the emission of a 
pion by the first operator (y/2M)o-pt®, its multiple scattering between the two nucleons 
in the deuteron, and finally its reabsorption by the second one. However, in this case, 
we omit the charge renormalization, the vertex patt, and so on that appear from the last 
term in eq. (11). Here the terms which we wish to calculate are the graphs (a), (b) 
ioetel in Fic. 1. 

The graph (b) gives the contribution 
that results from the charged pion, which 
is considered to be not so effective in the 
present process, and further the lowest 
order process of the graph (c) is one 
that has been already calculated by 


) 


Bruno-Dempken.” Therefore we consider 


only the contribution from graph (a). 


: Nucleon line, Thus the transition operator, which 


—~~: Meson line, 


is appropriate to the photodisintegration 
SSe—e : Photon line, gtias P 8 


of deuteron in the present case, has the 


form of 
C5 Gp. 
T=Hj——Hyy—-Hi, (13) 
a—L a 


where the operators with (+) emit pions, the ones with (—) absorb pions, and super- 


indices i, j run from 1 to 2. 


§ 3. Cross section 


The transition operator given in the preceding section has much complex structure and 
consequently the calculation of matrix elements will become complicated and cumbersome. 
Therefore, we first investigate the scattering matrix and its properties. As is well known, 
the term 1/(a—L) occurring in eq. (13) may be written as W-1/a, where W satisfies the 


equation 
W=1-+ (1/a) LW (14) 
which describes the multiple scattering of the virtual mesons by the two nucleons and has 


the solution 


L (15) 


Following the method developed by Brueckner-Watson,” and Aitken and others,” the term 
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1/(a—L)-+L can be written as 1/a:t, which satisfies the integral equation for scattering 
matrix : 
t=L+L(1/a)t, (16) 
and, if we neglect the multiple meson exchange in the present case, we can write 
f= 1 +427: (17) 


Eq. (16) is resolved into equations for the four substates of spin and isotopic spin 
for the scattering of a meson from either nucleon. Supposing that the meson-nucleon 
interaction is strongest in the (3/2, 3/2) state, the integral equation for the scattering 


of the meson from nucleon “1” is 


I 1 
CVO REY ONCE 9 ae bh es, 
CTE RET ONCE, WW) E-W,—W, 


+4\ - iT ee, a/c 
(WyW ww)? (E—Wy—W yy) (E+i7—W) 
if the nucleon recoil is neglected, with a similar equation for nucleon “2”. To solve this 


equation we introduce trial function as follows: 


ta 


% / ‘ Fin ye, = W, > 
(g/t (3/2, 3/2) lq AR A __ Js hy > We 


WW)" \/W, s Wr <W,, 
A= (92/42) (1/32M2), W,=(g?-+12)"2, ete. (19) 
Then we have 
ba eI ty 
RATA tR\| 949 =142RRy. (20) 


SW3s Wy + Won) 


Eq. (18) is so much singular that it has no sensible solution. However, if the integral 

in eq. (18) is assumed to be cut off at the nucleon rest mass, then a solution exists. 
Now, to clarify the occurrence of resonance in the deuteron photodisintegration, it is 

convenient to replace the factor R by the following equation in order to fit the (yz. 


3/2) state to the one level resonance formula along the lines of the resonance theory studied 
by Brueckner. Then we have 


R= 1 
1 (E41) /W, 9) 


where € is the resonance energy and /” represents the width of resonance level. The value 
of resonance energy is to be about 2/1 and the width about #4/2 so as to be accordant with 
the meson-nucleon scattering experiments ; 4 is the meson rest mass. 


Since we have obtained the expressions for the scattering matrix, we insert them into 


eq. (13) and the transition matrix element consequently is written in the form of 
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cy Gate) 
T= (0, 0| iio, 90, q|1/4lo, 9240 4| Hawles 92% 9|1/alieng«, q| Ai], 0) 


(ay " (+) 
Peepers ila, Waste gx Ko, gl Hanlin a)4n, al tlle, @)(e alam 0) 
(22) 
This matrix element represents the contribution from (3/2, 3/2) state. The contributions 
from other states also are to be taken into account at the same time, but, here the former 


contribution to deuteron photodisintegration mainly must be clarified on our assumption. 
Hence we have 
(=) 


a G00). £1516, ee 
fZ= 9, o| Esse roars 


Ky 0» Ry Es F105 (23) 


il G)) 
(9, q| Hew|*; 1 q| A, 


i] 
where Es. and Fy are projection operators for the substate of isotopic spin 3/2 and 
angular momentum 3/2. 

Our next work is the calculation of the differential cross section with eq. (23), 
which is 
do =2n|T,,|"0, (24) 


where (; is the final state density, which is 


C= (Qn) =p: dp dQ2Q= : — Mpd2. 
dE (167°) 
d2 is the solid angle into which proton is directed. 
In order to obtain the angle dependence of the cross section we have to select suitable 
ones, which satisfy the exclusion principle, out of various final wave functions appearing 
as result of application of various operators on the initial deuteron function and the inter- 


mediate wave functions. First, the deuteron wave function is written 


Pp = (a/20)'? £— #7, (0) ‘mo(z); &= (M- BY. (25) 
r 
Here B is the deuteron binding energy. On the other hand, the final wave functions are 
secured by introducing the following projection operators for the spin and isotopic spin states : 
0; =4(3 + (9; Oy) qi 
O,=4L1 (9; Oy) |, 


(26) 


and 
is 3 (riety |, (27) 
T°’=43[1—(t,-7) ]- 
That is to say, by combining these operators, 1. ., Opi -Oel, O,T',0,T°, we can select 
the appropriate ones out of the final wave function 


b=A(j(pr)/r) 2"(4, ¢)°L) (0) “4 (0); (28) 
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‘ < A 3yY 3. is; + ee fs 
where Y;” is spherical harmonics of order land m, and they are “¢,(r) Xi np ob, (7) °X7 Nos 
4h (r) Yom, and *o,(r)'y°n,: the supersuffices A, S$ denote symmetry properties of wave 
functions, and °y,(6) and *y,(t) are the spin and isotopic spin functions, respectively. 


Thus, the differential cross section is given : 


22 3 > 2 z 
do pessg ll é( g ) 1 7a p >> | Ye[+541¥s0} 1Rel (29a) 


M? 12 M’« a 


d2 108 \4z 
~h - . g 2 1 Ta ios 1? yn 2 ee y= Se R, 7 29b 
+p By) (EL) i SM VotesP FHINYG Rol’ 296) 
where 
jee ene RCRA ome CCT Leen ae a 
e PU+1) 4 le + (q—"/2) +e lt (q—a/2) te 
» dqdq’ 
XP He g jj 
3g FCs’) wew? 
Te ee [(q-q')?—¢q")Gp)” = 
© F PU+2) J [e+ (q—#/2)? +2") [p+ (q!— 4/2)? +a®]} OF 
dqdq 
SEU sq) HC sg) ee 30 
(3 q) FU; 9’) WW: (30) 
iW=s ce [7(4:-9'/)°— 18 9" |p)” 7 
+ PU+1) » p+ (q—«/2)? +7] [p+ (q’—«/2)?+a7]} CPF 
dqdq' 
RUT AR: ge 
(3 q)FC;q') WW? 


ras 42) vem MRE 


pay) cao) ee IO 
tPCE+1) J p+ (q—«/2)? +07] [p+ (q!—«/2)? + a8} GE 


/ 
XF(l3q)F(L; ¢) “440, 


q q! : 
and F is the hypergeometric function 
[+2 [+1 ; 
F(l; q) =F(—*~, ——; 141; P 31 
aie [enite-«/D Fa) Sg 
and 
(ee ipr)rdr =p)" _“T*(l+ 2) 
: (Oo eal) 
[+2 [-1 . 
Kat ae on ee 3l e a 
Gremereiaat tomer 


Here p, q and «& are final relative momentum of proton, meson momentum, and incident 
photon momentum in the center of mass system, respectively. Of course, the meson 
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momentum appearing in the intermediate states will be taken as the relative momentum 
with respect to the center of mass of the two nucleons in the approximation where terms 
of relative order #4/2M will be dropped. 

However, since the above calculations are very complicated, we are satisfied with ex- 
plaining only the features of the total cross section and we adopt the free wave functions 
as the initial and final state functions for the first term of eq. (29). Then the total 
cross section is 


1 i{ Gan \ lik Teees'p 3 
oa=— & ( — ) — — ~_'S-|Romazl” 33 
at (SO) a FS Rema (33) 


with 
S=2(fP—4J-J+6J”), (34) 


where, if J and J’ are calculated in the approximation that the exchanged mesons are 
regarded as real, then they are 


j= (x? — p”) In a? + (p+ VK? — pe)? 
2pK a+ (p— Vic? — pr)? 


> 


a’ + (p+ Scars 
ak (p— A seal a ie 


je (a? + p’+°—p*) 


ee | (a+ +0 —/2) In 


—4p(ie—pt)'*. (35) 


The calculated total cross section 
: Tollestrup et al ; ‘ ’ 
Pa nalain including the resonant effects, is 
indicated in Fig. 2, wheze the 
60 coupling constant is taken as 
g /4z=22, to be possible to ex- 
plain the experimental _ results. 


This result is still unsatisfactory 


FI 

a i because the meson in the inter- 

E mediate states is regarded as free 

i. and, further, the contributions from 
20 the meson current and the second 


terms of eq. (29) are entirely 


neglected.’”” However, it is conclud- 


ed at least that the Born approxt- 


— — cm ae 7 4 A : 

100 200 300 400 mation is not qualitatively bad if 
Photon Energy in Mev (LAB.) one is satisfied only with explaining 

Fig. 2. Total cross section for deuteron photodisintegration. theoccurtence of resonant peak ie 


the total cross section by assuming that the meson-nucleon interaction is the strongest in the 


(3/2, 3/2) state. 
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§ 4. Conclusions 


We have seen that if we take account of, in addition to the interaction of deuteron 
with electromagnetic field, the contributions from the meson scattering in the intermediate 
states, it is possible to explain the observed cross section. This has, as repeatedly stated 
in the preceding sections, a connection with the process which can be interpreted in terms 
of the idea of an isobaric state (3/2, 3/2). Therefore it may be said that our recipe is 
fairly suitable, although it is pretty satisfactory but not too rigorous. However, we can say 
little of the angular distribution even though the meson interaction is taken into account 
in the intermediate states. 

In our procedure the following approximations are used : neglecting nucleon recoil, 
dropping terms of order /2M, and reducing the factor R tentatively to the one level 
formula. Though it seems that these approximations do not lose the validity for clarifying 
the observed cross section, it still retains ambiguities occurring from being impossible to 
integrate the terms which involve the hypergeometric function. Hence it may be concluded 
that the Born approximation result is qualitatively not a bad approximation for the deuteron 
photodisintegration at high energies, except with the angular distribution. 

The author wishes to thank professors S. Tomonaga and T. Miyazima for their 
interest in this work. He is also much indebted to Dr. N. Fukuda, Mr. D. Ito and Mr. 
Y. Takahashi for useful discussion for this problem. 
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The elastic scattering of 13-42 Mev alpha-particles by heavy elements has been analysed, using 
the boundary condition model of Feshbach and Weisskopf and the optical model with a complex 
potential of exponential shape in addition to the Coulomb potential. Results for Ag and Au have 
been compared with experiments for the energy dependence of the elastic scattering and its angular 
distribution at 22-Mev. As for the energy dependence the experimental data have been fitted fairly 
well with the results derived from both models, but for the angular distribution the agreement 
between experiments and theories is less satisfactory, especially for Ag data. The best-fit procedure 
compels us to assume a considerably larger value for the radius of the alpha particle than the usually 
accepted value, Ry~1.2X 10-15 cm, using R=1A!/* with r9=1.5X 10-8 cm for the nuclear radius. 


§ 1. Introduction 


Recently, Farwell and Wegner’? measured the energy dependence of the elastic scattering 
of 13 — 42 Mev alpha-particles by heavy elements and investigated the character of deviation 
from the Rutherford scattering. The results show the general tendency that the cross 
section for each element represents the usual Rutherford scattering up to the critical 
energy E, which increases with Z, but when the energies increase over E, the cross 
sections suddenly drop. More recently, Wall, Rees and Ford” have measured the angular 
distributions of the elastic scattering of 22 Mev alpha-particles by Ag, Au, and Pb. 
The differential cross sections were found to follow the Rutherford’s formula at the 
forward angle for all elements mentioned above, and, after a slight rise with the increase 
in angle, they are observed to decrease rather monotonously. We shall analyse these ex- 
perimental data in the light of the continuum theory which is shown to be successful for 
the scattering and capture of neutron, proton and the other charged patticles”~” in the 


intermediate energy region. 
The usual continuum-theoretic treatments of scattering by nuclei are conveniently 


classified into the following two groups: 

(a) Strong absorption model: The main characteristic of this model is based on the 
assumpion that the impinging particle is absorbed by the struck nucleus to form the 
compound nucleus with probability unity once the particle entered into the nucleus. fhe 
black body model and the boundary condition model belong to such strong absorption model ; 
the former is a simple model used by Blair’ in accounting for the experiment of Farwell 
and Wegner”, and the latter is characterized by the simple boundary condition that there 
is only incoming wave in the entrance channel just inside the nuclear boundary.” 
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(b) Optical potential model: The main characteristic is based on the assumption that the 
interaction between the impinging particle and the struck nucleus is represented by a com- 
plex potential, allowing for both absorption and refraction effects of the nucleus (i.e., 
showing the partial transparency of nucleus). 

Therefore the model (b) seems to be a more general description for the nuclear 
scattering and reaction than the model (a). In fact, recently, the model (6) has given 
fairly reasonable results for the total cross sections and the angular dependence of the 
neutron scattering in the energy region between 50 Kev and 3 Mev,” and, further, the 
angular dependence of elastic scattering of protons in the intermediate energy region was 
examined by this model.” 

The black body model used by Blair’ is based on two assumptions. First, if the 
potential barrier for the /-th partial wave allows the nucleus and the impinging particle to 
overlap with each other when considered classically, the outgoing /-th partial wave is assumed 
to vanish on account of its complete absorption. Second, if the barrier is such that the 
nucleus and the particle do not classically overlap, the outgoing /-th wave has the phase 
characteristic of the pure coulomb scattering. Hence we may define the critical angular 


momentum [/h by the following relation : 
E=2Zé/R+Hl' (+1) /2M,R (1-1) 


where E is the channel energy, R the channel radius, and M, the reduced mass of the alpha 
particle. In the present case, // runs to about 16 the at maximum energy, so that the classical 
path might be defined qualitatively. The first assumption neglects the reflection due to 
the sudden change of the potential at the surface of the nucleus, as well as the reflection due 
to the potential barrier (coulomb and centrifugal) outside the nucleus. On the other 
hand, the second assumption neglects the absorption due to the penetration of the incoming 
particle through the potential barrier. According to the counter balance of the effects due 
to the above two neglects, the black body model might accidentally give a rather good 
fit to the experimental curves. In fact, the result of calculation by Blair seems to give 
a fairly good agreement with the experimental curves of energy dependence of the cross 
sections. However, a closer examination shows that it gives a rather larger cross section 
than the experimental one in the higher energy region (about 30 Mev and higher), 
and moreover, the nuclear radius which gives the best fit to the experimental curve must take 
a Eathet larger value than the usual one obtained from the neutron and proton scattering, 
particularly, for Au the best fit radius at 60° differing from that at 95°. Although the 
latter might be able to be explained by that classically the apsidal distance of the path 
which gives the larger angle scattering is smaller, 


it is unsatisfactory from the wave- 
mechanical point of view. 


The analysis of the angular distribution with same model has been done by Wall 


2) ‘ ; 

Rees and Ford.” The results do not agree with the experiments in the points that their 

calculations give large diffraction pattern and, especially 
> 


direction. To obtain the better fit with the experiments 
in which for /</' and /> 


very large scattering in backward 
they have adopted a fuzzy model 


; 
l’ the partial waves are still the same as the Blair’s, while for 
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[=1' they have the pure Coulomb phases but half the usual amplitudes. This modification 
gives the reasonable results for Pb and Au but it is still unsatisfactory for Ag. Since 
their critical angular momentum /’ is arbitrarily chosen, the original meaning defined by 
(1-1) is blurred out in this model. However, the success of this fuzzy model apparently 
seems to suggest that the nucleus would have the diffuse boundary rather than the sharp 
one. 

In order to analyze the experimental observations mentioned above, we shall here 
calculate the cross sections of elastic scattering of alpha-particles by Au and Ag, using the 
boundary condion model in section 2, and using the diffuse optical potential model in 
section 3, with the comparison of the obtained results with the experimental ones. 
Using these models mentioned above, we can take into account the reflections due to the 
variation of the potential at the nuclear surface and outside the nucleus, and the barrier 
penetration that are neglected in Blair’s model. However, in our actual calculation, the 
neglect of the barrier penetration (corresponding to the “sharp angular momentum cut-off 
approximation?) was taken over in most cases. In section 4, the discussion of the results 
will be added with the concluding remarks. Since our calculation are made by means of 
the partial wave method, the actual procedure becomes rather laborious owing to a great 


number of phase shifts for high energy scattering. *” 


§2. Boundary condition model 


In the following, we shall adopt the boundary condition model of Feshbach and 
Weisskopf,” in which it is assumed that, in the entrance channel, the wave function just 


inside the nucleus is of the form of an incoming wave only : 
u,=ry,~exp(—iKr), (2-1) 


that is independent of the angular momentum /% of the incident particle. The logarithmic 


derivative of the wave function at the boundary, therefore, is 
fanikR. (2-2) 
K is the average wave number of the incident particle inside the nucleus 
K=(K7+#)", (2-3) 


where & is the wave number of the incident particle outside the nucleus and K, the 
adjustable parameter which may depend on each nucleus. Therefore we have two adjustable 
parameters K, and R in this model. Since for the alpha particle there is no plausible criterion 


for the choice of K, we shall here tentatively assume the following value according to 


Bey 


* Calculation using the other way than the partial wave analysis in the model (b) was recently done 
by Izumo,!) which is directly based on the variational method by Montroll and Greenberg.” Although 
he does not say anything about the validity of this method in his calculation, it seems to us that this method 
is not so much justified in his case, 1. e., when the potential does not more rapidly damp than I/r as r-*0o 


and the nucleus is not a soft scatterer. 
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Kj~1 10% eet (2-4) 


Indeed, our calculation has shown the dependence of the theoretical cross section on K, to 


be negligible in our energy region. Another adjustable parameter R is the channel radius, 
R= dc Rigs (2-5) 


where R, is the radius of the alpha-particle. The differential elastic scattering cross section 


for a charged particle is evaluated by using the following well-known formula” : 


do =|(ZZ'e/2Mv*) cosec” (4/2) exp| —2i7ln sin (6/2) | 
—ik SES V2I+1 exp (2io,—2io,) {1—exp(2iF,—2io,)[1+Aj.<]} 
Z=0 


x Yi0(9) |'d2. (2-6) 


The notations are all the same as ones of B-W. Since the Coulomb wave functions 
at the nulear surface, required for our case, are not tabulated for values of Z and energy 
under consideration, we have approximately evaluated them, i.e., U{*) and US? by the 
use of the WKB method.” The summation over / in (2-6) is extended up to the 
highest angular momentum / which substantially contributes to the nuclear scattering. In 
our actual calculation, / is assumed to take the critical angular momentum /’ defined by 
expression (1-1) which depends on energy and runs from 0 to 16. This sharp cut-off 
approximation represents the disregard of the penetrability of potential barrier for the 
[(>1')th partial wave. In order to test this approximation we have calculated the Au 


cross section at 90° for [=I +2. The results of our calculation are shown in Figs. 1-5, 
together with experimental curves for Au and Ag. We have chosen the nuclear radius 
R,=1.5XA"(10-") cm, in order to estimate the radius of the alpha-particle from the 
channel radius R entered in our calculation. From the other experiments, several kinds of 
values have been derived for the radius of ihe alpha-particle, R, ; for example, ~1.2(107") 
cm from the alpha decay and ~2.3(107'™) cm from the scattering of neutrons on 
alpha particles. For comparison with the channel radii R used in our calculation, the 
ones derived from the above two values for R, are listed in Table I. In our actual calcula- 


Table I. Nuclear radii. All radii in units 10-15 cm. 
R=channel radius=R,,+Ry 
Ry=radius of alpha-particle 
n=nuclear radius=r, X 41/3=1.50 x A1/3 


— 


Element Ry, Ru R 
A 1.2 9.93 
. Ste 2.5) 11.03 
A oT 1.2 8.34 
9 ie 2.3 9.44 


Sn SS anensseenesee sear tee 
tion we shall adopt the similar values for the channel radii 
compare our results with his. 


to Blair’s one in order to 
In Fig. 1 the experimental cross section for Au at the 
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90° port is compared with the theoretical ones computed for R=10.85 (107') cm and 
10.0(10~*) cm and 6=90°. (see Table I) For comparison the best fit curve obtained 
by Blair for R=10.95(107') cm is drawn. The theoretical curve is sensitive to the 
choice of R; for R=10.0(10~") cm corresponding to R,~1.2(10~") cm in (2:5), the 
curve has the shape nearly parallel to the experimental but is considerably displaced to 
the right hand side, whereas, for a little larger value of R=10.85(10~") cm corresponding 
to R,~2.1(10~) cm, the comparison is improved. The general tendency of the large 
drop of the experimental curves in the high energy region is well reproduced in our 
calculated ones and the role of the variation of R is to displace the curves after the 
sudden drop nearly in parallel with each other. Therefore, it might be possible, with 
some appropriate choice of R, to obtain a better agreement with the experimental curve. 
Furthermore a curve with R=10.85(10~') cm and /=l/+2 is drawn, showing that, due 
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Fig. 1 Differential scattering cross section for Au at 9=90° as a function of 
the alpha-particle energy. Three theoretical curves computed from the 
boundary condition model are shown. Points are experimental. 
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Fig. 2 Differential scattering cross section for Au at 0=60° as a function of 


the alpha-particle energy. The theoretical curve is computed from the 
boundary condition model. 


to the inclusion of the penetrability of the potential barrier (Coulomb and centrifugal) 
for the partial waves of />l’, the cross section is reduced, especially in the region near the 
critical energy E, at a sudden drop. Since the penetrability of the partial waves with the 
larger angular momentum than /’+2 has shown to become quite small, the inclusion of them 
was not worked here. 

The comparison of the experimental cross section with theoretical one for Au at the 
60° port is shown in Fig. 2, where the theoretical curve is drawn for R=10.0 (10-") cm 
and 7=/', For comparison the best fit curve obtained by Blair for R=10.3 (107!) cm is 
shown. Although in this case the theoretical curve with R—10.85 (107"*) cm was not 
drawn, it seems highly possible that we shall be able to obtain the best fit to the ex- 
periment with the use of a slightly larger value of R than R=10.0 (10 


e 8) cm together 
with /=l'+2. The comparison for the case of Ag at 60° 


scattering is given in Fig. 3, 
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Fig. 3. Differential scattering cross section for Ag at @=60° as a function of 
the alpha-particle energy. Three theoretical curves are computed by A: 
boundary condition model, B: optical model (a) R=R’ and C: and 
optical model (b) R’=R+6. 


where the theoretical curve is for R=9.67 (107) cm and [=I'. The treason why the 
theoretical values become too small perhaps comes from the choice of too large a value of 
R (the value of R using R,=2.0 (L0u72)rein i> (2'-5)) is 9.14 (10s 2)rcin) sso. thates 
little smaller value of R and /=//+2 will give rise to a more reasonable curve. Finally, in 
Figs. 4 and 5 we show the angular distribution of the elastic scattering of 22 Mev alpha 
particles by Au and Ag. For Au, the theoretical curve for R=10.85 (107) cm and 
[=l'=4 (i.e., the sharp angular momentum cut-off) is represented, reproducing the 
qualitative features of a rise followed by a sharp fall of the relative cross section at the 
large angles. The theoretical curve, however, shows a diffraction pattern with a large 
amplitude which is not observed in the experimental data. For Ag, the theoretical curve 
for R=9.67 (107°) cm and [=I'=11 was drawn, showing the excellent agreement with 


the experiment in the general trend, especially in larger angles. In order to see whether 
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Fig. 4. Comparison of boundary-condition model with o/c, for Au. 


this success with the sharp angular momentum cut-off is incidental ot not, we have 


performed a calculation which includes the effect of the transparency of the potential barrier 


(ise, (=l'+2=13), with the result that the: inclusion ‘of two more partial waves destroys 
the agreement between theory and experiment above 80° and gives rise to a very marked 


diffraction pattern of which only the minima come close to the experimental points. 


§ 3. Optical potential model with diffuseness 


For the angular distribution of the proton scattering in the 20-Mev region, Chase 
and Rohrlich” have worked in some detail the optical model with 


sharp boundary such as 
the square well in comparison with 


the experiments and pointed out the disagreement 
between theoretical and experimental results. However, Woods and Saxon™ have shown 
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Fig. 5. Comparison of boundary-condition model with o/c, for Ag. 


recently that a smoothing-out of the sharp boundary even within the small interval of 
0.5 X (107%) cm changes the results considerably and brings them into much better agree- 
ment with the experiments. In the present problem, therefore, we also use the optical 
potential with diffuseness. Since the exact calculation is much complicated owing to the 
lack of the table of Coulomb wave functions and, further, to a large number of the 
partial waves required (up to 16), we shall here take provisionally the potential form used 
by Bethe,” in order to know the qualitative effect of the diffuse boundary upon the 


alpha-particle scattering. Hence, the radial Schrodinger wave equation to solve is 


- 4+ 20s (E— Vor —Vi,+iW) u=0, (3-1) 
: 


where V,, and W are the real and imaginery part of the nuclear potential respectively, and 


V., is the Coulomb plus the centrifugal potential. We shall here assume that V,, is pro- 


portional to W, viz. 
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V,=aw, (3 ‘ 2) 
where V,, is attractive for @<0 and repulsive for a> 0, and W is the following from 
W = (#/2M,6°) exp {— (r—R) /0}. (3-3) 


b is the “diffuseness of the nuclear boundary.”* From (3-3) R_ the value of 
y for which W has the value of #?/2M,b°. There is no definite criterion in choice of 
b, but b=0.86 (1071) cm, i.e., the range of nuclear force, will result in b?/2M,6°~7 Mev. 
Though W becomes very large inside the nucleus (r< R), this does not perceptibly affect 
the results because the behavior of the wave function in the boundary region depends only 
on the value of W in that region.** Since the diffuseness of the nuclear boundary is 
small, we may consider the slow varying part V,,, as constant over the region just outside 
the nucleus in which V,, and W are still appreciable.*** Therefore, we shall introduce 


B= (2M,/6°) (E—Ven(R’)) (3 - 4a) 
= (2M,/b*) (E—2Ze*/R’) —I(1+1) /R”, (3: 4b) 


i.e., the wave number of the incident particle near the nucleus, where [hb is the orbital 
angular momentum of the incident particle, Ze the nuclear charge and R’ the radius of 
the nucleus which may be chosen independent of R introduced in (3-3). Now, intto- 
ducing the independent variable 


oom Lopes a (3 : 5) 


equation (3-1) becomes 


d°u 1 du kb? : 
—— — 4 - ~ —@a = . 
att ob ( . +(i a) \u 0. (3-6) 


This has the solution which tends to zero for large x, i.e., inside the nucleus, 
u=cH, (2 (i—a)*?x), (3-7) 


where c is a constant, H”) the Hankel function. The asymptotic form of (3:7) far 


outside the nucleus (r> R), choosing ¢ appropriately, becomes 
u=exp {—ik(r— R)} —exp {ik(r—R) — (7-+2 arctan a) kb + 2in —ikb log(1+a*)}, 
(3-8) 


where 7 is the complex phase of (2ikb)!, ice., 
e'N= (2ikb)!/| (2ikb)!]. 


Now the amplitude of the elastically scattered wave can be obtained from the behavior 


* The model used by Bethe treats complex nuclear potential with diffuseness, which is however ver 
arge inside the nucleus. So, it might have to be called a strong absorption optical model rather than zs 
optical model which is usually used for the neutron and proton scatterings.’)'4) Since, however, the absor 
tion in this model is not so strong as in the strong absorption model used in § 2 ee have shoe in ae 
section the name “ optical potential model with diffuseness”’ for this model. ; i 

** For this argument see reference!), p. 1130, §4. 


soko . alid: . ; 
Concerning the validity of this approximation see reference 15), pp. 1131 and §8. 
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of the wave function for large r. Since the incident particle is an alpha-particle in our 
case, it must be noticed that the Coulomb potential produces the scattering by itself. Let 
o, be the Coulomb phase shift, then the actual scattered amplitude F(0)' becomes 


F(O).== (1/2ik) >lexp Zio, exp {— (7+2 tan") kb + 2i7 —ikb log(1 +a”) —2ikR} —1] 
x (21-+1) P, (cos 4) 


=f, (0) eet et (e811) (21-1) P,(cos 9), (3-9) 


where f,(7) is the Coulomb amplitude and 
2i0,= — (7 +2 tan7*a@) kb + 217 —ikb log (1 +a”) —2ikR. (3-10) 


For the summation over / in (3-9), we shall use the sharp cut-off approximation as in 
the section 2, that is, / runs up to the critical angular momentum /’ defined in (1-1). 
The theoretical results did not depend sensitively on a=V,/W in the range of its 
plausible values, so that for simplicity most of the calculations were performed approxim- 
ately with V,=0. The cross sections calculated for non-zero @ are represented for the 
case of Au (90°, 32 Mev) (See Fig. 6). The mentioned approximation is probably not 
so bad, because the one-particle potential V,, for the alpha-particle inside the nucleus must not 
be identified with the deep one-particle potential for the nucleons constituting the alpha-particle 
and might be close to zero bue to the large binding energy of the alpha-particle (if we 
adopt the alpha-particle model for the nucleus this circumstance shall be more definite). 

Now we have two parameters R and R’ as the nuclear radii in our case; RK is 
the one determining the extent of nuclear potential, while, R’ the one which appears 
in the expression of V,,,(see Eq. (3,4a, b)) and corresponds to a point where the 
potential barrier sharply drops provided &(R’) is chosen to be at the top of the potential 
barrier. Since it may be thought that the sudden drop at R’ of the potential acting on 
an alpha-particle is due to the effect of the attractive nuclear potential, there is naturally 
an intimate relation between R and R’. In case of the diffuse boundary in the nuclear 
potential we have no definite information about the relation mentioned above, so that 
the following two cases are here chosen for trial: (a) R=R’ and (b) R=R-+6. R’ 
in the case (b) is taken in a similar way to the case of the S-wave elastic scattering of 
slow neutrons in which the scattering behaves as the potential scattering by a hard sphere 
of an effective radius R’~ R+ 1 5oe” 

The comparison of the calculated results for the optical model with the experimental 
data for Au and Ag are represented in Figs. 3 and 6—9. 

For Au, at @=90°, the case (a) with R= R’=10.85(10~™) cm and 6=0.8(10~") cm 
gives the nearly similar curve as the one of the boundary-condition -nodel withR =10.85 
(107) cm (Fig. 6). The case (b) with R’=R+6=10.85(107"*) cm and 6=0.8 X GOs) 
cm gives a larger cross section than the case (a) over the whole energy region, because 
the absorption potential enters further inwards than in the case (a) so that the absorp- 


tion is reduced at the nuclear surface. Since it was found later that the average 
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Fig. 6 Differential scattering cross section for Au at @=90° as a function of 
the alpha-particle energy. Theoretical curves are computed from optical 
model (a) and optical model (b). Curve D is computed at 0=96°. 
Circles represent the a-dependences of cross sections at 32 Mev. 
experimental angle / corresponding to the 90° port was 97° in the center-of-mass system, 
we have also calculated the case (a) for 0=96°. The result shows that the cross section 
is fairly reduced over the whole energy region, compared with the one for =90°, so 
that it becomes more close to the experimental curve. For Au, at 0=60°, we adopt the 
same values for various parameters as at 90° (Fig. 7). In this case, also, the case 
(b) gives a little larger cross section than the case (a) over the whole energy region. 
In Fig. 3 the theoretical curves are compared with the experimental data for Agiat. 60° 
port. The case (a) is with R’= R=9.67(10-") cm and 6=1.33 (10-"*)cm, and the case 
(b) with R’=R+6=9.67(10-")cm and 6=1.33(10-")cm. In a similar fashion as in 
the case of Au, the case (b) gives a slightly larger cross section than the case (a) over 
the whole energy region. In the same way as in the boundary-condition model, we shall 
be able to get the reasonable fit with the experiment, using a slightly smaller value for 
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R’ than 9.67 (107')cm and_ probably including higher /-th partial waves than l’-tl; 
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Fig. 7 Differential scattering cross section for Au at §=60° as a function of the alpha-particle 


energy. Curves are computed from the optical model (a) and optical model (b). 


Thus regarding the general trend of energy dependence of the cross sections, the agree- 
ment between theories and experiments is fairly well except when the energy is close to 
the critical one E). Our approximations, i.e., the sharp angular momentum cut-off 
and Vox, —=Vox,(R’) over the range where the nuclear potential is still appreciable (Eqs. 
(3, 4a), (3, 4b)), would not be so much justified in the region near the E, where the 
number of partial waves required is very few and E-V.,, changes by its own amount 
and more in very short distance. In Fig. 8, the theoretical curves are compared with 
the experimental one for Au, for the case (a) with R’=R=10.85(10-")cm, 6=0.85 
(10-™)cm, and //=4, and for the case (b) with R’=R+6=10.85(10-")cm, 6=0.85 
(10-")cm, and /=4. Both cases give the nearly similar curves, reproducing the qualita- 
tive features of the experiments. The theory, | owever, gives a diffraction pattern which 
is not seen in the experimental data in the angles larger than 90°. This defect of the 
theory may readily be attributed to the sharp angular momentum cut-off approximation, 
in spite of the use of a diffuse absorption potential, The diffuseness of the absorption 
potential will naturally require the inclusion of the more partial waves than the ones 
limited by l’. But we can see that owing to the diffuseness of the potential this theory 
is superior to the boundary-condition model, for Au, in showing that in the angles smaller 


than 90° the diffraction pattern given by the former theory is damped out compared with 
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the one by the latter theory and more closely approaches to the experimental curve 
(refer Fig. 4). In Fig. 9, the theoretical curves are compared with the experimental one 
for Ag. The case (a) is with R’ = R=9.67(107")cm, 6=1.33(107%)cm and //=11, 
while the case (b) with R’=R+b=9.67(10~"*)cm, 6=1.33(10-") cm fands f— 2 
Since the above remarks concerning Au can be applied equally well to Ag, the detailed 


discussion about the theoretical curves is not presented here. 


Ag Au 


= 0.67-<10 cm 1.5 R =10. 85 x107 em 


t =11 1.4 
O. M. 


0° 20° 40° 60° 80° 100°120°140°160° 180 °° 29° 40° 60° 80° 100°120°140° 160° 180° 
8 
C 


Fig. 8 Comparison of optical model with o/o, for Au. Fig. 9 Comparison of optical model with o/s, for Ag. 


§4. Concluding remarks 


The energy dependence of the cross sections by both the boundary-condition model 
and the diffuse optical model is fairly well fitted to the experimental data by choosin 
appropriate values for the parameters. With the same value for the nuclear nee 
(though in the diffuse optical model the definition of the nuclear radius might be rath 
obscure), both theories give the neatly similar curves. ‘ ae 


Thi 7b 
fact that in the diffuse opiical model we made ash ected ta 


a real part of the nuclear potential zero 


Elastic Scattering of Alpha-Particles by Heavy Elements 559 


mainly for the reason of convenience for the computations and the imaginary part of the 
nuclear potential used here became considerably deep inside the nucleus owing to the 
exponential shape. The sharp angular momentum cut-off approximation used in both 
theories will not be so much justified in the region near the critical energy E,, where the 
calculated results of the energy dependence of cross sections by both theories give too large 
values compared with the experimental ones. The reason for this may be readily under- 
stood from the fact that, in the region in question, owing to the relatively small number 
of the partial waves limited by the critical angular momentum J’ the contribution of the 
larger [th waves than the /’-th to the cross section through the penetration through the 
Vx will be considerably appreciable (this feature was verified in the boundary-condition 
model, Fig. 1). Furthermore, since in the diffuse optical model the nuclear potential has 
a tail perceptibly diffused out beyond the nuclear radius R’ (3, 4a), the /-th waves with 
I larger than UI’ might possibly be absorbed by the tail of the diffuse absorption potential 
even if these waves could not appreciably penetrate through the V..:. 

Although, concerning the angular distribution, both theories have reproduced the 
qualitative features of the experimental curve, they show a diffraction pattern with large 
amplitude not observed in the experiment, which is in particular striking for Ag. Even 
the use of the diffuse potential could not remove this diffraction pattern except the part 
below about 80° for Au. This defect of the theory might readily be attributed to the 
sharp angular momentum cut-off as mentioned above. Finally, the radius of the alpha- 
particle R, depends on the model employed to fit the data, but it seems better for R, 
to take a larger value than the value 1.2 (107")cm derived from the alpha decay."” 

Recently, after this paper was completed, the experiments of the angular distributions 
for 40-Mev alpha-particles by Wegner, Eisberg, and Igo”, and for 48.2 Mev by Ellis 
and Schecter" has been reported. Since at these energies the partial wave analysis given 
in this paper seems not so convenient and from the survey of the experimental data it 
seems rather important to take into account the detailed form of the distribution of protons 
inside the nucleus, we are now engaged in the calculation by the model other than the 
ones used in this paper. 

The authors wish to express their gratitude to Profs. M. Taketani, S. Nakagawa 
and Y. Sugiura for their kind interest and to Prof. G. Farwell, Dr. H. Wegner and 
Prof. G. S. Blair for sending their manuscripts in advance of the publication. The authors 
would also like to thank Prof. T. Muto for the careful reading of the manuscript and 


the criticism. 
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The bremsstrahlung spectrum accompanying K-electron capture are calculated for allowed transitions 
as well as first and second forbidden transitions, including the effect of nuclear Coulomb field. The 
calculations are done with the second order perturbation method. Capture interactions are adopted 
of the scalar, vector, tensor, axial vector and pseudoscalar forms. The plane wave approximation used 


in the previous calculations is improved by correct Coulomb wave function. 


§ 1. Introduction 


The study of (-disintegration process has the dual purpose of determining the intrinsic 
properties of interaction between nucleons and leptons, and providing information on the 
nuclear structure. 

The recent progress of experimental clarification has greatly reduced the initial ambi- 
guities in the theory of 8 interaction and the classification of transitions in degrees of 
forbiddenness has provided fruitful evidence on the spins and parities of nuclear states. 
Moreover, the theoretical estimation of nuclear matrix elements has given more detailed 
information on the nuclear coupling scheme. 

On the other hand, orbital electron capture has not been so useful in narrowing the 
alternatives of nucleon-lepton coupling, and in providing above information of nuclear 
structure, because only an emerging particle is a neutrino unobserved and such characteristic 
continuous spectrum as in usual /-decay can not be available. But orbital electron capture 
is always by emission of 7—radiation of weak intensity, in addition to characteristic X-ray. 
Recently, owing to the development of experimental technique the experiments” on this 
y-tay have become to be actively performed. 

The origin of this radiation is due to the sudden change of charge from atom to 
nucleus. This emission is analogous to the emission of the internal bremsstrahlung due 
The latter process has been studied by many authors both theoretically” 


to usual /3-decay. 
and for allowed as well as for certain forbidden transitions. The 


and experimentally,” 
spectra and angular correlations of this 7—ray for all cases agree quite well the with predictions 
. . vy} 
of the semiclassical theory of Knipp and Uhlenbeck.” 
Concerning radiative K-capture which are treated in the present article, the theoretical 


5 +4) 
calculation on its bremsstrahlung spectrum has been made, first by Morrison and Schiff 
with very simplified assumptions, and is in agreement with the measured spectra. Their 


theory has been given only for allowed transitions and may generally disagree with forbidden 


spectra. 


562 J. Yukawa 


Moreover, owing to the simplicity of their assumptions, its discrepancies are expected 
with the detailed aspect of experimental spectra. Recently, the continuous spectra of this 
y-ray have been measured for many elements. Measured intensities of low energy 7-ray 
were higher than predicted by Morrison and Schiff. 

Glauber and Martin have explained its experimental anomaly for allowed transitions, 
taking account of the effect of nuclear Coulomb field and including the contribution from 
L-electron in addition to K-electron. Their skilful method consists of calculating the 
intermediate electron propagation function in che Coulomb field, and treating nonrelativistical- 
ly, but almost completely the effect of nuclear Coulomb field. Glauber and Martin, as well 
as Morrison and Schiff, however restricted their discussions only to allowed transitions, so 
their results are not always useful for analysis of all electron-capturing nuclei. 

The purpose of the present article is to obtain the theoretical energy spectra of internal 
bremsstrahlung accompanying by K-electron capture for allowed transitions es well as first 
and second forbidden transitions, and to show that one can obtain as much information 
about electron-capturing nuclei and nucleon-lepton interaction by studying the j—rays as one 
can obtain about beta-emitting nuclei and its interaction by studying their /-radiation. We 
treat here five forms of interaction between nucleons and leptons separately but not their 
mixture which we shall discuss in the future. Moreover, we calculate relctivistically the 
propagation function of electron in the intermediate state, but introduce certain approxima- 
tion to Coulomb potential, which is verified to be appropriate in the space region of our 


problem. 


§ 2. Condition to available energy 


If the mass difference JW of two nuclei having same mass number, and charge 


numbers Z and Z—1 respectively, satisfies the condition 
IW > —-me, (1) 


the nucleus Z is unstable, and transforms the nucleus Z—1 by capturing an orbital electron 
and emitting a neutrino, m is an electron rest mass and c is light velocity. Strictly 
speaking, to the right side of formula (1), the binding energy of orbital electron must 
be added, but it is neglected owing to its smallness as compared with mc’. The binding 
energy of K-electron is (1—7)mc?=(1— “1—a®Z*)mc2, where a is the fine structure 
constant. 

In the case that the bremsstrahlung j-ray is accompanied by K-electron capture, 


available energy W shared between j-ray and a neutrino may be expressed by 
W=dW+mc. (2) 
Since the condition of /#* activity is 
IW > me’, (3) 


the condition that only the orbital electron capture can proceed is, from (1) and (3), 
given by 
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mc > dW > —me. (4) 
Using eq. (2), this condition is rewritten as 
2m? >W =0. (5) 


When this inequality (5) is fulfilled, only orbital electron capture is energetically 
possible, a neutrino and a 7-quantum are emitted from final nucleus, sharing available 
energy W, and the j-ray spectrum e#hould be observed without background of any external 
radiation except for very low energy X-ray. 

In other words, the best condition for investigating 7-ray spectrum we are interested 
in, is as follows: (a) the case in which no positron activity exsists and only electron 
capture happens, that is, available energy W satisfies the inequality (5), and (b) the case 


in which nuclear charge Z is not so large and X-rays are restricted to low energy region. 


§ 3. Method of calculation 


The process which we wish to investigate is as follows: either of two electrons 
circulating on the K-orbit of the atom with atomic number Z, emits a photon, is excited 
virtually and is subsequently captured by the nucleus, which transforms into a nucleus with 
charge number Z—1 and emits a neutrino. 

In this process, the expression for the total probability w(k)dk for the emission of 
y-quantum with energy between k and k+dk is* 


- ft 


1 il 
w(h)de=— — \do,\ dor 


H,) (Had #5 
sv _ (AL) (Ae) i | (7 — hy edb, 6 
See W 8 (6) 


where E,, E,, k are the total energies of K-electron, intermediate electron and emitted 7- 
quantum respectively. The integrals over , and w, tepresent integrations over the direc- 
tions of the neutrino and photon momenta and summations over the directions of the 
neutrino spin and bhoton polarization. W is the available energy characteristic to this 
process. Moreover, (H,),; and (Ay) js represent matrix elements for capture and radiative 
interactions respectively and have the following forms 


> 
{ 


(A) 4; — G, \ P anor O, DP snition @;* (r,,) O, dh, (Tr) dé, ? (7) 


and 


27 * -iker 
(Ha) p= —e 4/27 | oA ape MH (r)de (8) 

k 

: i i O;'s,. 1 i t nd 4 is a sufhx 

where G,’s are strengths of capture interaction, \,S, interaction operators a 
refering scalar, vector, tensor, axial vector and pseudoscalar interactions. Orta! an, Ue 
gb, and Y, are wave functions of initial nucleus, final nucleus, K-electron intermediate 
¢ ; 


electron and final neutrino respectively. ay, and e@, are components of Dirac operator in 


* In the following, the usual relativistic units will be used throughout. 


564 J. Yukawa 


the direction of polarization and unit vectors of its direction. r,, and r are position vectors 
of capture and radiative interactions respectively. hk is a momentum of photon. The 
integral in eq. (7) is taken over the coordinates of all the nucleons. 

The summation over j in eq. (6) can be written, using eqs. (7) and (8), as follows, 


ARO e SO) fae G 
Mian 2s ee ae ee ea) 
~ E,—E,+k pe ae 


(24* (Fn) Or9; (T,) (| fb ;* (r) EI acai OP (r) dz) 
; er, ak 


ou 


I 
‘f 
aN, 


par cee c 


7 G.{O,) | [¥y* (Pn) Org, —£ (Tas 7) Ay Cue", (r) ]dz (9) 


where 
L0.5= \ Te OO ater 
is nuclear matrix element and 
ee ee Sis rn) G5) /(E;—E. +h) (10) 


is a propagation function of electron with energy E,—k, satisfying Dirac equation in the 
nuclear Coulomb field and the summation is taken over all intermediate states. Guauber 
and Martin adopted, as the explicit form of % E,—& the solution of non-relativistic 
Schrodinger equation, while we calculate its relativistic but approximate form with a method 
explained in next section. 


The neutrino wave function can be taken as plane wave having four components, and 
K-electron wave function is given as 


$= —i,/ cos? VI=7 Dr ee, | 
7 


-— : eee me 
Po= aN) > sind ef? 1 —y Dy™—! e-e2r | 


: j=1/2, m=1/2, (11a) 
ae Fi = V1 Ly Dr™-! e-*4r ; | 


= re _sin@ e-#? V1—r Dr*~! e-#4r 
a 


f= —i/ 7 _cosd VW] 9 Drt-! e-#4r 
re 


> 


j=1/2, m=—1/2, (11b) 


Gis —_— / 1 —= V1+7 Dy™-! e %4r ; 
NV 47 
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and 
= aL iS t2 1 ar ea ) 12, (1c) 


Substituting eqs. (11a), (11b) and (11c) into eq. (9), and using the explicit form of 
GEE (Py r) in next section, we can calculate eq. (9) straightforward. In this way, we 


shall obtain final results from ede acon 


$4. Calculation of electronic propagation function 


As is mentioned in § 3, Glauber and Martin obtained non-relativistically eq. (10) as 
solution for Schrédinger equation. 

Only for allowed transitions, its solution may be valid, but for higher forbidden 
transitions, a more correct relativistic solution may be favourable. At present, the explicit 
form of electron propagation function satisfying Dirac equation in the Coulomb field is 
not available, so here we calculate this with a kind of perturbation method, considering 
Coulomb field as a perturbation. 

Then we introduce an approximation, fr>1. This is a reasonable approximation for 
our consideration. 


Now, #;(r) being solutions of the following Dirac equation for the nuclear Coulomb 


field, 


Hy ,(r) =E,¢,(r) (12) 

where 
H= (1/1) (a:-V)+8—eV, (12a) 
V=Ze/r, (12b) 


then the eigensolutions (,, satisfy the completeness relation 
= * Nees 
Sas (r,) Pie (r) =0569 (as) (13) 
fy) 
where a summation over j expresses that over all states, ~” and o are spinor indices, and 


r,, and r are coordinate vectors mentioned in S 3. 


On both sides of eq. (13), operate 1/{H—(E;—k)} on the left, and we obtain 


Sa a rant b, r, bis r 
DP jo Tn) O75 (FT) = >) Pin Pier) =F nm r), 


Pe ee 1 nae 
the left hand side Gs Dy = ¢ £E,—E,+k 


pe ee 
H—(E,—k) 


0,09(r—F,). 


the right hand side= 


Rewritten r—r,, by r, 
1 
Se er Ta). 


fa 


Substituting 3(r)=1/(27)°- \e"? "dp in the right hand side, 
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= aes ee Vee ae 14 
78,4) (1/i) (a-V) +8—eV—E;+k sel ls fee 


are obtained. 

Then, we wish to perform a differentiation in the denominator of eq. (14) but it 
is generally not easy, for F and V are not commutable with each other. 

To the volume integral of eq. (9), the values of integrand at greater r contribute 
predominantly compared with those at smaller r and in fact its value around r~1/aZ is 
imporcant, where 1/a@Z(h/mc) is dimension of K-electron wave function. Thus, in the 
following, we make use of the fact that the space region where r>1(b/mc) is important 
to our problem. If we accept such a fact, it turns out that we may be possible to estimate 
as if 7 and V are commutable. 


To prove it explicitly, let us introduce the abbreviations 
P=(1/i) (a-V)+B—E;+k, Q=—eV (15) 


then the first factor of the right side in eq. (14) is written in expanded form 


-tet-tetet—... (16) 
Now 


Therefore, if 

IP, Q]G/P)| <IQl, (17) 
we have an approximate relation 

Q(1/P) ~ (1/P)Q 


and so in eq. (16), all Q’s in each term may be removed to left ends. 


Now 
LP, QJ=L(1/i) (a7) +8—(E,—k), —eV] 
= (1/i)[(a-7) —eV]=—(e/i) (a-P)V 


therefore 


Ege eed COCHIN 
P 


e 


Hence, the inequality (17) may be written in the form 
[grad V| /kX |V| 
or 
kr>1. 


Since rog~1/aZ where rey is the effective value of + important for our problem, results 
? 
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of our following discussion will be quite reliable for the photon energy more than few 


hundreds kev. 


Now, on the above consideration, eq. (14) can be written as follows : 


Gp, _,(r) =— ae —_ I : es —ip-r df; 18 
FE AEST OA Ce: ole ga oa oe 


After elementary but tedious evaluation, this integral is expressed in the form 


ei a | Pte + Eb gi 
47 r 
x( VIR (VE bP 4+— ji ea CRe aa (19) 
: if 


where & is restricted to the following region 
1+eV+E,>k>eV+E,—1. (19’) 


The inequality (19’) is a condition by which the result of integration (19) is 
meaningful, and is compatible with (5). 


§5. The allowed spectra 


In the last section, the propagation function &%(r) of electron in the intermediate 
state could be evaluated, and therefore substituting it in eq. (9), matrix element M can 


be estimated. 
Neutrino wave function ¢,*(r,,) is a solution of free Dirac equation, which is ex- 


pressed, denoting momentum of emitted neutrino by q, as 


Q; (T,) =u,;(q) Adln 


where u;(q) is four-component spinor part which is a function of momentum q only. 


Substituting it, eq. (9) is given by 


M= = eq) a G, <0,» \ [ute Iara O,Y r—T;) ay eu eed (r) |dt 


or 


M=— e,/ a GO, 7 Eta) Ta{[u#0, Y (r—r,) a, €,e 7-1) h, (ry —r, +1) Jd 


Rewriting r—Tr, by r, and neglecting r,, compared with r in ¢; (r—r, +r,) =¢;(r 
+r,), M can be expressed as 
M=—e Al ALG Ope FELD ra (u,*O,Y (r)a,e,,(r))e""dt. (20) 
k 
The energy release usual in radiative K-capture limits (k-++q) to values of only a 


few mc units. As r, is of nuclear dimensions, and thereiore of at most the order of 
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(1/40) (6/mc), the successive terms of eq. (20) using the expanded form of ei(k+q) +r 


eHk+) "Tn =1—i(k+q-r,) —4 (k+q:r,)’— fale 


are smaller by factors of at least 1/10 (only 1/100 on squaring). For allowed transitions, 
all terms except the first term can be neglected 

As an example, let us show the calculation of the case when / is scalar, that is, 
O,=f. The momentum direction of emitted photon being z axis and O, being 7, for 


allowed transitions eq. (20) is expressed as 
ae ey/ 7 — 6.48) (u,*BY (r) Sig, (r)) er? dr sin dd dy (21) 


where a, and a, are x and y components of Dirac operators. 
Substituting eq. (19) in eq. (21), the term in parentheses is written as 


(uA (7) 24s) =| WB BHV +E DH) 4 err 
2 ze . - 
—i(u*B(a-r)O¢,) — Vv1— CPE bie 1=(V+E;—k)? 
: ‘ r 
tbe OTE! ; (22) 
7 


Using K-electron wave functions (11a) and (11b), matrix elements in parentheses 
in the right side of eq. (22) are expressed as 


(u,*B(B-+V+E,—k) a $?) 


7 


=(1+eV+E,;—k) ut V1 +7 Dré-) e820 


—i(1—eV—E, +k) u,* a a 


BING Eat Y-1 -aZr 
ire cos % Drie - (23a) 


(u*B(a-r) ag) 


a v1 —y Drt1e-#4ry cos"J + u,* J re V1 +7 Dr’ 6-82" y cos 
T 


47 7 

(23b) 

for K electron spin up and direction 1 of 7 polarization, 

(u"B(BLV+E, Ba,sit) 
ee (1 +eV+E,—Bu,*(—,/. 1 \vi +7 Dr*" e%4r 
47 : 
are ates 
—i(1—eV—E,-+k) ua / ia cos 1 —yx Dy'-1 e-aar, (24a) 


(u*B(a-r) a, f+) 
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at fp Decca bgt fe TF Dee 
(24b) 

for K-electron spin down and direction 1 of 7 polarization, 
(u,*B(B+V+E,—k) ang?) =i (uf 8 (B+V+E;—k) a,gs), (25a) 
(uf 2 (a-r) ang?) =i (uF 8 (a-r) a, $7) (25b) 


for K electron spin up and direction 2 of 7 polarization 
(uj B(B+V+E,—b a$$) =—i(uk8(G+eV+E, bagi), (26a) 
(uk 8 (a7) agit) = —i (uf B (ar) a 4h¥) (26b) 
for K-electron spin down and direction 2 of 7 polarization, 


where vanishing terms in the integration of (21) are omitted. u,, ++: are four components 


of u,(q), explicit forms of which are expressed for positive energy as follows : 


Uy ney ; Saale wes . ee wa U, or spin up, (27a) 
i — 1g, il be 1 : 
“.=— ey qe F 42 y= 5 - Tu 0 5 te for spin down. — (27b) 


Now, we substitute eqs. (23), (24), (25), (26) and (27) in eq. (21), square 
these matrix elements after integrations individually, perform summations over directions of 
7 polarization and neutrino spin directions, and average over K-electron spin directions. 


Finally, after integration over directions of momenta of neutrino and photon, we 


obtain energy spectrum of 7-ray : 


| eas 
a roe g exp DaLa _— = 
Me OE)” Ca G—H*/ (#4) |(8) 2 — be 


an®  41'(2y+1) [aZ+ Nn Gab 
3 (28) 


where 
a= V1 +7 0,—V1—-7 9, b= V1—7 ®,—V1+7 9; 
y+1 3 —k ) 


=a ; Us Be eA 
TAG OR ae Neel mer 


r+. gee oy ee ad 
+(1+7—-2) ct ) F(A 7 » 


bea, jel ee | 
O=* (92 rq+3)P( rer a 


EE 2p (et? Wants Slee ae 
aa Ds : : 2 df 


ee ieee) ; 
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* | “i-G—-? yd i git Adve Ta eee 
o,=-F_| A= C0-b" ro tsyr(Ft?, Ey 3s = i 


15 a ae 2 2 a 
Le p( fee ot er )} 
+(1—aZ 7 :) ice Z 2 a 
= ret = oo ey 
LiL ASR E aye py eels eed ice ) 
-\- ee cl ey ( 2 2 2 a 


+(1-aZ— a a PGE €: bitch 3 —)}, 


ae hel (ea 2) F re oe wes : = 
0,=—_| LG oF ) ( ? 2 ? 2 a 


+(3 a V1—(7¥—b? cs 3 i kee 
and 
a=aZ+V1—(G—k), p= V1I-@Z. (29) 


The functions F’s appearing in the above expressions are solutions for the following type 


of radial integration in eq. (21) 


je (@Z+V1— (7—h)?*) 1 Cr) ear 


erate bays “on ee P(A, ee at) 


; v+t1; aie 
2° (aZ+ 71 — (y—b))* YT (v1) 2 a 


In the case of allowed transitions, the same form of energy spectrum is obtained for all 


types of capture interaction. 


$6. Forbidden spectra 


For forbidden transitions, we must take account of the second and third terms of 


expanded form of e7?A+@+rn in eq. (20) or the terms including velocity terms of 


capture interaction, i.e., @ or 7;. In an analogous fashion to the calculations in usual p 


disintegration, we obtain the results 


—f 
2aZ r 
STN GY e (2aZ)* 27 +1 exp( Vi —G— -k)? :) 


C, (W —k)*k 
an® 4I"(27 +1) [aZ+ V1—(7¥— —_ee a( )kdk (30) 


> . . 
where C,’s are represented, for five forms of interaction and for first and second forbidden 
transitions, in the following expressions : 


(a) First forbidden transitions 
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Co =r)? {(AP +B") (1/3) [E+ W—b]4+ AB (4/9) kWh}, 

Cri = dr)? {(A? +6") (1/3) [+ (W—k)?]|-AB (4/9) kKW—b} 
+|(ay?(Q?+G*) —i{(a):(r*)—c.c} (1/3) 
SkChis. = (Wk) (CB 4G), 

Cn =|(8(o-r) >? {(A2 +B") (1/9) [+ Wb '+ AB (4/9) kW —B} 
+|(B(oXr))? {(Cl+4+G") (1/6) [F + W—b*]—AB (4/9) k WB} 
+ 314 BL mm)? (CE +B") (1/12) [8 + WB") + | (Bay AE+ IO) 
~i{8(o Xr) )<fa*) —c.c.} {(1/3) (Wk) (CB +) — (2/3) kKAG}, (30a) 

Cu=|C(o-r)) 2 (+6) (1/9) [E+ W—b*]—-QAB (4/9) kW —B} 
41<(axXr) 2 {(A+ GB (1/6) [F+W —k) + AB (4/9) kW —b)} 
+ D3 [{Lim) (A? +") (1/12) [K+ W—8) J} 41) 2(A+B") 
— a-r)(7;*) tec} - {(A2 +?) (1/3) Wh) — AB (2/3)k, 

Cor=XPrs) 2 (A+"). 

Second forbidden transitions 

Can = SIP Rom dl? {(B+B)[A/30) + 0/9) BW —O"+ (1/30) (W —k)*] 
+ QB (4/45)[B + W—k) |W bk, 

ee CRC FO") (1/30) BE C179) 7 BY (1/20) (W —k)*] 


(b 


SH 


— AB (4/45) [+ Wk} +> [Lm ? (CB +B?) (1/12) [RF + Wk)" 
4 Kaxr) 2 (+6 (1/6) [E+ W—bH +A (4/9) kW —B} 
AD Lam Run) FEE} (+6°)[ (1/30) (WH —h)>+ (1/18) BW —R) J 
—QGBl(1/30) B+ (1/18) kW —-)*}, 

Cn =>) I BSinn) 2 (CREF 1G") (1/1080) [k' + (10/3) (W— hy" + WW —)"} 
4 SCT nny? (CB? +2) (1/180) [#' + (10/3) W—B*E + Wk) 
OB (1/45)[8 + (W —k)*|\kW—k)} 
+ DPA m A+B A/12) [+ WO’) 
— {SBT in) (Prd Hee (+B?) (1/60) |W —k)* + (5/3) PW —&) | 
— AG (1/30) [ke + (5/3) kV —k)"}} 
[dar P(B+G) A/ E+ W—O14+ AE (4/9)kW—}, (30b) 
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Ce *(CA? +7") (1/1080) [k'-+ (10/3) F (W —k)?+ (WE) 


21 1(Simn) 
ae ~ LTE SEN CES) (1/180) [k'+ (10/3) k' (W—k)?+ (W—R)*] 
+B (1/45) [8 4 (W—k)*]kW—b} +] ir)? {(CA+G*) (1/3) [F 
+ (W—k)*|—QAB (4/9)k(W—k)}, 

Cro=|CAror)? (A +6") (1/3) [F+ W—h]4+ QB (4/9) kWh}, 


whete 


Ve = IIo, xj, O74 — (2/3) (o-r)0;,| > Rin= | (x; ‘ian (1/3) 0;, AF 
Sea | {OX 5Xpy ae (1/5) dy j[on 42x) (o-r) }} > 
Te | {(oxr],x,-+[oXr],x}, (30c) 


Arm = \ {aiixj-+.a,x,— (2/3)0,,(a-r)}, 


and enclosing indices in parenthesis signifies a sum of terms for all permutations of the: 
indices. 


§7. Concluding remarks 


We have evaluated the bremsstrahlung energy spectra originated due to the sudden 
change of charge in the moment of K-electron capture. We introduced an approximation 
in the course of calculation of propagation function expressing the behaviour of election 
excited virtually by emitting a photon. This approximation becomes worse, the position 
of K-electron being closer to nucleus as in the heaviest nuclei. Therefore our results must 
be improved in the case of heaviest nuclei. It is however very difficult to perform straight- 
forward the second order perturbation calculation without previous evaluation of electronic 
propagation function in the intermediate state, because one must take summation over all 
intermediate states, using bound and continuous state solutions of Dirac equation for the 
nuclear Coulomb field. Moreover, the electron propagation function, satisfying Dirac equa- 
tion for a Coulomb field, is not available, so it was natural to introduce any approximations 
in order to take account for the effect of nuclear Coulomb field. Glauber and Martin 
adopted a non-relativistic approximation and Cutkosky” used the approximate solutions 
which asymptotically have the form of plane waves (with ingoing spherical waves). Our 


approximate procedure as well as their techniques improved certainly Morrison-Schiff’s 
previous calculation. Moreover, 


we proceeded the calculation to allowed transition as well 
as first and second forbidden tra 


nsitions for several types of capture interaction. However, 
it shall be desirable to improve our results further by devising more skilful method. 


Now, to compare our results with experimental ones, it is convenient to make an 


analogous graph to “ Kurie plot” in usual P-decay. The numbers of photon with the 
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energy interval between k and k-+dk being N(k)dk, 


= @ @ Caza. < . 
N(b) dk=Gk) =~ O»|? (W —k)*kdk 
) Sak 20) Koh —# G1) 
is obtained, where C(k) includes all k-dependent factors except for the last factor (W/—k)*k 
and |(O)|’ is the square of any nuclear matrix element. 

If C(k) is able to be considered as a constant, 


[N() /CR]}'? =K(W —k) (32) 


is obtained, where K is a constant. This [N(k)/Ck]'” vs. k-plot is analogous to “ Kurie 
plot” in usual /-decay. 

However, as seen in eqs. (28), (29) and (30), even for allowed transitions, C(k) 
is a complicated function of k and is difficult to estimate, for lack of mathematical tables 
of hypergeometrical functions appearing in eq. (29). These tabulations are being prepared 
at present and numerical results and graphs will be published in another paper. 

For forbidden transitions, as easily seen from eqs. (30a), (30b) and (30c), there 
appear appreciably the differences of energy spectra among several types of capture interac- 
tion and linearity of Kurie plot will be lost if the C value for allowed one is taken, and 
its disparity from linearity is characteristic of the types of interaction as in usual /3 
transitions. 

In conclusion the author wishes to express his heartfelt thanks to Professor S. Sakata 
for his encouragement and discussions throughout the work, and is indebted to Dr. S. 
Kamefuchi and Dr. S. Ogawa for their suggestions to mathematical difficulty and. discus- 
sions of physical details throughout the work. Moreover, he should also like to thank 


his colleagues in his institute for their valuable conversations. 


References 


1) H. Bradt, et al., Helv. Phys. Acta 19 (1946), 222. They were the first who observed the brems- 
strahlung from electron capture. 
D. Maeder and P. Preiswerk, Phys. Rev. 84 (1951), 595. 
P. R. Bell, J. Jauch and J. M. Cassidy, Science 115 (1952), 12. 
B. Saraf, Bulletin of A. P. S. Jan., 1954. 
C. E. Anderson, G. W. Wheeler and W. W. Watson, Phys. Rev. 87 (1952), 668. 
E. der Mateosian, Phys. Rev. 88 (1952), 1186. 
2) J. K. Knipp and G. E. Uhlenbeck, Physica 3 (1936), 425. 


F. Bloch, Phys. Rev. 76 (1936), 272. 
J. M. Jauch, Oak Ridge National Laboratory Report ORNL (1951), 1102 (unpublished). 


Madansky, Lipp, Bolgiano and Berlin, Phys. Rey. 84 (1951), 596. 
3) T. B. Novey, Phys. Rev. 89 (1953), 672. 
Bolgiano, Madansky and Rasetti, Phys. Rev. 89 (1953), 679. 
4) P. Mortison and L. Schiff, Phys. Rev. 58 (1940), 24. 
5) R. J. Glauber and P. C. Martin, Phys. Rev. 95 (1954), 572. 
6) R. E. Cutkosky, Phys. Rev. 95 (1954), 1222. 


574 


Progress of Theoretical Physics, Vol. 15, No. 6, June 1956 


Interpretation on Nitrogen- and Proton-Induced Nuclear Reactions 


Ryuzo NAKASIMA, Yoshihisa TANAKA and Ken KIKUCHI* 
Department of Physics, Osaka University, Osaka 


(Received March 5, 1956) 


Excitation functions for a-, 2p- and 2a-emissions are calculated on the basis of the compound 
nucleus formalism for both of nitrogen-induced reactions on C and proton-induced reactions on *°Mg. 
The results are compared with the observed excitation curves in respective cases. A good agreement 
between the theoretical and the experimental results in (p; 2p), (p; @) and (p; 2a) reactions indi- 
cates that the evaporation theory is valid for explaining the intermediate energy reactions even in 
those light nuclei. The overall behaviour of ofserved (N; a) and (N; 2p) excitation curves is in 
agreement with those obtained by the calculation and suggests that some sort of compound nucleus 
is formed in the nitrogen induced reaction. However the large magnitude of (N; 2a) cross section 
cannot be explained by the successive emission of two alpha particles, if the first alpha particle emerges 
from the conglomorate nucleus proceeding toward the complete compound state. Hence the large 
(N; 2a) cross section is regarded as due to direct processes such as alpha-capture or stripping. The 
occurrence of direct processes may explain a small discrepancy in the shape of (N; a) excitation curve 
at high incident energies. 


§1. Introduction 


Although in the last two decades an enormous amount of studies has been made 
on the nuclear reactions produced by artificially accelerated particles, almost all of this has 
been concerned with the bombardment of nucleons, deuterons, or alpha particles. Works 
have scarcely been done on nuclear reactions produced by bombarding particles heavier than 
alpha particles, partly on account of the complexity of the reactions which might be ex- 
pected in bombardments by the heavier nuclei and partly of the difficulty confronted in 
producing useful beams of the heavier nuclei. However a remarkable progress has been 
made in the experimental technique in accelerating ions of light elements such as carbon, 
nitrogen or oxygen, and further Breit et al’. have predicted that the bombardment of 
nuclei by multiply charged ions of medium atomic weight might be expected to give useful 
informations on the nuclear structure. On the other hand, the recent survey of nuclear 
reactions has indicated that the process of compound nucleus formation is not the whole 
picture of nuclear reactions and various processes should be considered to explain a wide 
range of experimental data. Hence experimental results?" obtained by the bombardment 


with heavier nuclei are also available to clear up to what extent the compound nucleus 


theory can do with describing the nuclear reactions. In the production of radioactive 


isotopes by bombardments with high energy nitrogen and oxygen ions, Chackett et al.” 
have pointed out that the experimental observations are not easily explained if the collid- 


* Now at the Institute for Nuclear Studies, University of Tokyo. 
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ing nuclei simply fuse into a compound nucleus which then undergoes evaporation or fission, 
but it is rather possible that only a part of one mucleus sticks to the other. This con- 
clusion seems to be reasonable in view of the high incident energies which might be ex- 
pected to induce various non-compound processes. To the contrary, Cohen et al.” have 
concluded that the compound nucleus model is of good validity in explaining the 2p-, 2@- 
and @-excitation curves when carbon nuclei are bombarded with nitrogen ions of moderate 
energies and that deviations from the theoretical predictions may be due to the lowering 
down of exit coulomb barriers, in which discussions the direct processes such as “ stripping ” 
or “break up” are excluded. In this paper we concentrate ourselves to investigate some 
discrepancies between the conventional theory and the experimental results for nitrogen 
induced reactions on carbon.” 

Bohr’s assumption of the compound nucleus requires that the interaction between an 
incident particle and a target nucleus is so strong that the complete “ mix-up” condition 
or the thermodynamic equilibrium may be formed in the compound state and then it 
decays by emitting some particles and gamma rays. However, in the reaction of nitrogen 
ion on carbon, one may expect that some of particles are emitted from “C or “'N, or from 
a dumbell-shaped structure consisting of these two nuclei in contact before the compound 
nucleus is formed, or that the complete equilibrium cannot be reached due to the “memory “ 
of the alpha particle structure in the initial carbon nuclei. These reactions induced by a 
nitrogen beam are compared with those induced by a proton beam bombarding Mg nuclei 
in which the same compound nucleus “AI is formed. From the very feature of the theory, 
the latter is likely to be better explained on the basis of the compound nucleus model 
than the former. This is the case, as will be shown below, in the absolute magnitude 
of 2a@-excitation cross section. The theoretical prediction agrees with the observed yield in 
the (p; 2@) excitation, while it falls significantly below the magnitude of the experi- 
mental (N; 2@) cross section. On the other hand, the calculated cross sections for @- 
and 2p-excitations are found to be in good agreement with the observed results in both 
proton- and nitrogen-induced reactions. And the close correspondence in respective excita- 
tion curves for both cases suggests us that the compound nucleus is formed also in nitrogen- 
induced reactions, and the large (N; 2a) cross section observed seems to be due to the 


5 : . if 
contribution from another reaction mechanism, which has been excluded by Cohen et al.” 


§2. The procedure of theoretical calculations 


The method to calculate excitation functions predicted on the compound nucleus 
formation is a_ straightforward application of the formulas from Blatt and Weisskopf”’. 
According to the compound. nucleus formalism, the cross section o(i; j, &) of the (73), 
k) reaction is given by the product of o{?, the cross section for the formation of the 


compound nucleus by the incident particle 7, and )j;,, the decay probability for the successive 


emission of particles j and k from the compound nucleus, as 


ois jp k=O? Py (1) 
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The probability p, is expressed as 
Dix =Jn/ > Jim =Ju/ >F (2) 


where J and F have been defined in the previous papers*”, cited as I and II, and of 
usual meaning. The summation in the denominator must be extended over all particles 
and gammas as long as their emission is energetically possible. In the evaluation of inte- 


grals F and J, the density of energy levels (or nuclear temperature) is taken to be 


w(E) =c exp 2aE, in a usual manner. Where c and a are energy independent cons- 
tants; and E is the excitation energy. Both c and a can be adjusted so that the formula 
reproduces our rather scant knowledge on level densities. Since this statistical formula 
may be less valid for such light nuclei as concerned here, the results obtained with such 


w(E) are inevitably less reliable. In our calculation they are chosen as 


a=0.1+0.01 A Mev’, 
(3) 
Caen eda = 0-1 1 —0.01 A Wiey. 
where A is the mass number of the nucleus concerned and for c the even-odd tule is 
taken into account. The choice (3) is very hypothetical and merely represents a gross 
picture of excitation levels. Data of the resonance levels observed by the bombardment 
of “Mg and *’Na nuclei with low energy protons are available to check how our choice 


of the constants can reproduce them. Average 


Table 1. level spacings obtained from the above two 
; is cases are 0.09 and 0.06 Mev, for which the 

Ss 13.1* Mev Sa: 11.0*Mev h { ybssh 4 P ‘ 
s, oe Sep ea theory gives us the right orders of magnitu- 
s 8.4 Sa 86 des, 0.05 and 0.04 Mev respectively. More- 
Sees Siti vesentitl over the low excitation levels of lighter nuclei, 
Seema iG FE or Ne, seem to be reproduced by the 
Spe 9.9 constants, except the levels nearest to the 

a 

* These are calculated by the semi-empirical ground state. The agreement, better than 


mass formula. expected, encourages us in the risk of em- 


ploying the Fermi-gas level density formula. 
The integrals F and J are closely dependent upon the energy available for the emis- 
sion of any particle. This energy corresponds to the maximum kinetic energy and equals 


to the excitation energy minus its separation energy from the compound nucleus or from 


the intermediate residual nucleus. The values of these separation energies in respective 


cases are easily calculated from the atomic masses obtained by various measurements. 


Since no measurement has been done for the masses of “AI and ™Na_ nuclei, 


obliged to employ the semi-empirical mass formula. In Table I are shown the separation 
energies used in our calculation : 


; Motations are the same as in I and II, S; is the separa- 
tion energy of the particle j from the compound nucleus and S§ 
diate residual nucleus left after the emission of 


we are 


jx that of k from the interme- 
the particle j: 


The cross section for the formation of the compound nucleus by neutrons has been 
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1 ————— Fp (protons) oI 


—-—-— Fa (a —particles) 


0 2 4 6 8 10 12 14 16 18 0) Be 24 20) 


—— Available Energy in Mev 


Fig. 1. The function F;, which is proportional to the width of i-particle 
emission vs. the available energy. 


calculated by the formula given in Feshbach and Weisskopf’s paper” and those for pro- 
tons and alpha particles have been interpolated from the table given by Blatt and Weis- 
skopf”, in all cases assuming a sticking probability of unity. The compound nucleus 
formation cross section for incident nitrogen ions can be estimated by the same method 
as those for protons and alpha particles, assuming the reasonable value of the reaction 
channel radius. In our work, the channel radius is taken as 6 X 107'* cm, which is somewhat 
smaller chan the sum of the nuclear radii of 2C and “N nuclei, and larger than the radius 
of the compound nucleus 6A. 

In the calculation of integrals F and J, a special attention has been paid to the spin 
weight of the particles evaporated from excited nuclei and the factor 2 has been multiplied 
on F’s for a nucleon emission. 

The integrals F and decay probabilities ),, thus calculated are shown in Fig. 1 and 


Fig. 2 for the respective processes. 
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—— Excitation Energy in Mev ——— _ Incident Proton Energy in Mev 

Fig. 2. The calculated probability 3) p jm and Fig. 3. Comparison between theoretical calcula- 

k 

pjx for the emission of j and the successive tions and experimental results for the proton 
emission of j and & respectively vs. the excita- induced reactions on *5Mg. The solid curves 
tion energy of the compound nucleus °6Al. The refer to the calculated cross sections and the 
figures attached to respective curves indicate J dashed curves are those for the experimental 


or j and k cross sections. 


§ 3. Results and discussions 


Firstly the comparison between theoretical and experimental results will be made in 
the case of the proton-induced reactions in “Mg nuclei. It is apparent from Fig. 3 that 
the compound nucleus theory is able to explain the gross behaviour of the excitation curves 
in a satisfactory manner. Some discrepancies in the absolute magnitude are perhaps due 


to the application of the statistical treatment to light nuclei or to the rather frivolous 


choice of the level density constants. The comparatively copious evaporation of alpha 


the following several points ; since the excitatation 
energy of the compound state is high enough, 


coulomb barrier. Further the disadvantage due 
odd-odd nature of the residual nucleus “2 


particles is understandable in view of 


the alpha particles can easily penetrate the 
to the spin weight is compensated by the 
Na and the integral F is proportional to the red- 
The theoretical curve for the (p3 @) cross section 


V incident energy, which is in good agreement with 


uced mass of the emerging particle. 
indicates maximum at about 15 Me 
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the experimental data, and the subsequent 


drop-off is explained by the occurrence 
of the (p; ap) reaction. So far as 


the proton-induced reaction is concerned, 


the compound process seems to be the 


main event occurring and the non-com- 


pound process plays a small role. 


Cross Section in mb 


Now we analyse the reactions of the 


same types induced by incident nitrogen 


ions. 


In this case the discrepancies are 


remarkable in the energy dependence of 


the (N; @) excitation curve and the 


(N; 2a) 


absolute magnitude of the 
cross section. 


The 


maximum at the excitation energy around 


probability ,, shows the 


21 Mev, as shown in Fig. 2, which cor- 


responds to the incident nitrogen energy 
of about 14 Mev. Near this 


energy, the observed (N; @) curve in- 
gy 


incident 


0. iL Pate is 20 2D OA 26 28 dicates such a rapid increase with increas- 


——> Nitrogen Ion Energy ‘in Mev ing incident energy that it can not be 


explained by the energy dependence of 


Fig. 4. Comparison between theoretical calcula- 


tions and experimental results for the nitrogen 
induced reactions on carbon. The solid curves 
refer to the calculated cross sections and the dashed 


curves are those for the experimental cross sections. 


o, for the incident nitrogen, since the 
coulomb barrier height is much lower 


than the incident energies concerned. It 


may be interpreted if it is assumed that 


the ground state of 2NJa nucleus has the isotopic spin T=1 and consequently many energy 
levels up to several Mev excitation energy have the same isotopic spin. If it is the case, 
these levels do not contribute to the (N; @) cross section, since the compound states 
formed by incident nitrogen nucleus bombarding on carbon nucleus are of zero isotopic 
spin and the emission of alpha particles does not change the isotopic spin of residual 
nucleus, provided that the mixing of different isotopic spin states is insignificant. 

As to the yield of alpha particles, it has been pointed out by Cohen et al.” that alpha 
particles can be emitted from C or 7‘N nucleus, or from a dumbell-shaped structure consis- 
ting of these two nuclei in coniact. An alpha particle emitted from such nuclear states 
carries away the kinetic energy at least comparable to the coulomb barrier, the remnants 
being driven by its recoil toward the invermediate residual nucleus which perhaps satisfies 
the condition of the compound nucleus. The excitation energy of “Na nuclei thus left 
is at best 10~13 Mev when the incident energy increases from 17 Mev to 25 Mev. 
Around this excitation energy, the emission of protons predominates over those of other 
particles and the emission probability of second alpha particles, if no “‘ memory ” remains, 


ranges from 107 to 10-2. If it is assumed that the absolute magnitude of che (VN; 2@) 
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cross section can be explained by the successive evaporation of two alpha particles, this 
probability facilitates us to estimate the cross section for the emission of alpha particles 
from the separate two nuclei or from the dumbell-shaped structure consisting of these two 
nuclei. In order to yield the observed (N; 2a) cross section, the estimated cross section 
for the above process rises up over the compound nucleus formation cross section for the 
incident nitrogen ions. When the first aipha particles are emitted from a conglomorate 
nucleus of spherical shape which is proceeding toward the complete compound state, the 
coulomb barrier becomes higher than that of each nucleus, so that the emission of the second 
alpha particle from the residual nucleus would be more difficult. Further several processes 
considered above, if they took place, hardly make the (N; 2@) cross section larger, but 
they would produce more yield of the (N; a, p) excitation and consequent drop-off 
in the (N; @) excitation curve in contradiction to the observed curve. In view of 
the above considerations, it rather seems that the large yield of 2a@-emission is hardly 
attributed to the lowering down of the coulomb barrier in the conglomorate or the dum- 
bell-shaped nucleus, and the large contribution must arise from processes such as the 
simultaneous emission of two alpha particles due to ‘‘ three body break-up” or “ stripping ”’. 
And the occurrence of these direct processes may explain the energy dependence of the 
(N; @) curve, which does not show the drop-off occurring in the (p; @) excitation 
curve. It may be reasonable that the binding among alpha particles in the target carbon 
nuclei is set loose by the interaction with the approaching nitrogen ions’? and one of these 
alphas is captured into by the nitrogen nucleus or, on the contrary, it is stripped off, the 
other two being caught by the nitrogen ions. 

The cross section for an alpha particle process is especially simple to estimate in a 
classical picture, if we adopt the assumption that the carbon nucleus is constructed in a 
regular triangle shape of 3a-particles in glazing contact and the constituents rotate rapidly 
with their internal kinetic energy around the centre of gravity of the regular triangle. 
For simplicity, we consider the inverse case of the actual experiment, that is, nitrogen 
nuclei bombarded with incident carbon beam. The cross section Tx-cap for one alpha particle 


captured and the other missed by the target nitrogen nucleus is, in a crude approximation, 
Fercap——-2T Ryo (1—B/E,)€, (4) 


where Ry and p are radii of the nitrogen nucleus and the alpha particle respectively, E, is 
the energy of the incident carbon beam and B is the coulomb barrier height between 


carbon and nitrogen nuclei. The quantity ¢ is the probability that one constituent in the 


3a-structure of carbon nucleus comes into contact with the nuclear surface and the other 


does not. In the simple model here adopted ¢ is estimated as (2— V 3) /4 from the 
geometrical consideration. For E,~21 Mev, B/E,~0.5 and the equation (4) gives us 
about 10 mb in the right order of the observed (N; 2@) cross section. 

The authors wish to express their hearty thanks to Professor K. Husimi for his inte- 
rest in this work and for the careful reading of the manuscript before publication. They 


also wish to express their sincere gratitude to Professors S. Hayakawa and S. Tak 
their valuable comments on this work, 
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The nuclear collective model”: has 
been successful in accounting for the qualita- 
tive features in the nuclear structure. Some 
problems resulting from this model may, 
however, require a more profound analysis 
of this model. One of these problems is 
to make clear the relation between the 
surface rigidity of the core of the nucleus 
and its shell structure. For example, there 
is a remarkable discrepancy between the 
surface rigidity suggested from the empirical 
quadrupole moments? and that from the 
hydrodynamical model.’ In this letter, we 
shall discuss the relation between the surface 
rigidity of the core and the proper shell 
structure of it. 

By using the method of the quantum 
mechanical description of the collective mo- 
tion which has been formulated by one of 
the present authors” and others,” we can 
reduce the Schrédinger equation for the 
nuclear system to such an equation for the 
coupled system of the collective motion of 


the core and the individual particle motion 


of extra-particles, that was proposed by Bohr 
and Mottelson.” Here the degrees of 
freedom of extra-particles represent the low 
frequency modes of excitation of the particle 
structure, associated with the particles in the 
last unfilled level. And the motion of the 
particles forming the core manifests itself 
only through the collective motion of the 
core. 

In this case we assume that the mo- 
tion of the particles forming a core can be 
treated adiabatically against the deformation 
of the core. Assuming the picture of the 
shell model, therefore, the motion of such 
particles is reduced to one particle problem 
in a deformed average potential, and the 
energy eigen-value of such a particle can 
be solved for a given value of the deforma- 
tion described by the collective coordinates 
a. The sum of such energy eigen-values, 
E(a@), gives the rigidity of the core, C, 
through C=30°E (a) /da*|,_). The rigidity 
thus derived may be different from that 
based on the hydrodynamical model, and 
the dependence on the shell structure can 
be implied in E(a@). 

To make clear the essential point of 
the problem we calculated the surface rigidi- 
ty of nuclei which consist only of the core. 
In obtaining E(a@), we assumed the defor- 
mation of the average potential to be of the 
spheroidal type, and used the wave functions 
of individual particles in a spherical potential 
as zeroth-order functions.” The features of 
this potential were chosen so that the level 
scheme for the zeroth-order approximation 
reproduced Klinkenberg’s 
> We can separate the surface rigidity 
into two parts: One depends strongly on 


approximately 
one.* 
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the level spacing (strongly shell dependent 
part) and another depends rather weakly 
on it. In the calculation of the former, 
we used the values of the level spacing 


which were deduced from the separation 


Fig.1.(a)Surface rigidity of the neutron core. 
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energy. The result of the calculation is 
shown in Fig. 1 (a) and (b).* ** 
According to these figures, we can find 
the following qualitative conclusions : i) 
The values of the surface rigidity of the 
closed shells corresponding to the magic 
numbers ate very large except for 28 shell. 
ii) The values of the surface rigidity of 
the subshells between the neutron or proton 
numbers 50 and 82 become very small, 


irrespectively of the various possible choices 
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2000 


Fig.1.(b)Surface rigidity of the proton core 


(neglecting the Coulomb corrections ). 
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iii) The values of 
the surface rigidity of the subshells between 


—5005 


of the level ordering. 


the neutron or proton numbers 82 and 126 
are also small except for a particular choice 


of the level ordering. 
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* Here Ro/=Ro+o, do=[#?/2MVo]'”, where Ry is the nuclear radius and Vo is the depth of the 


potential. 
certain because of the pairing effect. 


meaning. For the other nuclei than those in the prox 
may be complicated because of the crossing of particle levels 


The dotted lines are used for the region in which the assignment of subshells is un- 
The lines joining the points for the closed shells have no 


imity of the closed shells, the surtace rigidity 
due to the large deformation of the 


core) which is caused by the coupling of the core and extra-particles. 


«%* A printing mistake is found in proof. “52 


” in Fig. 1 (b) should be read correctly “ SS 
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The magnitude of the electric quad- 


rupole moments reveals directly their collec- 


tive 


origin. 


The empirical quadrupole 
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moments give the direct information on the 
In the hydro- 


we can not ex- 


rigidity of the nucleus. 
dynamical model,” >>?» 
plain the rapid variation of the rigidity, 
which must be accepted as an empirical 
fact from the nuclear quadrupole moments. 
Still more critical for this hydrodynamical 
model is the remarkable variation of the 
surface rigidity in different isotopes of the 
same element, which can be seen from the 
quadrupole moment ratio of isotopes with 


We think that these dis- 


crepancies come from the neglect of the 


the same spin. 


shell structure of the nuclear core (closed 
shell) . 


quadrupole moments of “‘ core + one extra- 


Therefore, we analyse the electric 


particle’ type nuclei using the results of 


the preceding letter." 


Table I. The comparison of the surface rigidity C and the quadrupole moment Q of the 


nucleus of the type of core + one extra-particle. 


(We omit the nuclei in the region that 


the assignment of the subshell is uncertain because of the pairing effect.) 


Configuration C (Mev) Q (X10-*4 cm?) 
Nucleus sate — 1 Eee ar ca 
proton neutron Cal. | Hydro | Obed Cal. Hydro S.P. 
sBe (1psj2) — = 3/2 17 24.1 | +0.036) +0.044| +0.093| +0.025 
Ali (1d5/2) >! me 5/2 26 38.8 | +016 | +0.37 | +0.24 | +0.062 
Cha Id3/2 A 3/2 348 45.6 | —0.062| —0.087/ —0.25 —0.051 
Ko (1ds/2)-! = 3/2 505 45.6 | +0.14 | +0.089| +0.33 | +0.055 
Cog (1f 7/2) -! = 7/2 299 | 548 | +05 | +030 | +090 | +0.12 
Gass (2py/2) >! se 3/2 323 58.6 | +0.23 | +0.20 | +0.52 | +0.08 
siGaig (2p32) >! = 3/2 691 60.2 | +0.14 | +014 | +0.52 | +0.08 
mRbso (2ps/2) ~! — 3/2 736 64.5 | +0.14 | +0.17 | +0.68 | +0.09 
w0P se 2d5/2 = 5/2 973 67.0. || 0105 sie O.35uleeaten —0.18 
ssBijog Thoyo ia 9/2 1580 58.0 "| =0.4) | 0:55) = 50 —0.30 
O's — Id5/2 5/2 174 | 286 | —0.005| —0.031] —0.014| —0.0013 
S17 — 1ds/2 3/2 188 41.2 | —0.055| —0.059| —o0.20 0. 
106519 — (1d3/2)—1 3/2 350 45.6 | +0.038| +0.036| +0.20 0. 
Gen _ Igoj2 9/2 677 60.2) Oe ete a7) eds 7 0. 
259 -- (1g9/2) -1 9/2 733 64.5 — +0.14 | +1.4 0. 
Zt ~- 2d5/2 5/2 1030 62.2 = —0.083| —0.90 0.) > 
ee 
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According to the collective model,” 
the quadrupole moment of the nucleus of 
this type is expressed by the formula Q= 
Qs +Q:, of which the first part is due to 
the extra-particle outside the core. The 
second part is due to the surface deforma- 
tion and is given by Q,=P,(x)Q,, where 
Q, is the intrinsic quadrupole moment of 
the core relative to the axes fixed in the 
core. x in the projection factor P,(x) is 
a dimensionless parameter which is related 
to the strength of the particle-surface coupl- 
ing. (cf. reference 1, p.56) Using the values 
of the surface rigidity C given by Fig. 1 
in the preceding letter,” we calculated the 
quadrupole moments of “core + one extra- 
Table I shows the 


comparison of the quadrupole moments 


particle” type nuclei. 


obtained by our calculation with observed 
ones and hydrodynamical ones. 

The results of our calculation agree 
qualitatively with the observed values and 
can explain a remarkable variation of the 
quadrupole moments of isotopes with the 
same nuclear spin. This tendency caused 
by the rapid variation of the rigidity of 
the core can never be explained in terms 
of the hydrodynamical model or the method 
of the configuration mixing.” For example, 
the ratios, |Q,,(S*)|/|Q.(S”) | = 1.45 
and | Qos (Ga™) |/|Qoo (Ga"’) pSz 1i6 segare 
caused by the rapid variations of the rigidity 
of the cores composed of 16, 20 neutron 
subshells and 38, 40 neutron subshells re- 
spectively. 

The values of the rigidity of 20, 82 
and 126 major closed shells which are 
suggested by the quadrupole moments are 
remarkably large. The large value of Qu» 
(Co) indicates the relatively small surface 
rigidity of the 28 proton major closed shell. 
These tendencies agree with the results in 


the preceding letter.” 

In the regions between the neutron 
or proton number, 50 and 82 and between 
82 and 126, the assignment of the closed 
subshells is uncertain because of the pairing 
effect. In these regions, the surface rigidity 
of other nuclei than those in the proximity 
of the closed shells may be reduced very 
much” because of the crossing of particle 
levels due to the large deformation of the 
core which is caused by the coupling of 
This will be 


the reason why the quadrupole moments of 


the core and extra-particles. 


nuclei are very large in these regions. 
The facts that Q,,(Bi'’) is nearly 
equal to Q,, and Q,,(Au’”) (=0.56) is 
much larger than Q,,,(Au'”) (=0.18) mean 
that there is an abrupt change of the 
rigidity between 80 proton core and 82 
proton core. This fact can be explained, 
if one sees Fig. 1 of the preceding letter.” 
More detailed analysis of the nuclear 


published 
together with the full account of the preced- 


quadrupole moments will be 


ing letter in this journal. 
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The recent experiments have shown that 
the excitation function of the inelastic 
scattering of neutrons depends on the nature 
of the excited states of the nucleus. For 
instance, as Weisskopf pointed out about 
the results of the experiments by Kiehn- 
Goodmann”””, the nucleus which shows 
the Bohr-Moittelson spectrum would not have 
the excitation function of VE-type expected 
from the statistical theory of the nuclear 
reaction but the one which is like linear 
type (Lead, etc.). The nuclei having the 
excitation function of “VE -type (Iron, etc.) 
have been analysed mostly by means of 
the statistical theory of the nuclear reaction. 
Recently S. Hayakawa-S. Yoshida” and D. 
M. Brink” dealt with this process by taking 
into account the direct interaction, but they 
concluded that the main contribution comes 
from the reaction process through the com- 
On the other hand the 
collective model of the nucleus proposed 
by A. Bohr succeeded to describe well the 
properties of the low excited states’ in the 


And we think such low 


excited states play an important role in the 


pound nucleus. 


heavy nucleus. 
inelastic scattering. Therefore we adopt, 
here, the collective model to describe the 
compound nucleus and the target nucleus, 
and calculate the excitation function accord- 
ing to the compound theory of Teichmann- 
Wigner. We are mainly interested in the 
rotational excitation of the strongly deformed 


nuclear surface, so we use the strong coupl- 


ing approximation in this calculation. 
When an incident neutron with the spin 
o and the orbital angular momentum l 
collides with a target nucleus having the 
spin I, forming the compound nucleus with 
the spin J and the other quantum number 
2, the reduced width 7). for the channel 


s is given by” 
Sie = (#/2M) -Syplag- my (a2)? Gy, 


(1) 


where 


dg | wh dS. (2) 


In the above equations, u,¥(r) is the wave 
function of the single particle state in the 
compound state which is connected at the 
nuclear boundary S to the external wave 
This was adopted by A. M. 
to obtain the good results. 1, (a) 


is the value of this wave function on the 


function. 


Lane"’ 


nuclear surface S. And a, is the coefficient 
of the configuration mixing of the extra 
particle induced by the coupling to the 
nuclear surface. YY, is the wave function 
of the compound nucleus and ¢; is the 
spin-angle wave function in the external 
region in j-j coupling scheme. Using 
B-M’s wave functions as those of the target 
and the compound nuclei, the overlapping 


integral is given by 
1hj=2(2I+1) /(2J-+1) -Pp- |(TjOK|JK)|*. 
(3) 


For simplicity, we regarded the target nucleus 
as the core. Of course this can be gene- 
ralized easily. P, is the overlapping integral 
in reference to the vibrational states and it 
can be put equal to unity in a good 
approximation. The resonance levels are 
obtained by solving the characteristic equa- 


tion in the internal region with Teichmann-. 
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Wigner’s boundary condition. The potential 
contains the spin-orbit interaction, its strength 
being determined by Inglis’ formula. As 
K, the z-component of J, may not be de- 
termined for excited level, we assume the 
appropriate value here. Among the set of 
ortho-normal functions for compound nucleus, 
those which contribute mainly to this process 
may be the first excited state in the rotational 
mode of the core. And the higher exci- 
tation may be neglected. 

Then, the spin J of the compound state 
is given by /+-0 > J >|/—c|, because the 
When 
the incident neutron is s-wave, then only 
= 61/2) *, occuts: 


assumption, the rotational excitation of the 


spin of the target nucleus is zero. 
According to the above 


cote which is taken into consideration has 
the angular momentum 2 and so an extra 
particle of the nucleus has the mixed con- 
figuration of the states (3/2)* and (5/2)*. 
In this case, however, the overlapping integral 
Eq. (2) vanishes because of the orthogonality 
of the spherical harmonics. This fact shows 
that the s-wave of the impinging neutron 
does not contribute to this reaction process. 


In the case of p-wave, the resonance level 


in 
(Barns) 


1.0F 


0.5 


0.8 1.0 hey 


epEae (0.805 Mev— Level) 


is very high so that p-wave also has no 
contribution near threshold. The d-wave 
mainly contributes to this reaction. In this 
case J= (3/2)* and (5/2)*. In the state 
of the J=(3/2)* the state of the extra 
particle in the compound nucleus is the 
mixture of the four states (1/2)*, (3/2)*, 
(5/2)* and (7/2)*. The coefficients of 
these configuration mixing are determined 
The figure 
shows the result of the numerical calcula- 
tion for Pb’ which has the closed shell. 
The wave function of the collective model 
makes the reduced width small and this 


trend is increased by the configuration 


in appropriate approximation. 


mixing of the extra particle in the compound 
state, so that our calculation agrees with 
the experimental data better than the case 
of Hauser-Feshbach. Thus we may con- 
clude that if the rotational excitation levels 
are the only excited states of the above 
mentioned nuclei in the low energy region, 
we have the good result. And from this 
calculation, we will find the reason why 
the mass number dependence of the strength 
function is so small at such nuclei as Lead, 


etc. The depression between the resonance 


1.4 1.6 1 Cnn eis Oe ONT ey) 


Fig. 1. Inelastic scattering of neutrons by P26, Solid line is the data by 
Kiehn-Goodmann.”) © is the Beyster et al’s and © is the Walt et al’s?). 
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levels may be expected to be raised by the 
small contribution from the excited states 
of the collective mode and the single particle 
mode of excitation. In this treatment, 
however, any discussions about the region 
far from the resonance level is not so 
significant. Furthermore, the approxima- 
tion of putting the overlapping of the 
vibrational state nearly equal to unity in 
the present calculation will cause a small 
depression of the curve as a whole. 

The author wishes to express his thanks 
co Professors M. Kobayasi and S. Takagi 
for their interest in this work. He is also 
indebted to the members of laboratory for 
their continual encouragement, and to the 


Yukawa Yomiuri Fellowship for financial 


aid. 
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On the Hydrodynamical Description 
of the Behaviours of 


Elementary Particles 
Minoru Hamaguchi 


Department of Physics, Kyoto University, 
Kyoto 
December 26, 1955 


In 1928, L. de Broglie’ rewrote. .the 
Schrodinger equation into the hydrodynami- 


cal form, but his formulation did not attract 
D. Bohm” 
developed this formulation in a different 


way. Recently, T. Takabayasi” proposed 


due attention at that time. 


to rewrite the Klein-Gordon equation into 
the expression with a picture of hydro- 
dynamics. 

In order to investigate the behaviour of 
interacting elementary particles, we attempt 
to develop the formulation of the meson 
field equation with higher derivative inter- 
Takabayasi’s 
As the results, it is proposed in 


actions, using the above 
method. 
this article that a non-local interaction con- 
tains the behaviour analogous to the ordinary 
viscous effects in relativistic hydrodynamics 
and also its effect plays an important role 
in the small domain of space-time. 

At first, we consider the charged boson 
field with following Lagrangian : 


=, 0* -9,6+4°b*6+9/2- 
(L0,6* -0,0+ L?o* - 6+ 10, 6*- 
[0,6 + C6* - ("6 +9,6*- (0,6). (1) 
We then obtain the field equation 
(O—«*) d= —1/2-90%, (g~l") (2) 


and the symmetrized energy momentum 


tensor” 


Ty o,.o* 4 Ovo+ 1/2 i g (C¥9,,6* - oR) 
“te L)0,,6* 2 (L0,6+0,4* , C*0,9) 
+conj.—d,,,°&. (3) 


To rewrite the eqs. (2) and (3) into 
the form with hydrodynamical expression, 
we assume that d=Rexp|[iS/hb], é*=R- 
exp[—iS/b], (R,S; real) in which S 
differs from S, satisfying the free field 
equation. For the energy momentum tensor, 
we have then 
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Tyy=2-0,R-0,R—2(i/b) R°-0,S-9,S 
19/242: CPO, ROR ++ 
= 4 (4/6)? 1 PR: R-9,S,9,5—--- 
—8(i/b)!-R-0,R-9,S-0,8-A8-3,0,8 


— (Lv) 

—8(i/b)*- R-9,R-9,8-0,S-9,8-CS +--+} 

—dyy {(0.R)? + R’— (i/b)*- (0,5)? 

+9/2-[20%0,R-0,R::—4(i/b)*: R- 
0,.R-9,S+ (9,5)?-OS+--T}, (4) 


where-:-in (4) are composed of many terms 
with various characters, but, for the present, 
these terms are unnecessary for our following 
discussion. And we obtain the following 
two equations for the hydrodynamical ex- 


pression of eq. (2), 


{(a,s--H#OIO4| 


0, (R°-0,5) = (8/1) -R- pr, 


where /p, ?; ate respectively the real and 


"PR: 


(5) 


imaginary parts of the interaction given by 


the relation —9/2-Li'6=p- ec” =(Px+ 2) 


2, 


We can solve eq. (5) under the assump- 
tion that R does not contain the higher 
derivatives than the second with respect to 
space and time. In this case, our hydro- 
dynamical description has about the same 
applicability as that of free Klein-Gordon 
equation. Therefore, we will not meet with 
any kind of difficulty in our following 
discussions in which the viscous effects are 
discussed. 

We now analyse the hydrodynamical be- 
haviour of T,,, under the assumption that 
the velocity of charge density of boson 
field corresponds to the velocity of fluid in 


relativistic hydrodynamics. Though this 


assumption cannot be used generally, it can 
be used so far as we consider the charged 
boson field. 

In this connection, the energy momentum 
tensor” with the viscosity in relativistic 


hydrodynamics is given by 


Duy =p yy + (E+Pp) Uy 
aka!) {Oy +-90,0, +Vy U,. O,Uy 


HY, V%, 9,05} —E {Oy + VpVo} + 9,Vpe 
(6) 
n, & are respectively the transversal and 
longitudinal viscosities (c=1). 

Comparing the terms marked by under- 
lines in eq. (6) with those in eq. (4) 
under a correspondence 1/«- (0S/Ox,) ~ vy, 
we obtain the same expression for the 


viscosities 7 and €, 
n~4q(i/b)* «° RO,RO,S. (7) 


Integrating T’,, over a volume, the 
viscous effects may give no explicit contribu- 
tion to the integrated energy momentum 
tensor. However, the viscous effects will 
contribute implicitly to the energy momentum 
tensor since these effects are contained ex- 
plicitly in the density of energy momentum 
tensor. 

We now investigate the contributions of 
such effects to the interaction in small do- 
main of space-time. The contribution of 
viscous effects in the expression with hydro- 
dynamical picture is known by comparing 


In this 


case, we cannot discuss the contribution of 


with that of the effect of inertia. 


such effects to the interaction by using the 
coefficient of viscosity or coupling constant, 
but by the quantity analogous to Reynolds 
number in hydrodynamics. Therefore, we 


introduce the Reynolds number from the eq. 


(6) 
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R=Evd/n = dv/v”, 
(» : kinematic coefficient of viscosity) (8) 


where &, 4 are the energy density of the 
expression (6) and a length of path of 
fluid motion. 

Assuming the correspondence between the 
relations (7) and (8), we have 1/R-&vA 
~2/b'- 9-1? -OR*/dx-OS/Ox. 
member that the dimension of ¢ is given 
by the inverse ratio of a length [¢]=[R] 
=[4""], using a distance 2 describing the 


If we tre- 


spread of charge density, and that & « 
have respectively the dimensions [(-*] and 
[(-*], in the end we obtain 


1/Rrg-'S(1/a*. (9) 


In the above equation we used the natural 
unit (6=c=1). / is the universal length. As 
is well known, the viscous effects cannot be 
neglected for the effect of inertia in hydro- 
dynamics when §R has relatively a small 
value. 

From relation (9), it will be concluded 
that the behaviour analogous to the viscous 
motion of the interacting boson field has 
relatively a remarkable effect in the small 
distance satisfying A< 1. 

* The conception of the viscosity in the usual gas 
theory is different from that of our hydrodynamical 
treatments. But, we may think that our proposal 


is allowed in the circumstances treated here. The 


detailed account of this problem will be given else- 
where. 


This conclusion obtained by us does not 
contradict with the fact that we consider the 
higher derivative interaction. 

Now, this work has been done in order 
to modify the non-local interaction between 
nucleon and meson, #O¢)- F[LJ]¢, in which 
the property analogous to the viscosity 
contained in F[{]] will be related to the 
internal structure of elementary particles 
and to the multiplicity of created particles 
in multiple production of mesons. The 
development of the above attempt will be 
done in future. 

I wish to thank Professor T. Inoue 
for his kind interest and continual en- 
couragement to my work, and to Dr. H. 


Kita for his helpful discussion. 
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